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Otto the Great - King (from 936) and Emporor (from 962) who liked Magdeburg
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Cathedral of Magdeburg (built 1209 - 1520)
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Inventor Otto von Guericke (pressure)
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Agenda

1. Introduction to PDE’s
e Models
e Types of linear PDE’s

2. The Poisson Equation
e Formulations

e Existence and regularity of solutions
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The Navier-Stokes Equations for Fluid-Dynamics

diveo =0
p(8v+ (v- V)v) — pvAv+Vp =pf

Velocity vector v and pressure p are the un-
knowns

Density p and viscosity v are parameters

G.P. Galdi: An Introduction to the Mathematical Theory of the Navier-Stokes Equations, Springer, 2011
V. John: Finite Element Methods for Incompressible Flow Problems, Springer, 2016
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Maxwell’s equation for electromagnetism

VXB:/LO(J—Fe%f)

F is the electric field, B is the magnetic field.

Source: Wikipedia



A PDE system to model infectious disease spread
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aI
5V @D+ Ve (GD) +CI=F

I(t,x,0) = g

I(t’ x, (£y,0, Ea)) = Bnuc
I(t,x, (0, £ > 0,£)) = 0
I1(0,x,2) = I

in
in

in

in

(0, Too] x 25 X Q2g,

(0, Too] x 02, X €24,
(0, Too] x 24 X Ly X Lg,
(0, Too] x Q24 x Lg X Ly,
Q, X Qp.

I is the population with I = I(z,l,t) where ¢ is the time, x € € is the space and [ € §); is a property (e.g. severity,

duration of the infection and age of the population)

Sashikumaar Ganesan, Deepak Subramani: Spatio-temporal predictive modeling framework for infectious disease

spread, Scientific Reports 2021
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Definition A partial differential equation is a differential equation which computes an unkown function u : R* —
R™ for d > 1 where various partial derivatives interact.

Common structure

e Navier-Stokes Velocity
v=uv(tz): R xR R?

and pressure
p=pt,z): R xR R?



Common structure

The nabla operator V

O1f()

FRESR  Vf(x)= %21 (=)

8df:(x)

81F1(:p) 82F1($)
81F2(x) 82F2(a:)

F:R*-RY  VF(z)=

81F;1(x) D Fy(x)

f:R* SR

Oal f ()

8Py f(z) V.F=div F

Y

adFd.f (z)

Af =V -Vf(z)=0nf(z)+ Onf(z)+ -+ daaf(x)

= 81F1(1L“) + OQFQ(J/') + -+ 8dFd(LL“)
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Three Types of linear PDEs Y

Poisson / Laplace equation A stationary equation with no distinct direction

‘—Au(x) = f(x) in Q‘ u = g on 0f) Elliptic PDE

One of the main ingredients in many differential equation models. Usually describing diffusive effects (at
infinite extension speed)

Heat equation A nonstationary problem with no distinct spatial direction

‘&tu(az,t) — Au(z,t) = f(x,t) in Q‘ u=gondf), wu=uyfort=0 Parabolic PDE

Describing slow diffusion, e.g. of heat

Wave euation / Advection equation A nonstationary problem with a spatial direction of transport

’8ttU(3]',t> — Au(z,t) = f(z,t) in Q‘ u=gond, u=uy, u=us fort=0 Hyperbolic PDE

Describes the spatio-temporal dynamics of waves.

du(x,t) + B(z,t) - Vu(z,t) = f(z,t) in Q| uw=gon OV, u=ug, fort=0 Hyperbolic PDE

Describes the transport in a velocity field 5(z,t)



Agenda

1. Introduction to PDE’s
e Models
e Types of linear PDE’s

2. The Poisson Equation
e Formulations

e Existence and regularity of solutions
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The Poisson Equation

The classical or strong formulation of the Poisson problem on Q C R
weC*()NCEQ) —Au(z)=f(z)inQ, wu=0ondN (2)
O = Oyy M = ‘Q_

Lemma (variational problem) Each solution to is also solution tofthe variational problem
weV:={pecCQ)NCE): ¢=0o0ndQ} /QVu(az) -Vo(x)der ; fx)p(z)dz VYoeV (3)
The variational formulation is equivalent to the minimization problem
weVi— (e ClANCO): BB =; [ Vo@Pdo- [ f@ods YoV ()

If a solution u € V satisfies the regularity v € C?(1) it is also solution to
Proof ...



w 200
we CE(SNn (L) NA

hz,b’/ku = & /'fevo""%"ecl;
\{f\g\ @ v=0
*}v”&}s{a on 9&3
/X"»(\r"; ~AMpE X P / j“.
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<- ’JA?J\?J)\= 14 pdx weVo
So /,\}/ SL U /) ».sOYlC%.\’l
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— / *[Q U"ff> (((rf)

T ‘pli Izl 4 é;lvf(,z—+ (v, qu - % Wwull® +(d,p)

= (m,7y) - (J(}o) + L lepl©
S Saas Ll =
W solves (%) =D V_L-—-

Cquqf) ,[4,70) 3) L(,u,-hf) >£la) )F‘f

= AL 4>_(ﬂ




Elut zéf)-E/u) 20

A Slfcle, i
?Y‘C\Hom 2 )
& (1t éf)'f/u) - £ epit+ 2 ~/£<;u, vy)- d,9l) =0

s .

z
£ <O =2 (Tt~ )—(é ) £ —ﬁllv«f”
>-< | ‘/ /70 ) -

7 /
- Ll iepl'e (wu we)-thy) < 5 Ivei

L0 =7 (cwwg=lhp (2 X



MR

Poisson Equation - Existence of the minimization problem

ueV:={pcClQNCQ): E)<E(®) :;/Q|V¢(:U)|2dx—/gf(x)¢(m)dx VeV (5)

Lemma (Existence)
If the domain €2 has sufficient regularity, there is a unique solution to every f € L?(€2). It holds

u€ H}(Q): {¢ € L*(Q), it exists a Cauchy-Sequence uy € V N L*(Q) with |lu — ug| 2 — 0
such that||V(ux — w)|| — 0}

Proof ...

(u,v) := /Qu(x)v(x) dz, (Vu,Vv) := /QVu(x) -Vo(z)dz.
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(3)
= thex exiﬂ'.s o limt M =D A
with w € H(O(SZ)z
%srebz’ ' fhee exib CmeLy
&?uewcc kfpé V; w"“'l
W (y-p)=0 ¢
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Boundary conditions

Dirichlet Problem Find u € H'(2) such that

—Au=finQ, wu=gond

Neumann Problem Find v € H!(f) such that

—Au=fin Q, Jdyu=g on 02

Robin Problem Find u € H*(Q) such that

—Au=finQ, oau+dhu=gondd, a>0
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Non-homogenous Dirichlet Problem - A trick for numerics

Find u : 2 — R such that
—Au=finQ, wu=gon o

Construct up € H'(£2) such that
up = g on 0f)

Split the solution
u=up+uy, uo€Hy(Q), (Vu,Ve)=(Vup,Ve)+(Vu, V).
Non-homogenous Dirichlet problem Find uy € Hg(Q)

(Vuo, V) = (f,¢) — (Vup, Vo) V¢ € Hy(R)

e Numerically, this trick will be used in the Python classes in the afternoon

e Theoretical problem: Where do we get the extension of the boundary values g to an H'-function up ?

WiIoka: Partial Differential Equations, Cambridge University Press, 1987
Rudin: Functional Analysis, McGraw-Hill, 1991
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Regularity of solutions

'Warning! The function space H! is special
e H' functions must not have a “classical derivative”

e Example: absolute value
| € HI(I), I=(-1,1)

e In R, H! functions are continuous

e In R? for d > 2 this is not necessarily true



g 0TTO VON GUERICKE
;- A wacoeaure il MATH

Regularity of solutions

C(Q) 5 vy, = log (1og (

It holds v(z) — oo for x — 0 but

)+1) —>1og(1og(| ’) 1) = eHol(Q)

x| +

¢

[, Vet dudy = 2 51=£xe2(
z2+y2<

k=10 ko0 X 'LA( f
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Regularity of solutions - Effect of the boundary

Definition (Sobolev Spaces) We define the function spaces

H™Q) ={p € L*(Q) [V*¢ll12) < ook =1,...,m}

Lemma (Regularity) If
feH™(Q)
and if the domain Q has a boundary that has the regularity C**2, the solution has the regularity
uwe H™2(Q)
Special case: If f € L?(Q) and € is a polygonal and convex domain it holds

u e H*(Q)

and
IV2ul| < | Aul = | f]]



