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Agenda

1. The heat equation

e Existence, uniqueness and regularity

2. The linear transport problem
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Type of equation

e The heat equation can be considered as mixture of ODE and PDE

e This concept will also be important for the numerical approximation



Variational formulation
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Strong (classical) form

Lemma Every strong solution is solution to the sapce-time variational formulation w [RE
ueW ={¢eL*(I;H(Q)), & € L*(I; LAA)), $(0) = uo} Bechner ATQC(
-1
satisfying H [52)

((Oru, @) + (Vu, Vo)) = ((f,0)) Vo eW,

where

((u,0)) :/OT/Qu(:U,t)v(x,t) dz dt.
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Stability

Lemma Let f € L?(I; L?(f2)). For every variational solution u € W to

((Bru, @) + (Vu, Vo)) = ((f,¢)) YoeW
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Uniqueness

Lemma The variational solution v € W is unique.
q_f@/ff&: 74&&@44@ 2l Mo e W/ e &JOJ-‘\O\”—&
(e p)) + (v, zp)) = (dp))
ad, Uy ) + (CVuZ/Vy)) = ((d¢))
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e The heat equation has the smoothing property: Even if the initial solution is rough, e.g. discontinuous, the
solution is smooth for every ¢ > 0.

Smoothing property
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Lemma Let ug € L?(f2) be the initial solution. For the homogenous problem
((Opu, ) + (Vu, Vo)) =0 Vo e W,

it holds for all r € N
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