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1 Models

This lecture notes have been assembled for various lectures on computational fluid mechan-
ics, solid mechanics and on fluid-structure interactions. Parts are based on lecture notes on
numerical continuum mechanics by Prof. Dr. Rannacher [30]]. Most of the material is also
found in a book on fluid-structure interactions [31]].

1.1 Continuum mechanics

In this chapter, we derive the equations that describe the dynamics of fluids and solids. Mat-
ter is composed of molecules, atoms and smaller particles that all interact with each other.
A description of the dynamics of these micro-structure is possible by fundamental physical
laws. Such a particle centered view-point is however not feasible, if large physical objects are
considered that consist of many atoms. To describe every particle in one liter of water, more
than 10%> molecules must be considered. A description of every single molecule-or even
every atom or subatomic particle—in a large scale hydrodynamical problem like the flow of
water around a ship is completely out of bounds.

Instead, we consider a continuum approach for the description of the large scale dynamics. By
a continuum, we denote a volume V(t) C R? of (different) particles. Instead of describing
every single particle, we only observe some few averaged properties of the complete vol-
ume. These properties are all considered as local density distributions. As example, we will
denote by v(x, t) the average velocity of whatever particle may be in position x € V(t) ata
given time t. Usually we assume that all physical quantities possess some smoothness. De-
pending on the situation, we will ask for integrability, continuity or differentiability. Single
particles are not distinguished any more. This is called the continuum hypothesis or continuum
assumption.

In the following we will derive fundamental equations that describe the interplay of these
averaged quantities. We will distinguish between basic physical principles, the conservation
principles and material laws. While we the conservation principles are based on first principles
and we think of them as exact, material laws are usually simplifications, idealizations and
derived by observation and measurements.

15



1 Models

1.1.1 Coordinate systems

In the following, by V(t) C R? we denote a material volume. We assume that V(t) is entirely
occupied by some material. This material has physical properties like density p : V(t) — R,
velocity v : V(t) — R3, which is a three dimensional vector field, temperature T : V(t) — R
or pressure p : V(t) = R. We assume that the volume is moving. By ty € R we denote the
initial time and we observe the volume for t > tg. By V := V(ty) we denote the reference
configuration of the volume. Often, ty is set arbitrarily, but we usually think of a system that
is at rest and unstressed, e.g. a container filled with resting fluid or an elastic obstacle that
is not deformed and where no stresses act. At time t > t;, we denote by V(t) the current
configuration.

The volume V/(t) consists of particles, and we call V := V, the material domain. For every
particle x € V, we denote by x(X,t) € V(t) the location of the particle at time t > t;. We
assume that the path {x(%,t),t > to} C R3 is continuous and that no two different particles
X, %€ V have the same position at any time t > tq:

x(%,1) =x(&',1) < x=x"

x(X, ) is therefore invertible and we define the inverse mapping as

The mapping T(fc, t) =
t). By %X(x, t) we denote that particle X € V that at time t > t, takes position

T1(x, t) := R(x,
x € V(1).

In a continuum, we assume that no particles are destroyed or created such that the moving
volume V(t) is given by all coordinates x € R? that are occupied by a particle X € V:

V(t) = {x(%,t) € R?, x € V).
Figure [I.1|shows this fundamental configuration.

We study the motion of volumes and the first fundamental property is the deformation of a
particle X € V. We define the deformation (X, t) as

a(x,t) = x(x,t) — X, (1.1)
and its material velocity ¥(X,t) as

(X,t) = dex(x,t) = deta(X, t).

<>

This particle system centered viewpoint for describing the dynamics of a continuum V/(t) is
denoted as Lagrangian coordinate system or Lagrangian framework. In the Lagrangian system,
we observe single particles X € V and follow their paths x(X,t) = X + a(X, t) over time. A
Lagrangian viewpoint is the natural approach for problems in solid mechanics, where the
particles in the reference system are closely linked to each other and where forces are related
to the relative deformation of particles to each other (think of a spring). Considering the

16



1.1 Continuum mechanics

Figure 1.1: The Lagrangian reference system. We describe the path of particles x € V over
time. The reference volume V takes different current configurations V(t) at dif-

ferent times. The particles within V(t;) are the same particles as in V(t2) or in
V = V(to).

dynamics of elastic solids a volume comes back to the reference configuration, if the system
is free of external forces

<

= VO external forces act V(t) absence of external forces V(too) = \7
A N —_— N A N
x =x(x%,0) x(X, t) X = x(X, to)

Deformation and velocity can also be defined in the current configuration V(t). By

x=x+1(x,t) & ulx,t)=1xt)=x—%X
we have an expression u(x, t) for the deformation at the spatial location x € V(t). By u(x, t)
we describe the deformation of a particle in location x € R3 at time t, we however do not
know or determine which individual particle X we have in mind. If we describe all quantities
in the current configuration V(t) and if we are not interested in single particles at all we do
not even need the concept of a reference domain.

The difference between both approaches is the viewpoint: where 1(%, t) denotes the defor-
mation of the particle X at time t, by u(x, t) we denote the deformation of whatever particle
X happens to be at location x at time t. If at time t it holds x = x(%, t), both concepts of defor-
mation describe the same configuration. If we base the description of the continuum on the
spatial coordinates x € V(t), we speak of the Eulerian framework, where the focus is set on
a spatial domain V C R? and all points x € V, see Figure This viewpoint is natural for
fluid-dynamical problems. We consider the estimation of the drag-coefficient of a car. Here,
the attention is on the flow around the car and we measure forces on the surface of the car,
irrespective of the actual particle that at time t > 0 interacts with the car. In fluid dynamics,
we want to describe velocity and pressure at spatial points x € V. Usually, we are not inter-
ested in what particle interacts with the car and where this particle comes from. Fluids like
air or water do not have a memory. They behave in the same way regardless of their history.
This of course is not true for all liquids. Material like polymers or rubber (which can be

17
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Figure 1.2: The Eulerian reference system. We observe spatial coordinates x € V, where
V C R3 is a fixed view. Particles X may enter the domain V at a given time
and leave it at another time. We observe properties of particles at certain times
and locations, we however do not describe and follow the course of individual
particles.

described as a fluid, if it is hot) actually do have a memory. Such viscoelastic fluids however
are out of the scope of this book.

The Eulerian velocity v(x, t) is defined as the velocity in position x € R? at time t and given
as

v(x,t) = 0iu(x,t) = 9¢0(x,t) = (X, t).

In the Eulerian viewpoint, we do not describe, which particle X takes this position.

1.1.2 Deformation gradient

In continuum mechanics, we study the behavior of moving and deforming continua V(t)
over time. In the following we describe the relative change of positions x(X, t) and x({, t) of
two particles X,7) € V in a moving continuum. Relative change of location is called strain,
and strain will show to be the most fundamental quantity that causes stress within the ma-
terial. By stress, we denote the internal forces between the neighboring particles in a con-
tinuum.

Letx € Vand §j € V be two particles that are infinitesimally close to each other, i.e. [§j —
X| = 0. Under deformation, these two particles have the position x = X + (%) € V and
y =17 +1({) € V. We measure the change in position y — x in V with respect to j — % in V,
see Figure By first order Taylor expansion we deduce

y—x=7+a(f) —%—a(x)
d
=g—%+ ) du®) (§—%)+0(g—%P) (1.2)
i=1

18



1.1 Continuum mechanics

Figure 1.3: Transformation of infinitesimal line segment a to a with |G| — 0. Deformation
gradient F = I + Vi and squared length change |a> = a'"Ca indicated by the
right Cauchy-Green tensor C = FTF.

where by [X| = Z?Zl fc% we denote the Euclidean norm, by X - § = Zid:1 Xi(; the Eu-
clidean scalar product and by 9; the partial derivative with respect to %; in the Lagrangian

coordinate system. Considering the relative change in position, it holds

X 14 Va) ;:;' +O([§ —XI). (1.3)

We define

Definition 1.1 (Deformation Gradient). Let @ be a differentiable deformation field in the
material volume V. The deformation gradient

F(x,t) =1+ Va(x, 1),

denotes the local change of relative position under deformation.
The deformation gradient is the fundamental measure in structure dynamics.

Lemma 1.2 (Determinant of the deformation gradient). Let V be a reference volume and
@ : V — RY be a differentiable deformation field. The determinant of the deformation
gradient J := det(F) denotes the local change of volume:

V() = JV j dx.

Proof. It holds by the transformation theorem

Vil = |

1dx = J det(I+ Vi) dx = J ] dx.
V(t) \%

\%

19
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The deformation gradient F applies to the Lagrangian viewpoint. For an Eulerian descrip-
tion in V(t), we can define the inverse deformation gradient F in a similar way. For two
spatial coordinates x,y € V belonging to particles X and § in V it holds

J—X —X
I _p) 2 £ o(ly — ),
ly —x| ly —x|

with the inverse deformation gradient F(x,t) =1 — Vu(x, t). Itholds F = F-L

Very often, it will be necessary to rapidly switch between different viewpoints on the same
physical problem. Sometimes, it is appropriate to consider the material centered reference
domain V, while sometimes the Eulerian viewpoint of the current configuration V(t) is bet-
ter suited. Usually, we denote all entities in the material system with a hat “*” and use the
same notation without the hat for the Eulerian notation. Every basic property like veloc-
ity and deformation has a Eulerian counterpart, e.g. v(x,t) = ¥(X,t) and u(x,t) = @(%, 1),
where for X and x at a given time t > tg it always holds x = %X + @(X,t). When referring
to derivatives of these basic quantities, a simple “Vu = Vi is usually wrong. Instead, we
need to derive rules to map between both coordinate frames:

Lemma 1.3 (Transformation between the reference and the current configuration). Let I =
[0, T] be a time interval, V be a reference domain and @ € C!(I x V)3. We assume that
T := id +1 defines a C!-diffeomorphism between V and

V(t) ={& +a(x,t), x € V%

Let f € C1(I x V) and f(x, t) = f(x(%,t),t) = f(%, t) be its counterpart in the current config-
uration. It holds

A

Vi =FTvrf (1.4)

and
dif = dif, o f=0f —F TVf-9. (1.5)

Letw € C(I x V)3 be given with counterpart w(x, t) = w(X, t). It holds

A

Vw = VwF. (1.6)

Proof. For the spatial derivative of f(x, t) it holds with x(X, t) = X + (%, t):
6113()?,’() = 0:f(x(X, 1) Za f(x, t) 0 ( (x,1t) Za f(x, t)F
Hence
Vi =FTVf.

Then, for a vector field w = (wy); it follows

A

(@W a Z akwla X ) = (Vw)ikf‘kj = (VWF)U
k
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1.1 Continuum mechanics

For the total time derivatives we get

dif(x,t) = 0¢f(x, t) + VI(x, 1) - v(x, t)

def(%,1) = def(R + (%, 1), t) = 0¢f(x, 1) + VF(x, 1) - ¥(%, 1). (7
which, with (%, t) = v(x, t), shows that d¢f = d(f. On the other hand it holds
def(%,t) = 0¢f(R, ).
This, with and shows
def(x,t) = def(%, t) — VF(x, 1) - v(x,t) = 3¢ f(%,t) —F TVE(%,1) - 9(%, 1)
which shows the last relation. O]

1.1.3 Strain

Strain is defined as the deformation within a body relative to a reference length. Fixed body
rotations or translation undergo no strain, as the relative positions of all particles is kept
constant. Strain will be the basic quantity used to describe stresses in solid mechanics. A
simple model is a spring, where change of length - the strain - will be proportional to a force.

Let @ = {j — % be the vector of a line-segment between the two points %, { € V. Then, given a
deformation field i : V — R3, let x = X +@(%) and y = + @({)) and set a :=y — x. It holds
with (1.3 that

and the length of |a is given as

which follows using the Taylor /1 4+ x = 1 4+ O(x). For an illustration of the deformation
gradient, see Figure By C = FTF we denote the right Cauchy-Green tensor which is also
denoted as the Green deformation tensor. This tensor is symmetric and positive definite, as

(Ca,a) = (Fa,Fa) = |[Fal> >0 Vx#0,

and it describes the (squared) length scaling of a line-segment in direction a =
further commonly used strain measure is the Green-Lagrange strain tensor E := 1 (
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L(FTF — 1) that measures the (squared) length change of a line-segment & = {j — % under
deformation a =y —x:

N |

(1.8)

The tensors C = FTFand E = %(C — I) are nonlinear functions in the deformation i:
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C=1+Via+Va
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Given a very small variation in deformation, i.e. [Vi| < 1, one sometimes uses linearization
of the strain tensors as an approximation:

c=1+va+va, e:—(Vﬁ%—@ﬁT).

These approximations can be good approximations under certain conditions. One however
has to be careful, as having a small deformation 1 is not a sufficient condition for this lin-
earization.

The tensors F, C, E and the linearized strain tensor € all refer to the Lagrangian material
coordinate system. They are called material strain tensors. Sometimes, we need to express
strain in the spatial coordinate system, directly on the current frame V(t). Hence let x,y €
V(t) be two spatial coordinates at time t > ty, spanning the line-segment a = y — x. By
%, € V we denote the material points corresponding to this line-segment. These span the
material line-segment d = { — X. Similar to , but using the Eulerian notation u(x,t) =
a(x,t) we get

A~

§—%=y—uly) - (x—u(x)) = [I-Vux)]y —x) + Olly —xP).

By F(x) = I — Vu(x) we denote the inverse deformation tensor. It holds F(x) = F(x)! for
x = X + u(x). F(x) is the deformation gradient in the current configuration and it acts on
the spatial coordinate system. With help of F = I — Vu we can immediately analyze length
changes in the spatial system. Let a =y —x and @ = — %. It holds

|a* = (Fa,Fa) + O(la®) = a"F'Fa+ O(la’) = a"F TF 'a+ O(laP).
The tensor b—! := F~TF~! = F'F is the inverse of the left Cauchy-Green tensor b
b=FF'.

As C, b is symmetric positive definite. Finally, we can define the spatial Eulerian counterpart
e = %(I — FTF) to the Cauchy-Green strain tensor E. By 1D it holds (we neglect higher
order terms)

1 . 1/l et .
g(laf —1af) ~ a7 (5 (FTF-D)a
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1.1 Continuum mechanics

which transform by using @ ~ F~'a to a Eulerian description

%(ch2 — |d|2) ~aFT (%(]AF‘T]?‘ — I))f‘a =a' (%(I — F_Tf‘)> a=a' (%(I — FTF)) a
We introduce

o= (1-FTF) = (1B Th) = Thi

the symmetric Euler-Almansi strain tensor e that enables us to relate length changes to the
Eulerian line segment a:

N |

(la?—1la

2) —a'ea+ O(laP).

N | =

If for a body V it holds C = I it follows that E = 0, and no relative changes in the position
of material points X and { occur. Lengths and angles are maintained. A material body that
can only undergo motion with E = 0 is called a rigid body.

Remark 1.4 (Right Cauchy-Green or Green-Lagrange strain tensor). We have two different
strain measures at hand. The right Cauchy-Green strain tensor C and the Green-Lagrange
strain tensor E. Both are firmly linked and can be used to describe strains caused by defor-
mation. For describing material laws, we will derive models, that characterize the materials
reaction on strain. Most simple models will assume a linear dependency between strain and
stress: if no strain is given, no stress is induced. Here, the Green-Lagrange strain tensor E
is the better basis, as E = 0 denotes a no-strain condition and a linear function f(E) can be
consulted to model the strain-stress relationship. A

1.1.4 Rate of deformation and strain rate

The strain tensor is a fundamental quantity in solid mechanics, where we assume that a
finite force will cause a finite deformation. An ideal spring will linearly react on external
forces by some finite extension, which directly refers to strain. In fluid-mechanics however
finite forces can lead to infinite deformation. A river, which is driven by the constant gravity
force causes infinite strain, although the force is bounded. Here it is not the deformation and
the deformation gradient that is of interest; but it is its temporal variation that serves as key
quantity to model the internal forces (stresses) of the material. We already discussed that
for fluid-dynamical observations, the Eulerian viewpoint is more meaningful. Hence we
will derive a measure for the rate of strain in the current system V(t).

By %, 7 € V we denote two material points spanning the line-segment a = {j — X. We follow
their positions x(t) = x + @(x,t) € V(t), y(t) = § + a(y,t) € V(t) and the resulting line-
segment a(t) =y(t) — x(t) in the current configuration V(t). With a(t) = F(t)a it holds

dra(t) = . F(t)a, (1.9)
and for the deformation gradient F(t) =+ Vi(t) we get
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where we assumed sufficient regularity to change the order of derivatives. By V¥ we de-
note the material velocity gradient. The material velocity gradient V¥(%, t) denotes the spatial
change of the velocity as given in the Lagrangian material system. The spatial velocity gradi-
ent Vv(x, t) refers to the spatial change of the velocity of whatever particles are at location
x at time t. For v(X) = v(x) with x = x(X) = X + (%) it further holds

3F = VvVx = VvF.
Then, to continue with (1.9
dra(t) = VvFa = Vva(t),

and the rate of length change is given by

d¢la(t))? = (Vva(t), a(t)) + (a(t), Vva(t)) =2 <;(Vv + VVT)a(t), a(t)) )

Definition 1.5 (Strain rate tensor). By
1
é(x,t) = 5{Vv(x,t) + Vv(x, t)T}.

we denote the strain rate tensor or the rate of strain tensor. It denotes the local change of
velocity in the current system.

1.1.5 Stress

Deformation, strain and strain rate are kinematic properties. They simply describe the rela-
tive motion of particles within a volume. As such, they are pure observations of the situa-
tions and do not depend on the model under consideration. We assume that a material will
react on strain or the strain rate. For expanding a spring, a certain force will be necessary.

By stress we denote the internal force that is acting on an imaginary surface within the vol-
ume V(t). The unit of stress is force per area.

In Figurewe show a volume V/(t) thatis cut at an inner surface S C V(t). Byx € S C V(t)
we denote a point on this surface with normal n. The average forces acting on a neighbor-
hood of x € S is denoted by the Cauchy traction vector t. The right sketch of the figure shows
this setting in the reference system, where by X € S C V we denote point, surface and
volume in reference state. Here, the normal vector is indicated by i and the resulting first
Piola-Kirchhoff traction vector t:

t =t(x,t,n), t==%t(&, t,n).

By ds we denote an infinitesimal neighborhood of x on the surface S C V(t) and by ds the
corresponding infinitesimal neighborhood of X on S C V. Then, it holds

tds = tds,
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1.1 Continuum mechanics

Figure 1.4: Traction vectors on a imaginary surface in the current system (left) and the ref-
erence system (right). Cauchy’s stress theorem postulates a linear dependency
of the traction vectors on the normals t = on and t = P#.

such that both traction vectors refer to forces in the current configuration V(t). While t is a
function in variables x and n of the current configuration, the first Piola-Kirchhoff traction
vector is a function of X and 1 in the Lagrangian reference system. Usually, it does not hold
lt| = [t|. The unit of stress is force by area and t refers to the area of a domain surface ds while
t refers to the area of the undeformed reference surface ds.

The traction vectors describe a surface tension. Such surface tensions arise from friction or
contact. Another example for a surface tension is the pressure in a liquid or gas that pushes
the particle to each other (or apart from each other).

The surface tensions depend on the normal vector n of the imaginary surface. It holds

Theorem 1.6 (Cauchy’s stress theorem). There exist unique second order tensors ¢ and P,
such that

A

t(x,t,n) = o(x,t)n, (%, t,0)=P(%,t)i.

The tensor 0 = o is symmetric and called the Cauchy stress tensor, the tensor field P is

called the first Piola-Kirchhoff stress tensor. P is usually not symmetric.
Proof. For the proof, we refer to the literature [12]]. O

One immediate consequence of Cauchy’s stress theorem is that traction vectors for opposite
normal vectors annihilate each other, Newton’s law of actio = reactio

t(x,t,—mn) = o(x,t)(—m) = —o(x,t)n = —t(x, t,n).
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As the Cauchy stress tensor must be symmetric, it consists of six independent components

011 O12 013
0= 1012 02 0923
013 023 033

The second order tensor P is usually not symmetric and consists of nine independent entries.
For the relation of o and P it holds

onds = Pids,

such that the two different traction vectors describe the transformation of a surface integral.
We will get back to this relation in Section[1.1.7]

The components of the stress tensor are best understood by a decomposition of stresses
into normal stress © € R and shear stress T € R. Let t be a stress vector in x € V(t) on a
imaginary surface S with normal vector n. The normal-stress o is defined as the projection
of the traction vector in normal direction

o=t"n=(n,on),
while the shear stress is defined as the tangential part of the stress
T=t"t; = (1, on),
where t; is the tangential vector that arises from projection of t onto the surface

t—on

b= — .
It — on]|

Then, the stress vector can be decomposed into the normal stress o and shear stress T by
t= (t, II)II + (t, tl)tl = on + Tt;.

Here o, T € R are the lengths of the stress vectors in normal direction and tangential direc-
tion. Given the Cauchy stress tensor o, it holds

0= (n,on), T=(t,on).

If for the normal stress it holds o < 0, the material undergoes a compression, while for o > 0
an expansion is given. Further, it holds

lon|* = [t]* = |n- of* =1* + o°.

Next, let us assume that the imaginary surface has normal vector n = e; with (e;); = 06y;.
The normal stress is given
o = (e, 0€) = 01y,

by the diagonal entry of the Cauchy-stress tensor, while the shear stress in ey direction for
k # i gets

T = (ex, 0€;) = Oki = Oki.
Hence the diagonal entries of o refer to the normal stresses, while all off-diagonals refer to
tangential shear stresses.
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1.1 Continuum mechanics

Remark 1.7 (Stress in the reference system). Usually only static stresses act in the initial
reference state of a system at reference time ty. In case of a resting fluid, this stress can be
caused by the hydrostatic pressure. Sometimes however, initial configurations cannot be
considered to be stress-free. An example could be organic material like wood, where the
undeformed reference system may be subject to stress caused by growth, see [24]. A

1.1.6 Conservation principles

The most important physical conservation principles in the context of fluid-mechanics and
structure-mechanics are conservation of mass, which says that

mass is neither created nor destroyed,
conservation of momentum that says that

the change in momentum is equivalent to the force acting
and conservation of angular momentum, saying that

the change in angular momentum is equal to the torque.

Using the notation derived in the previous section, conservation of mass reads
dem(V(t)) =0, (1.10)

where the volume’s mass m(V(t)) is given by

with a density p. Conservation of momentum gets
deI(V(t)) = K(V(t)) + K(dV(t)), (1.11)

with the momentum I(V(t))
Vi) = | plxtivix, b dx
V(t)
and volume and surface forces K(V(t)) and K(oV(t)) given by:

K(V(t)) :J p(x, t)f(x,t)dx, K(OV(t)) :J tds.
V(t) oV (1)

Here, f is a prescribed volume force density and t denotes the surface stress in direction
n. As discussed, it holds by Cauchy’s Stress Theorem [1.6| that this surface force linearly
depends on the normal direction such that it can be expressed with help of a stress tensor
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o € R™*™ as t = on. The surface allows for a transformation to a volume integral via the
divergence theorem

K(oV(t)) = J n-ods= J div(o) dx.

V(1) V(t)

Finally, conservation of angular momentum is given by
deL(V(t)) = D(V(1), (1.12)
where the angular momentum L(V/(t)) with respect to the origin is given as
L(V(t)) = J x x (pv)dx,
V(t)

and the torque D(V/(t)) is defined by

D(V(t)):J xx(pf)dx—i—J x X (n-o)ds.
V(t) oV (t)

Since the integration domain V/(t) in (1.10]), (1.11)) and (1.12) depends on time t, evaluation
of derivatives like d¢m(V/(t)) is not straightforward and will be accomplished with help of
the essential Reynolds’ Transport Theorem

Theorem 1.8 (Reynolds’ Transport Theorem). Let V(t) C R9 be a material volume. Further,
let ®(x, t) be a differentiable scalar function defined on V(t). Then, it holds

dtJ D(x,t)dx = J (0¢D(x,t) + div(dv)) dx.
V(t) V(t)

Before giving a proof to this theorem, we need the following results.

Lemma 1.9 (Partial derivatives of inverse and determinant). LetF : R x R™*™ — R™*" bea
differentiable matrix function with differentiable inverse. Let | = det(F) be its determinant
and F = (Fy;)yj its elements. It holds

(1) F 1 =—F'FF!
. 0J(%,1) (1.13)
(i) OF = Ayj,

where by
Ay = (—1)" det(Fia ) isi 1z

we denote the cofactor of F.
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1.1 Continuum mechanics

Proof. (i) This first relation follows by observing

FF_1 -1 = (FF—I)I — ﬁ\[ﬁ\—l]/ + F/F—l - [ﬁ\—l]/ _ —F_IF,F_l.

(ii) For the cofactor
Ay = (—1)") det(Fi) ki1
it holds

n
6ikj:ZAilﬁ‘kla iZl,...,TL.

Then, differentiation w.r.t. Fy; gives

d " AL - oF
Ail = Z LR A = Ay
oFy; - oFy; oFy;
=0 =5y

Proof of Theorem[1.8] The map

is uniquely defined and differentiable with F := VT and
J(%,1) == det(F(x, 1)) > 0

By mapping of V(t) to V = V(0) it holds
J CD(x,t)dx:JA D(T(%,1), )] (%, t)d%
V(t) \%

The domain V does not depend on the time t. Therefore we can exchange differentiation
(with respect to t) and integration (with respect to x) to get

% JV(t) @(X,t)dx = JV {dt ( ( t),t )T(X,t) + (D(-f(ﬁat),t)atj(fc,t)}dx,

Then, we get for the (most complicated) derivative of the determinant

. o] OFy; 3] ov; o] vy Oxx
WE )=y ———2 =) =) 1 "t X
Jx Y iZjaFu ot iZjaFu 0%; ﬁZkaFi]. Ik 0%

::f‘kj

and using ((1.13]) from the proof to Lemma

3 (x Z(ZAUFk])a“_Zdev
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The further terms get
de@(T(X,1),1) = 2@ (x, 1) + 0 T(x,1) - VO(x, 1) = 3, @ +v - VO

and altogether we have

dJ O (x, t)dx = J j(atcp tvoVO 4+ qndivv)obz
dt Jy(v) \%

Using
div(v®) = @divv+v- VO

and mapping back to V(t) gives the result. O

Applying this theorem to the scalar value ®(x,t) := p(x,t) we derive the Law of Mass Con-
servation:

J 0tp + div(pv)dx = 0.
V(t)

This equation is valid for every volume V(t). Assuming that the expression 9¢p + div(pv) is
continuous (which is an assumption on the physical properties of the material), the equation
of mass-conservation holds in a point-wise manner

dep + div(pv) = 0. (1.14)

The second basic rule is conservation of momentum, derived by the scalar values ®(x,t) :=
p(x, t)vi(x,t) for every component of the velocity field. With a column-wise representation
of the stress-tensor 0 = (071, ..., 04) Reynolds transport theorem yields:

J O0¢(pvy) + div(pvyiv) dx:J pofi +div(oy)dx, i=1,...,d.
V(t) V(t)

Given continuity of the integrand we can again deduce a point-wise equation
0t(pvy) +div(pviv) = pfy + div(oy), i=1,...,d.
By introducing the external product of two vectors
vawe R (v W)ij = ViWj,
we can formulate the equation for the conservation of momentum in conservative formulation
0¢(pv) +div(pv ® v) = pf + div(o).

Combining this equation with the mass-conservation, we can further deduce the equation
for conservation of momentum in the non-conservative formulation

p0v + p(v - V)v = pof +div(o). (1.15)
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1.1 Continuum mechanics

Figure 1.5: Moving Eulerian volume V(t) with Lagrangian reference V and third arbitrary
reference volume W.

The equation for the conservation of angular momentum is given by

dtJ xx(pv)dx:J xx(pf)dx—i—J x X (n-o)ds.
V(t) V(t) oV (t)

Applying Reynolds transport theorem we can deduce the following three equations

i=1 0'23—0'32:0
i=2 013 — 031 =0

i=3 o12—021 =0,
that impose the symmetry of the Cauchy stress tensor

c=o'. (1.16)

Further conservation principles are important if physical properties like entropy, energy
and temperature are taken into consideration. Since we will deal with isentropic materials
only, where all dynamical processes will take place without change of entropy, the three
fundamental principles of mass-, momentum- and angular momentum-conservation will
be sufficient to describe all desired behavior.

It remains to describe the tensor of surface-forces o. This tensor will heavily depend on
the material under consideration, whether it is a fluid or a solid, whether the fluid is water,
air or blood, the solid may be elastic or plastic or have properties of both. Here, physical
modeling comes into place, exact laws for the dependence of this tensor on quantities like
velocity and density usually do not exist. Since we know that o is symmetric, six additional
equations are required for its description. Stress models will be discussed in Section
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1.1.7 Conservation principles in different coordinate systems

In this section, we discuss the transformation of the conservation equations, which have
been derived in the Eulerian framework, to different coordinate frameworks. Introducing
the basic concepts for solid mechanics we already argued that a Lagrangian viewpoint is
more natural.

Let V(t) be the moving Eulerian framework and let V be the Lagrangian reference system.
Further, by W we denote an arbitrary second fixed reference system, see Figure While
the case W = V is possible, we will allow for arbitrary systems without physical meaning.
However, we assume that W is fixed in time and that there exists an invertible mapping
Tw(t) : W = V(t) with gradient Fyw = VTw and determinant jW .= det (Fyw) > 0. If we
talk about the gradient Fy, we request that the mapping Ty is differentiable with respect
to the spatial variables. We further assume that Tw is differentiable with respect to the
temporal variable and that the inverse of the mapping T;Vl is also differentiable. In other
words, TW is assumed to be a Cl-diffeomorphism onlx W.

By introducing an arbitrary reference systems W we have to deal with three different sys-
tems: the Lagrangian particles, X € V, their Eulerian path x(%,t) € V(t) and further the
arbitrary framework with Xy € W with Tw (Xw, t) = x = T(%, t). Note that it does not hold
¢ Tw = ¥, as we have to distinguish between the physical velocity ¥ of the particles and the
velocity 0+ Toy of the arbitrary coordinate system motion.

We start by describing basic properties used to map between the two systems W and V/(t).
First, we introduce the inverse mapping Tw/(t) : V(t) — W.

Lemma 1.10 (Inverse mapping). By Ty (t) : V(t) — W we denote the inverse mapping, by
Fy = VT its gradient and by Jw := det (Fyy) its determinant. Given sufficient regularity,
It holds

Fw=Fy, Jw:=Jyw, 0Tw=—F,dTw.
Proof. 1t holds
TwoTw=id = FwFw=1 = Fy=F;.
By taking the determinant of both sides, we immediately get ]\ = j\jvl Finally,
Twolw=id = 0=dTw(Tw(t),t)=0Tw + VTwd Tw.
Using VT = Fyw = f‘;vl we obtain the relation 0¢ Ty = —I'A‘;Vl atTW. O

In Lemma 1.3 we already considered the transformation of spatial and temporal derivatives
between the Eulerian and the Lagrangian coordinate system. Similarly it holds for a scalar
function f : V(t) — R and a vector field w : V(t) — RY with counterparts f and W on W:

A A A A 1

Vf=F, VI, Vw=V#F,. (1.17)
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For temporal derivatives transformed to general coordinate systems W we must take care of
two different velocities: the particle velocity v and the domain velocity 9 Tyy, which do not
coincide, if W # V:

Lemma 1.11 (Transformation of temporal derivatives). Let f : V(t) — R with counterpart

A

f(Xw, t) = f(x, t). Given sufficient regularity, it holds

duf = 0uf — (Ff0cTw - VI, dof = duf + (B (87— 8¢ Tw) - V)F.

Proof. With Xy = Tw (x, t) it holds
d1f(x, t) = def(Rw, t) = def(Tw (x, 1), t) = 3¢ + VF- 3¢ Tw .

The first result follows with help of Lemma The relation for the material derivative is
given by
dtf(X, t) = 6tf(x, t) + V£ atX.

Here, 0¢x = v = ¥ refers to the trace of particles, where v = v is the velocity of the particle
and not the velocity of the mapping Ty . Together with ((1.17)) and the transformation of the
partial time derivative we get

A

def = 0f — (B0 Tw - V) + BT V- 9.
O

Remark 1.12 (Transformation between Lagrangian and Eulerian coordinates). If V = W it
holds Ty = T as well as Fyy = F and TW = ]. The statements of Lemma simplify to

W == \7 = atf == atf— (Fil{f . @)f’;, dtf == ath
This results explains, why the convective term (v - V)v will not appear in Lagrangian coor-
dinates. See also Lemma|l.3 A

In the following we discuss the transformation of the conservation principles to arbitrary co-
ordinate reference systems W. This transformation will be fundamental for solid mechanics,
where the natural view-point is the Lagrangian one with W = V. We proceed without spec-
ifying the connotation of W. The equation for conservation of momentum is given
by
p0v+ p(v- V)v =pf +div (o) in V(t),

with a density p, velocity v, volume force f and the Eulerian stress-tensor o. The specific
form of this stress-tensor will be discussed in later sections. Here, we only assume that this
stress tensor is symmetric ¢ = o'. By ¥(kw,t) = v(x,t), p(Rw,t) = p(x, 1), f(xw,t) =
f(x,t) as well as 6(Xw,t) = o(x,t) we denote the counterparts of these quantities in the

reference system W. By ((1.17) and it holds:

A

Qv = ¥ — (B 1 Tw - V)9,
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and combined, we get:

Qv+ (v VIv =09 + (Fil (v — 3 Tw) - V)¥. (1.18)

As discussed above, in the case of a mapping to the Lagrangian reference system, the map-
ping’s temporal derivative is the velocity 0+ T = ¥ and the momentum terms simplify to

V=W = v+ (v:-V)v=20. (1.19)

It remains to transform the divergence of the stresses to the reference domain. Here, a sim-
ple transformation of div (o) to the reference system is not sufficient. We need to keep the
meaning of this stress-term in mind, indicating surface-forces in normal-direction. The nor-
mal vectors are transformed, if the underlying domain V — V(t) is deformed. Therefore
we must base the mapping process on the correct representation of these surface forces.
We need to find a representation of the first Piola-Kirchhoff stress tensor P in the reference

system, such that it holds:
J Pads = J onds.
oW V(1)

P will be called the Piola transformation of o. For the derivation of this transformation we
first regard vector fields w: V(t) — R4 with reference counterpart w: W — R4,

Lemma 1.13 (Piola transformation). Let w : V(t) — R be a differentiable vector field and
W its representation in the reference system W. The Piola transformation of w is given by

On every volume V/(t) with corresponding reference volume W it holds

J n- wdsJ i - (Jwiy, w) ds,
V(1) oW

—

J div (w) dx = J div (Jw iy W) dx.
V(t) w

Further, in a point-wise sense it holds

—

Jw div (w) = div (JwFi, #).

Proof. We use a variational argument. Let & be differentiable on V(t) with reference coun-
terpart £ € W, such that

J n-wéds = J div (w&) dx = J Jw div (w&) dx. (1.20)
V(1) V(t) w

Next, with 1 we get for £=&:

J\fv deiv (w&) dx :JA jwdiv (W)édfé—k‘[

w

Jww - B VEdx. (1.21)
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1.1 Continuum mechanics

With Green’s formula, the second integral is transformed to

j A jww.ﬁwwzdfc:y FwEw - T8 ds
w w (1.22)
= —JA div (TWFV\}W)EdchrJ Ca- (JwFy W) £ds.
w ow

Combining (1.20)), (1.21]) and ([1.22]) gives

J n-wéds —J Jw div (w)& dx
V(1) W

we conclude for all inner points

Jw div (w) = div (JwEy}w).

Hence
J div (w) dx = J Jwdiv(w)dx = J div (Jw Py w) dk.
V(t) w %
The relation for the surface integral follows by Gauss’ divergence theorem. O

This important result is used to transform the surface forces to the reference system. Let
o= (0'1){1:1 be the row-vectors (or the column-vectors since o = o' by the conservation of
angular momentum). It holds:

FL(OV(1) = J

n-oqu:J div (o) dx
oV (t)

V(t)
and with the just proven lemma we conclude
Riovin) = | dviwkyiendi=| i (whylends
w oW

Reassembling the stress-tensor 6 = (6;) we get the reference presentation of the surface
forces:

F(OV(t)) = J (w6, )ads = J div (Jw oy, ) dx.
oW W
We define
Definition 1.14 (Piola Kirchhoff stress tensors). The First Piola Kirchhoff stress tensor given
by
P:=JwoF,/ .
It relates forces in the Eulerian coordinate framework with coordinates in a reference frame-

work W. The Second Piola Kirchhoff stress tensor given by

L =F,P=]JwF,6F, .
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Unlike the Eulerian stress tensor o, the 1st Piola Kirchhoff stress tensor P is not symmet-
ric. The 2nd Piola Kirchhoff stress tensor is symmetric but it does not have an immediate
physical explanation.

Using the first Piola Kirchhoff stress tensor and Relation ([1.18]) the momentum equation on
arbitrary reference systems W is given by:

o~

Jwp (0¥ + (Fiy) (v — ¢ Tw) - VI¥) = Jwpf + div (JwoFy) ). (1.23)

1.2 Material laws

The basic concepts of continuum mechanics introduced in the previous section are exactin a
way that they are based on fundamental physical principles. The conservation principles for
mass, momentum and angular momentum constitute a systems of four partial differential
equations for 10 unknowns: density p, velocity field v and the six unknowns of the symmet-
ric stress tensor o. This system is under-determined. To close it additional equations are
required that connect the values of the stress tensor to computable fundamental quantities
like velocity, density or deformation.

In the following sections, we will derive such material laws that describe the properties of
the stress tensors in the different formulations like o, £ or P. We assume that these stress
tensors will depend on strain or strain rate given as deformation gradient F, its inverse F, or
tensors like C, E, b, e or é&. We denote this relation by tensor-valued functions

A

o="f(€), P=A(F), £=A(8),

or by similar expressions in E or b. We assume that all materials are homogenous and do
not explicitly depend on the location x € V(t).

We are not considering arbitrary material laws but postulate several assumption on the ma-
terial’s properties:

1. Objectivity: The material law is independent of the spectators viewpoint. This property
will hold for every physical material.

2. Homogeneity: We assume that the material is homogenous, i.e. the strain-stress relation
will not explicitly depend on the location x € V(t).

3. Isentropic and isothermal processes: We assume that entropy and temperature do not play
arole. There is no conversion between heat and kinetic energy. The temperature stays
constant and does not affect the material law. This assumption is a simplification, as
most elastic materials and also some fluids show a strong dependency on the temper-
ature.
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1.2 Material laws

4. Isotropy: There is no distinct direction in the material. The response to strain or strain
rate is the same in all directions. This assumption rules out anisotropic materials like
fiber-reinforced composites or also biological tissue, where layers are usually directed
anisotropically. Most fluids however are isotropic.

These assumptions lead to a strong simplification of possible material laws. The following
Rivlin-Ericksen Theorem shows that all such possible material laws depend on symmetric
strain tensors C, E or € only and that all material laws are quadratic polynomials in the
invariants of these tensors:

Theorem 1.15 (Rivlin-Ericksen Theorem). A stress response function f(F) is isotropic and
indifferent with respect to the coordinate system, if and only if it depends on the symmetric
strain tensors only

A A

f(F) = f(F'F) = f(C).
Further it is given as a quadratic polynomial
f(€) = Bo(L(C)I + B1(1(C))C + Ba(i(C)) C, (1.24)

with scalar coefficients 3; that depend on the invariants (under orthogonal transformation)
of the symmetric tensors C:

L(C)=M+A 423, Io(C) =Ada+AoAs +ArAs,  I3(C) = MidaAs,
where A1, A2 and A3 are the three eigenvalues of C.
Proof. For a proof, we refer to the original contribution by Rivlin and Ericksen [32] or to a
modern presentation by Turesdell and Noll [39]]. O

As a symmetric positive definite tensor, C has three positive eigenvalues A1,A2,A3 and a
system of orthogonal eigenvectors. We know that eigenvalues are invariant to orthogonal
transformation. To derive these invariants, we further cite the following Lemma:

Lemma 1.16. Given a tensor A € R**? it holds for every A € R
det(A — AI) = —A3 + I (A)AZ + L (A)A + I3(A),
with
. . | . . . .
L(A) = tr(A), To(A) =3 (tr(A)2 _ tr(A2)> Ig(A) = det(A).

If A is symmetric positive definite with eigenvalues A1, A2, A3, it further holds

L(A) =M + A2+ A3, Io(A) =AAg + AoAs + Mg, Is(A) = AAgAs.
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Proof. See [221]]. O

The Rivlin-Ericksen Theorem strongly limits possible material laws for homogenous
and isotropic materials. All material laws - including fluids and solids - considered in the
context of this book will fall under this theorem.

As every matrix satisfies its own characteristic polynomial, it holds for C € R3*? that
C3 =1(C)C? + I,(C)C + I3(C). (1.25)
Using this relation, the material law ([1.24]) is equivalent to a second representation

f(C) = o ((ONI +v1(i(C))C +y2(L(C)C .
Remark 1.17. As the two tensors E = %(C — I) are directly connected, every material law in
C can also be expressed in E, as
ol + %1 C + %2 C? = (0tg + 1 + 02) + (201 + 4o )E + 4o B2
Further, for the eigenvalues of E and C there holds a linear relation
1
5

Aiw; = CWi = QEWi +w; & 5 A — 1w = Ewi.

1.2.1 Hyperelastic materials

A solid is called hyperelastic if the relation between strain and stress comes from an energy
density function

5 _ QW)

oE

or .
p— IWE)

oF

This constitutes a relation between the second Piola-Kirchhoff stress tensor and the strain
or between the deformation gradient and the first Piola-Kirchhoff stress, respectively. Many
of the commonly used materials like the St. Venant Kirchhoff model or the Mooney-Rivlin
solid are of this type. Stress tensors for incompressible materials can be derived by energy
functions of the type

W = W(F) —p (det(F) — 1)

that penalize the change of volume | = det(F).

As the derivation of the models is not in the focus of this book, we just refer to the literature
for more reading on this very important concept, see Holzapfel [21]] for a very comprehen-
sive exposure.
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1.2 Material laws

1.2.2 Linearizations

For simplicity, we sometimes consider linear models. Two different types of nonlineari-
ties must be considered: first, the material nonlinearity which denotes a nonlinear relation
between stress and strain. Second, the geometric nonlinearity, which comes from the dis-
crepancy between reference coordinate system and current system and which is expressed
by the deformation gradient e = Fé.

Regarding the Rivlin-Ericksen Theorem [1.15} linearity of a material means that only the first
invariant I; (E) = tr(E) may enter the law and that no higher order terms may appear. Fur-
ther, in geometrically linearized situations, the symmetric strain tensor and E is approxi-
mated and linearized

~ 1 1
E = i(Vu +Vu' + Vu'Vu) ~ §(Vu +Vu') =é,
assuming that [Vu| < 1 is small.

Lemma 1.18 (Linear material law). A stress response function f(-) for a linear, homogenous
and isotropic material depends on the linearized strain &€ = Vi + Vi or on the strain rate
tensor € = Vv + Vv! and its first invariant only

A~

f(€) =Potr(€)I+ P1€.

In fluid mechanics, the Navier-Stokes equations follow such a linear material law and in
structure mechanics, the Navier-Lamé problem considers these simplifications. While in
fluid mechanics a fully linear material law - the Navier-Stokes model - is a very accurate
model for many relevant fluids, linearization in solid mechanics is usually not feasible. Here,
linear models only apply to very small deformations 4] < 1 and very small changes in
deformation |Vi| < 1. In particular, linearized solid models are no longer invariant with
respect to fixed body rotations.

1.2.3 Incompressible materials
Some materials have an incompressible behavior which means that the volume

V(t)] = J 1dx = “const”
V(t)

does not change. For an incompressible material, there is no expansion or compression.
Many fluids - like water - can be considered incompressible. Incompressibility further ap-
plies to many biological structures. We can describe change of volume in the current system
by Reynolds transport theorem

O:dtIV(t)IzdtJ 1dx:J V-vdx:J n-vds, (1.26)
V(1) V(t) oV(t)
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but also in the reference configuration by transformation

0= dy V(1) = dtj

1dx = J d.J dx. (1.27)
V(t)

Vv

For a fluid, modeled in the current configuration, (1.26)) says that the flow is “divergence-
free” with div v = 0 and also that the total normal flow over the volume’s boundary is zero.
For a divergence free velocity field it holds

tr(€) =0,
and in light of Lemma the material law is further simplified to
f(€) = B1€.

To cope with isotropic expansion and compression forces, we introduce a pressure variable
as part of the material law:

f(é,p) = —pl+ B1€.

This pressure will be required to enforce the incompressibility of the velocity field.

Considering solid’s, incompressibility in terms of ([1.27)) means that the determinant of the
deformation gradient will be constant d¢] = 0. As F = I in the reference system, incom-
pressibility simply says ] = 1 for all times t > to. Further, it then holds that

det(C) = det(F)? = 1.

For the Green-Lagrange strain tensor E it follows that third and second invariant fall to-

gether, see Lemma and Remark

1.3 The solid problem

As discussed, we usually describe the dynamics of elastic structures in the Lagrangian refer-
ence system. Hence considering the conservation law ([1.23)) we choose W = V as reference
system. In light of Remark the momentum equation is given by

Jp0ueit = Jof + div(FE),
where we eliminated the velocity using 0.1 = ¥. Considering material laws as introduced

in the previous section, stresses will depend on strain, and hence on the displacement 1.
The density is known at initial time p(x, 0) = p°(%). For t > 0 conservation of mass yields

m(V)i= | pRded jvm ol v = |

Vv

At time t > 0, the relation
p(x, 1) =T 1%, 1)p" (%) (1.28)
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1.3 The solid problem

describes the density in every point % of the reference system. The full problem of elastic
structures formulated in the Lagrangian reference system V is given by:

>

09t — div (FE) = p° (1.29)
It remains to complete this partial differential equation by appropriate boundary conditions
and initial conditions. Let § C R be the solid domain in reference configuration. At time
t = 0, we specify initial conditions for density, deformation and velocity

p(-,0)=p%), a(-,0)=4°), aa(,0)=v"(), t=0. (1.30)

For all times t > 0, by f(x,t) we denote the acting volume force field. Note that this force
field is directed in the Eulerian framework, such that for example the gravity is given by
f = —9.8legkg - m-s 2, with e3 = (0,0,1)T, independent of the reference framework. The
boundary of the domain I := 38 is split into a Dirichlet boundary part ' and into a Neu-
mann part I'N. On the Dirichlet boundary, we specify boundary conditions for the defor-
mation

a=a" onfP x[0,TI. (1.31)

Note that by v = 0. we also uniquely define the velocity on the boundary. The usual
Neumann condition on I'N specifies the boundary stresses by

n-FE=n-jo,F " =g™ on N x [0, T]. (1.32)

If the external forces f and the boundary data ggﬁ) and 4P do not explicitly depend on time,

the solution can run into a stationary limit a(-,t) — G(-) that does not depend on time. In
this case, it holds 9,V = 0 and hence 0i = 0. If such a stationary solution exists, we can
directly consider the stationary system of equations:

—div (F£) = p'f. (1.33)

Finally, it remains to provide material laws for specific solids. One of the most simple model
is the St. Venant Kirchhoff material that postulates a linear dependency between strain tensor
E and stresses:

Definition 1.19 (St. Venant Kirchhoff material). The St. Venant Kirchhoff material follows
the material law
3 = 2uE + As tr(E)1,

with the first A; and second ps Lamé parameters. (s is also called the shear modulus.)
These two parameters are related to the Poisson ratio v that describes the compressibility
and Young’s modulus E that describes the stiffness:

As - s (3As + 2us)

Vg=——"7-—, Es=
° 20‘5"‘“5) ° As + Hs
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VI < Vol
Vo «— VI =IVol —> «—|V| < |[Voi—=>| P>

vs=1 0<vs<i vs <0

Figure 1.6: Material behavior under compression for different Poisson ratios. Left: incom-
pressible material vy = % Middle: compressible material 0 < v < % Right:
auxetic material with v < 0.

The linear relation between strain and stress is called Hooke’s Law. The Poisson ratio v
describes the compressibility of the system. It holds

R G S R
S 9 1+;—§ 2

The Poisson ratio vg = % refers to A; — oo hence to incompressible materials. The Poisson

ratio describes the reaction of the material on directional compression, see Figure For

a Poisson ratio v = %, the volume will stay constant, for vy < % the volume will decrease.

There are some materials with negative Poisson ratio. Here, the material will react to the

compression in one direction with compression in the orthogonal directions. The St. Venant

Kirchhoff model is a suitable approximation for metals at small deformations. Steel has a

Poisson ratio of about v ~ 0.3 and a Young modulus Eg ~ 200 - 10%kg - m~! - s72.

Hooke’s Law applied to an incompressible material leads to the incompressible Neo Hookean
material law:

Definition 1.20 (Incompressible Neo-Hookean material). The incompressible Neo-Hookean
material law is given by

P=FL=—pF T +2u,F "E,
with the shear modulus ps and the Poisson ratio vs = % By p we denote the undetermined
pressure.

We conclude and formulate the following often used systems of equations

System 1.21 (Conservation laws for a St. Venant Kirchhoff material). Let Q C RY be a
domain with boundary I' = 9Q with ' = TP UTN. Further, let p° : Q — R, be the materials
density, f € C(Q)4 be a given right hand side, a°, P € C(I'®) be Dirichlet boundary data,
g™ ¢ C(I'N) be the Neumann data. With initial deformation and velocity 4°, %% € C(Q)4
find deformation and velocity

a(t) e C2(Q)4ncurPyductiouriyg,
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1.3 The solid problem

such that
p 0 —div (Fi) =% t>o0,
where
2 = 2uE + A tr(E)1,
and

4(0) =4°, dea(0) =% in Q,

with the boundary conditions

For incompressible materials we define:

System 1.22 (Conservation laws for the incompressible Neo-Hookean material). Let QO C
R4 be a domain with boundary I' = 0Q with I' = I'P U TN, Further, let p° : Q — R, be
the materials density, fecCcQdbea given right hand side, aP,vP e C(I'P) be Dirichlet
boundary data, g™ € C(I'N) be the Neumann data. With initial deformation and velocity
1%, %% € C(Q)4 find deformation, velocity and pressure

a(t) e CZlQ)incurPydnctiourMa pi) e clQ)ncurhy,

such that
j=0, p°9ii— div (FZ) — % t>0,
where
= pF T 4 2uFTE
and

1.3.1 The Navier-Lamé equations

The model for an elastic solid governed by one of the material laws is a system of nonlinear
partial differential equations. Its analysis is difficult and theoretical results exist for small
deformation only. As a nonlinear set of equations, uniqueness cannot be expected in the
general case.

To get better insight into the problem, we will simplify the problem with the following as-
sumptions:

e The deformation gradient F is so small that we can approximate F = I and ] = 1. By
this simplification, the concept of Eulerian and Lagrangian coordinates fall together.
We will therefore also skip all hat’s that indicate reference variables.
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e Further the strains are so small that we can linearize the Green-Lagrange strain tensor
~_Lle & T L GaTEa) o b
E= §(Vu+ Vu' +Vi' Vi) ~ §(Vu+ Vu) = €.
This simplification not only rules out very large elastic deformations, it also penalizes
rigid body rotations.
e Just for simplicity (this will not change the character of the equation) we set p° = 1.
Considering the linear St. Venant Kirchhoff material (with these simplifications) the result-

ing set of equations are the

System 1.23 (Navier-Lamé equations). Let Q C R3 be a bounded domain with a boundary
split into Dirichlet- and Neumann-part 3Q = I'® UTN. On the time interval I = [0, T] we
search for solutions u : I x Q — R? such that

attu—diVU:f inIxQ

u=u’, diu=v" for{0}xQ

D

1.34
u=u onlxTP ( )

on=u’ onlIxTN,
with the linearized material law

(Vu + VuT) .

N |

o =2ue +Atr(e)l, €=

As a further simplification, we also consider the stationary limit of the Navier-Lamé equa-
tions:

System 1.24 (Stationary Navier-Lamé equations). Find u € C2(Q)3nC(QuTP)3ncCl(Qu
)3 such that
—divo=f in Q
u=u’ onmP (1.35)

on=u’ onlW,

with the linearized material law

o =2ue+Atr(e)l, e=-(Vu+Vu').

N |

As usual, analysis of classical solutions is difficult. This is partly to the fact that the solu-
tion u often exhibits singularities in boundary nodes at the transit between Dirichlet and
Neumann parts. The well known Theorem of Cosserat states that classical solutions to the
stationary problem, Problem are unique if the Dirichlet boundary I'P contains at least
three independent points and that—in the general case-they can differ by a rigid body motion
only

uy(x) —ug(x) = b+ Bx,
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1.3 The solid problem

where b € R3 is a translation vector and B € R3*3 is a skew-symmetric matrix, see e.g. [7].
For the following, we will introduce a weak formulation of the Navier-Lamé equations that

will offer an easy access to show existence and uniqueness of solutions:

Lemma 1.25 (Variational formulation). Every classical solution to Problem is also so-
lution to the variational formulation
ueuP +Hi(Q;rP)3
(0, V) = (£,¢) + (u”, d)rn Vo € Hy(Q:TP)?, (1.36)

where uP € H!'(Q)4 is an extension of the Dirichlet data uP into the domain.

Existence and uniqueness of solutions can be shown by standard arguments of elliptic equa-
tions. The difficulty however is to show ellipticity;, i.e.

w(Vu+ Vu', Va) + A(tr(Vu+ Vu')I, Vu) > c[[Vu|?,

as Vu + Vu' = 0 does not necessarily impose Vu = 0. This is a consequence of Korn's
inequality:

Theorem 1.26 (1st Korn’s inequality). Let Q C R be a domain. Then, it holds
IVV]l < cromlle@)]| Vv € HG(Q)®

with a constant ¢y, > 0. This inequality corresponds to the case of Dirichlet boundary
values on the complete boundary 'P = 20Q.

Korn’s first inequality deals with the case of homogenous Dirichlet conditions on the com-
plete boundary 0Q. In the context of structural mechanics, this limitation is severe, as no
free boundary motion and deformation would be allowed. The case of general boundary
conditions, with a Neumann part I'y C 0Q) is less trivial and handled by Korn’s second
inequality:

Theorem 1.27 (2nd Korn’s inequality). Let QO C R? be a domain with Lipschitz-boundary.
Then, it holds
V9] < exom (€@ + V) Vv € HI(Q)?.

with a constant ¢y, > 0.

Proof. The simple proof of 1st Korn’s inequality is based on integration by parts and vanish-
ing traces of v on the complete boundary 0Q). The proof of Korn’s 2nd inequality is more
involved and we refer to the literature, see e.g. [22,18]]. O

Continuity and ellipticity of the bilinear form allows to apply the standard theory for linear
elliptic problems to the Navier-Lamé equations.
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Lemma 1.28 (Existence of unique solutions). Let f € L2(Q)3, aP € H!(Q)?3 be an extension
of the Dirichlet data into the domain and u® € H!(9Q)3. There exists a unique solution
u € aP + H}(Q;TP)? to the linear Navier-Lamé equations and it holds

D
Il @) < e (Iflliz i) + P llizgro) + [0l ry))
with a constant ¢ > 0.
Proof. We must show that the variational formulation is bilinear, symmetric, continuous and

elliptic. Further, the right hand side is continuous, such that existence of a unique solution
follows by the Theorem of Lax-Milgram, see [33]. O

Concerning the regularity of the solution, we cite the following lemma, see [7], which gives
conditions that lead to classical solutions.

Lemma 1.29 (Strong regularity of the Navier-Lamé problem). Let Q C R? be a bounded
domain of class C*** for o > 0. Given that the problem data has the regularity

feC¥Q)P?, u”eC™Q)yy, u°eC* Q)
the weak solution u € H}(Q;P)3 of 1) is also a classical solution
ue C2(QPEnclQurNyPncurP).

A further regularity result with less strict assumption on the regularity of the domain and
the problem data is given by Shi and Wright [136]]:

Lemma 1.30 (Weak regularity of the Navier-Lamé problem). Let Q C R? be a domain with
W23 boundary. Further, letf € L2(Q)9. Then, for the solution of the stationary Navier-Lamé
problem with homogenous Dirichlet data u® = 0 it holds

[allz0ysnni o < clifllizq)s-

Regularity of solutions is usually restricted at points, where Neumann and Dirichlet parts
of the boundary come together. Here, we usually have singularities in the gradient of the
solution and the stress tensor.

The incompressible Navier-Lamé equations

For incompressible linear materials with v = %, the stress tensor is reduced to

o =u(Vu+Vu'),
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1.3 The solid problem

as tr(e) = diva = 0. The material is no longer able to react on purely isotropic stresses. To
formulate the incompressible Navier-Lamé equations, we consider a minimization problem
in the space of divergence free functions

1
ueVy: Eu)<EWv)= ia(v,v) —1(v) WVveV,

where a(v,v) = (o,Vv), I(v) = (f,v) + (u®,v)p~ and where V; is the space of weakly
divergence free functions

Vo ={dp € H{(Q;TP)3, (divd, &) = 0 VE € L2(Q)). (1.37)

The Hilbert space Vj is a closed subspace of H(l) (Q;TP)3, such that the existence of a unique
solution follows as shown in Lemma To derive a variational formulation, we use the
Euler-Lagrange approach for constraint minimization problems and define the Lagrange
functional

£(u,p) = yaluw) — Ln) — (p,diva),

with a Lagrange multiplier p € L*(Q). A possible solution is given as stationary point of
L(u,p): '

dul(u,p)(6) = a(u, @) = U) — (p,divh) =0 Ve € Hy(O;T)’

dp £(u,p) (&) = —(&, divu) =0 veel?(Q).

We include the Lagrange multiplier into the stress tensor and define
o1(u,p) = —pl+ p(Vu+ Vu'),

where we identify p € L?(Q) with a pressure function. This identification is reasonable, as
—pl acts as isotropic stress in all directions. The problem is now to find {u, p} € H§(Q; "P)3 x
L2(Q) such that

(L(Vu+Vu") —pLe(d)) + (diva, &) = (£, ) + (u”, d)rn (1.38)

forall ¢ € HY(Q;TP)? and £ € 12(Q).

The incompressible Navier-Lamé equations, as a minimization problem with side condition
is a saddle-point system. Existence and uniqueness theory cannot be based on ellipticity (in
p). Instead, we split the proof for the existence of a well defined solution in two parts. We
start by finding a suitable deformation field. Therefore, we restrict the space of admissible
functions to those that already fulfill the divergence condition in the space Vj, see ([1.37)).
Then, it holds

Lemma 1.31 (Incompressible Navier-Lamé - Existence of unique solutions (displacement)).
Let f € 12(Q)3, uP € H!(Q)3 be an extension of the Dirichlet data into the domain and
u® € HYTN)3. There exists a unique solution u € uP + H}(Q;TP)4 to the variational
problem

(2ue(u), e(d)) = (£, d) + (u®, d)pn Vb € HH(Q;TP)3.
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For this solution it holds
D
Il ) < e (Il i) + TPz o) + [l e )
Finally, u € Vj minimizes the energy function in the space Vj

E(u) < E(V) Vv € VU.

Proof. The subspace Vo C H}(Q;Tp)? is a Hilbert-space. The variational formulation is Vj-
elliptic and the existence of a unique solution as well as the a priori estimate follow in the
same way as shown in Lemma [1.28] O

Next, given a deformation field u € V we find a corresponding pressure by analyzing the
equation

pel?Q):
—(p, V) = (£, ) + (u”, &)~ — (2ne(d), V) Ve € Hi(Q;TP)2.

Existence of solutions to this problem cannot be shown by simple variational arguments.
Instead, we will define by

the weak gradient operator — grad = div* : L?(Q) — H™1(Q) and show existence by proving
surjectivity of —grad in appropriate function spaces. We postpone this discussion to Sec-
tion[2} where we will come across the same pressure problem concerning the incompressible
Stokes equations.

The non-stationary Navier-Lamé equations

The non-stationary system of Navier-Lamé equations as given in Definition is a hyper-
bolic problem
dpu—div(o) =0, u(0)=u’, d¢u(0) ="

For simplicity we will consider the case of homogenous Dirichlet data only and we will
further assume that f = 0. We multiply the differential equation by ¢ = d¢u and integrate
over the spatial domain to get

d |1 , 1
0= (3eru, 0¢u) + (o(u), e(dru)) = = S I0eul” + S(o(u) ) |,
=:E(t)

where by E(t) we denote the energy of the system. This energy does not change over time
(remember that we consider the homogenous problem only). Integration over the temporal
domain I = [0, T] yields the relation

1 1

E(t)=E(0) t>0, E(0)= 5||v0|y2 +3 (o(u’),e(u?),
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1.3 The solid problem

with the initial velocity v’ = 9{u’. Hence a solution must by unique and it is bounded by
the initial data.

The conservation of energy d¢E(t) = 0 shows the close relation to the wave equation. Exis-
tence of solutions to this simple (linear, symmetric and positive) problem can be shown by
the Fourier approach. The operator

(Lu,v) = <2ue(u) + Atr (e(u)),e(v))

is symmetric, positive definite, selfadjoint and a bijection. Its inverse is bound and consid-
ered as operator £ : [2(Q)4 — L%(Q)4 it is compact. Hence £ has a spectrum of positive
eigenvalues, with no finite accumulation point. Further, an orthonormal basis of eigenvec-
tors exists. This allows to diagonalize the system of equations, such that it decomposes into
a sequence of scalar initial values problems that have a solution that can be constructed by
elementary principles. For the details on this construction, we refer to the literature [[29]].

A recent result on the regularity of the non-stationary Navier-Lamé problem with homoge-
nous Dirichlet data is given by Mitrea and Monniaux [28]]. They basically show that given
sufficient regularity of the domain’s boundary (Lipschitz), the solution of the non-stationary
Navier-Lamé problem with zero initial data and zero Dirichlet data satisfiesu € H!(I; L2(Q)3)
for every right hand side f € L2(I;1%(Q)3).

In the upcoming chapters, we will see that the coupling of the solid equation to the fluid
equations brings along further challenges for the analysis of the partial differential equa-
tions. The kinematic coupling condition, see Section ?? will ask for continuity of solid- and
fluid-velocities on a common interface J(t) = 08(t) N 0F(t)

vi =vgonJ(t).

In the case of stationary problems, this kinematic coupling condition is just a usual no-slip
boundary condition v¢ = 0 for the fluid’s velocity. For fully non-stationary problems, a
real coupling between the two velocities is introduced. The solution of the Navier-Stokes
equations is well defined for velocities with traces in

1
H2(0F
vf]we 3 (27,

which — as seen from the solid problem — will require

= v, € HY(S).

Vf‘ =V
g s

However, the previous analysis only gives

vs = 0tu € L2(L; 12(Q)3).

This is not sufficient to define a H'/>-trace on J. This problem has two possible solutions.
First — and this will be our usual procedure — we can simply assume additional a priori
knowledge on the regularity of us and therefore vs. This can be guaranteed for small and

49



1 Models

regular problem data, if the boundaries of the coupled problem have very high regular-
ity. Coutand and Shkoller [[10]] show the existence of solutions for the coupling of elastic
solids with the Navier-Stokes equations, if the solid with boundary of class H* is completely
embedded in a fluid-domain with boundary of class H3, given sufficient regularity of the
right hand side and the boundary data, see [10]. A second approach to enforce sufficient
regularity it to add damping terms to the solid equation. Gazzola and Squassina show the
following result, see [14]].

Theorem 1.32 (Damped wave equation). Let O C R% be a Lipschitz domain. The strongly
damped wave equation

Ot — Au — wAdu+ nwoyu =0in [0, T] x Q,
with initial values
u(0,:) =up € H'(Q), 2:u(0,-) =w; € L1*(Q),
and homogenous Dirichlet values on Q) and the damping parameters
w >0, u>—wAg,
where A is the first eigenvalue of —A has a unique solution satisfying

we L([0, T, H(Q)) nWh([0,TI, L*(Q)), d¢u € L2([0, T], Hy(Q)).

For the proof, see Gazolla and Squassina [[14]].

By adding strong damping terms, we are able to assure sufficient regularity to realize the
kinematic coupling condition between solid problem and fluid problem.

1.3.2 Theory of nonlinear hyper-elastic material

Tackling the existence and uniqueness problem of the full elastic structure equation (using
the St. Venant Kirchhoff material law) is complicated by the nonlinearity of the problem.
Here, we will not give details on the complex proofs, but will simply cite some important
results. A good overview on the theory of nonlinear elastic materials is given in the textbook
of Ciarlet [7].

All approaches for the nonlinear problem will at some time use a linearization of the prob-
lem and will consult the theory that has been derived for the linear Navier-Lamé problem.
Further, most approaches use variational techniques, such that the starting point for every
analysis is the following weak formulation of the problem:

50



1.4 The fluid problem

Lemma 1.33 (Weak formulation of the hyper-elastic structures). Let a® € H'(8)4 be an
extension of the Dirichlet data on I'" into the domain Q. If the solution

i € aP 4+ H(Q; TP)¢
of the variational formulation
(FiSa @&))g = (p(s)fsv &))7 \V/CT) € H(l)(ﬁa rD)d’ (139)

has sufficient regularity @ € C2(Q) N C(Q UTP) N C(Q UTP), it is also a solution to the
classical formulation of the elastic structure equations ({1.33)) with Dirichlet data on I'.

Using the implicit function theorem, Ciarlet [7]] proofs the following result for weak solu-
tions of the elastic structure equation governed by the St. Venant Kirchhoff material:

Lemma 1.34 (Stationary St. Venant Kirchhoff material). Let Q C R3 be a domain with C2-
boundary. Then, for every p > 3 there exists a constant « such that for every f € LP(Q)¢
with ||f||L» < o there exists a unique solution u € WP (Q) to the stationary elastic structure
equation governed by the St. Venant Kirchhoff material.

For the proof, we refer to the literature [7]].

1.4 The fluid problem

In fluid-dynamics, we describe the flow of particles in the Eulerian framework. Looking at
a fixed coordinate x € R¢ we observe a particle X(x, t) that at time t is in position x. The fate
of a single particle is of no interest.

We will only consider incompressible fluids, i.e. a given moving volume V(t) will not change
its size under motion:
d¢V(t)|=0, t=0.

Applying Reynolds’ Transport theorem, Theorem [I.§|to the scalar ® = 1 yields:
d{|V(t)] = dy J 1dx = J divvdx.
V(t) V(t)

Hence as V(t) can be chosen arbitrarily, we deduce the point-wise equation for the incom-
pressibility of a fluid, see also Section

divv =0. (1.40)
Using this condition, conservation of mass ([1.14) reduces to a transport equation for the

fluid’s density:
0tpf + (v-V)ps =0. (1.41)
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For further simplification, we will restrict all our considerations to homogenous fluids, where
the density at initial time t = 0 is constant in the complete volume p¢(x,0) = pg(x) = ps.
Given it hereby follows that the density is homogenous at all times t > 0 and conser-
vation of mass is reduced to the divergence condition divv = 0.

To close the system of equations for incompressible fluids we must introduce material laws
that model the dependency of the stress tensor o on velocity and pressure. We are con-
sidering Navier-Stokes fluids only that linearly depend on the strain rate following Hooke’s
law

o = 2ur€ + Atr(é)L

As for an incompressible fluid it holds div v = tr(é€) = 0, the stress tensor simplifies to

o =—pl+ we (Vv + Vv'), (1.42)

where again by p we denote the undetermined pressure that will act as Lagrange multiplier
to ensure the divergence condition divv = 0. By us = psv¢ we denote the dynamic viscosity
of the fluid and by vy its kinematic viscosity. The complete set of the Navier-Stokes equations
is given by

pf(0¢v + (v-V)v) —divo = psf, divv =0,

or, using the material law for a Navier-Stokes fluid

ps (0ev+ (v- VIV) + Vp — pevediv(Vv + Vv ) = pef,  divv =0. (1.43)

Remark 1.35 (Symmetry of the stress-tensor). For an incompressible fluid, the stress-tensor
allows for a further simplification. It holds:

[diV(Vv + VVT)}i = Z 0; (a]-vi + aivj) =Av; + 0;divv fori=1,2,3,
j =0
and Equation ([1.43)) is equivalent to the reduced formulation
Pf (0¢ve+ (V- V)V) — peveAv + Vp = pef, divv =0.

Usually, this simplified set of equations is considered as the Navier-Stokes equations. How-
ever, while both equations yield the same solution (v,p), the value of boundary stresses
might altered, if the reduced tensor 6+ = p¢Vv — plis considered

o = Oo¢n + prfVVTIl.

We consider the two dimensional case and a straight boundary with n = (0, nr

- 0xVi OxVo 0 0x Vo
o = O+ PfVe duvy dyve) \1 =0+ PV 0 v
y y y

The two boundary stresses are different, if the normal component v, of the velocity differs
from zero. Usually, this will not happen on a rigid wall of the domain. The fluid will not
enter or leave an obstacle. If the wall however is moving (e.g. in the case of fluid-structure
interaction problems) it holds vo # 0 and the stresses will differ. We refer to the litera-
ture [31]]. A
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Figure 1.7: Typical configuration of a flow problem with Dirichlet inflow boundary F]ic“ and
Dirichlet no-slip boundary on the walls I'*2! as well as an outflow boundary et
of Neumann type.

1.4.1 Boundary and initial conditions

The system of equations is completed by adequate boundary and initial conditions. Let
F C R4 be the fluid-domain. At time t = 0 we prescribe an initial condition for the velocity

v(x,0) =v’(x) xe7.

As the density is constant p¢(x,t) = ps for all times (and homogenous in the domain), we
do not need an initial condition here, but simply consider pf € R as a problem parameter.
The boundary 97 is split into a Dirichlet part I'P and into a Neumann part Y. On TP we
prescribe Dirichlet conditions for the velocity

vix,t) =vP(x,t) on FP x [0, TI.

In the case vP = 0, we denote this condition as the no-slip condition. Physical observation
tells us that viscosity will cause the fluid to stick to the boundary. This condition holds for
the flow of water over elastic material (at usual velocities). The importance of viscous effects
is lessened at high velocities, when e.g. considering the aerodynamical flow of air around
a plane. Here, one often refers to the slip condition that only prescribes the flow in normal
direction

v(x,t) =0 on FP x [0, TI.

The slip boundary condition prevents the flow from entering the boundary, it however al-
lows for tangential flow. All examples considered in this work will be in the viscous regime
where no-slip condition are usually well-placed. Boundaries with non homogenous Dirich-
let data are often inflow boundaries.

Neumann conditions model situations, where we do not know the velocity profile at the
boundary, but where assumptions on the boundary stress are given:

or(x,t)n(x,t) = g%(x,t) on F]I\I x [0, TI.
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The typical application of Neumann conditions are outflow boundaries, where the profile of
the flow is not known and a Dirichlet condition cannot be prescribed. See Figure|[1.7|for a
typical configuration of a flow problem with different boundary parts. We will come back to
outflow boundary conditions in Section as the exact form will depend on the material
law and the Cauchy stress tensor o.

If only no-slip and outflow boundary conditions are taken into account, the complete set of
incompressible flow equations on the (fixed) domain F C R¢ is given by
System 1.36 (Incompressible Navier-Stokes equations). Velocity and pressure
v(t) e CX(F)NCEFUTP)nCrFurN), pt)eClF)nCFurM),
are given as solution of

divv=0, pf(0tv+ (v-V)v)=pef+diver onF x [0, T],

V('70) _VO(') On?a
b > (1.44)
v=v on Ty x [0,Tl,
om=g° on TN x [0, T].

If boundary data vP and g° as well as volume force f do not explicitly depend on time, the
flow configurations can tend to a stationary limit, where it holds 9¢v = 0. Stationary in the
context of fluid dynamics stands for a flow that at all times looks the same way, it does not
imply that the fluid is at rest, which would mean v = 0. If we know that the flow will reach
a stationary limit, we can immediately consider the set of stationary equations, given as a
boundary value problem.

System 1.37 (Stationary incompressible Navier-Stokes equations). Velocity and pressure
ve CHA)nCcEFurP)nclgur), pecldncFurd),
are given as solution of

divv=0, p¢(v-V)v=pef+divoy onZ,
v=vP onTP, (1.45)

ofn = g° onTN.

Not all autonomous flow problems have a stationary limit. This stems from the nonlinearity
of the Navier-Stokes equations and whether a flow is stationary or instationary will depend
on the problem data like density, viscosity, right hand side f and inflow velocity vP.
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Figure 1.8: Channel flow with natural outflow condition ofn = 0. The velocity field gets
deflected and does not follow the Poiseuille flow.

1.4.2 The “do-nothing” outflow condition

Many problem configurations feature boundaries, where the flow has mainly an outflow-
character. We will call this boundary I'?"t. Here, the solution is not known a priori and
cannot be specified in terms of a Dirichlet condition. Any boundary condition that is en-
forced, will be a model for the flow at the outflow boundary. Hence a common practice is to
not describe a condition at all, but simply use the “natural” boundary condition, that arises
from integration by parts. We consider the stationary Stokes equations:

(O-fa vd))ff = —(diVO'f, d))rf + <an, ¢>Fgut»
from where we can deduce the “outflow-condition”
om = 0 on Y.

In Figure we show a solution to a “channel-flow” problem using this natural outflow-
condition. The domain is a channel with length L and height H:

F=(0,1) x (0,H),

on the left boundary I''™ we impose a Dirichlet inflow profile

v=vD = % (U(HO_‘J)) onTin =0 x (0, H), (1.46)

where ¥ is the peak velocity. On the horizontal lines I'*?!! we impose homogenous Dirichlet
conditions
v=0onTr = (0,L) x0U(0,L) x H.

The outflow boundary is given as

rout — L x (0, H).

In Figure[I.8 we see that the velocity vectors get deflected and swing out of line. Considering
the outflow model o¢n = 0, which simply states that no external stresses act, this behavior
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can be interpreted as a duct that ends in an open space, such that the fluid can expand in all
directions.

Often, computational domains are chosen simply as a restriction of a larger domain to an
area where the interesting dynamics happen. Numerically, boundary lines often must be
drawn to scale the problem down to a reasonable size. In such situations, a good outflow
boundary should have as little influence on the solution as possible. Regarding Figure
the exact location of the outflow boundary should not change the flow pattern inside the
domain. The natural condition does not satisfy this request.

One of the most simple analytical solutions to a channel problem is the Poiseuille flow. An
extension of the inflow data (|1.46]) into the domain

vivw = (1Y),

satisfies the Navier-Stokes equations in channels (without obstacle) together with the pres-
sure field

8v
'P(ny) - WX—FCa

for every ¢ € R. In channel-like situations as shown in Figure an outflow condition
should allow for Poiseuille flows without deterioration.

By a small modification of this outflow condition, we allow the Poiseuille flow to leave the
domain without deflection. Using the reduced stress tensor introduced in Remark

6'f = prfVV - pI,
it holds for the Poiseuille flow that
6/ = (n-V)v—pn=0onTP"

This condition is called the do-nothing outflow condition, as it has as little impact on the flow
as possible (or as it is the natural boundary condition, that arises without doing anything,
when using the reduced tensor), see [20]. In Figure[1.9, we show the flow around a cylinder
using this do-nothing condition. Here, he streamlines leave the domain in a straight way.
Compare Figure

Remark 1.38 (Outflow conditions). We must stress that the do-nothing outflow condition is
not the better condition from a physical point of view. It is simply a model that allows for
some standard flow situations like Poiseuille flow or Couette flow to reduce the sensitivity
of the solution on the position of artificial boundaries. From a good outflow condition we
expect that it has as little influence on the flow field as possible. If the outflow boundary is
far away from a region of interest (e.g. from an obstacle) we expect that the flow close to the
obstacle is not influenced by the position of the outflow boundary, if the outflow boundary
condition does a good job. The do-nothing condition works excellent in several configura-
tions. It does not only allow Poiseuille or Couette flows to leave the domain, it further allows

56



1.4 The fluid problem

:%

Figure 1.9: Channel flow with the do-nothing outflow condition p¢v¢Vvn—pl = 0 on I'?". The
streamlines are not deflected on the right outflow boundary. Compare Figure

vortices to leave the domain and has very small influence on these vortices, if the bound-
ary is artificially cutting through them. However, many situations exist, where the analysis
of outflow conditions is still not sufficiently developed: whenever the outflow boundary is
not a single straight line normal to the main flow-direction, it will cause a deflection of the
flow field. Further, if one considers more general material laws of non-Newtonian fluids,
the do-nothing condition has an impact on the flow-field, see [42]]. A

The do-nothing boundary condition brings along a further “hidden” boundary condition that
normalizes the pressure. It can be shown [20] that on every straight outflow boundary-line
segment I} C 0J that is enclosed by no-slip Dirichlet boundaries, it holds

J pds =0,
r{)ut

on all outflow boundaries F{’“t, such that the average outflow pressure is zero. To show this
relation, we consider a configuration like given in Figure The boundary as the normal
n = (1,0)" such that is holds (for simplicity ps = v¢ = 1)

_ (=P
an—pn—( dv? )—0.

Next, we consider the intergral over the boundary I'?"* and assume, that is spreads in y-
direction from 0 to H. For the first component we get

H
L oxv'(L,y) —p(L,y)dy =0.

where L is the x-position of the outflow boundary. Using the divergence freeness of the flow
Oxv! 4 0y v? = 0 this is equivalent to

H H
| vy —piLyldy = (VL -~ (L0 - | plLyidy) =0
0 0

If we now consider that homogenous Dirichlet conditions v = 0 hold on the top and bottom
wall the hidden condition is revealed

J pds = 0.
r?ut
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Figure 1.10: The do-nothing outflow condition for a domain with several outflow boundaries.
The normalization of the pressure [ .. on every outflow part leads to a deflec-

tion of the fluid.

This condition has two implications: first, whenever an outflow boundary of do-nothing type
is given, no pressure-normalization has to be included in the trial spaces. Second, the do-
nothing condition can be used to prescribe pressure drops on boundary segments in order
to drive the flow:

Pids, i=1,...,N%t P;cR.

J (pfven - Vv —pn)ds = J
Iy [

This gets important, if the flow is driven by pressure differences and not by means of Dirich-
let conditions. A frequently considered situation arises in hemodynamical simulations in
which a flow in a part of the channel-system (i.e., the cardiovascular system) is investigated.
This small part of the overall problem can be coupled by prescribing pressure values, e.g.
taken from the pressure profile as measured from the heart-beat, see Figure [1.4.2]

1.4.3 The Reynolds number

The classical approach to fluid dynamics is the experiment: to determine the frictional forces
of a ship we build a reduced model and test it in a flow channel. Transferring the results to
the real scaled situation is not trivial. This is mainly due to the nonlinearity in the Navier-
Stokes equations. (The linear Stokes equation will hardly every give realistic results). We
will derive a dimensionless form of the Navier-Stokes equations.

The typical unit for the velocity [v] = m/s, for the density [pg] = kg/m3, for the pressure
[p] = kg/(ms?) and for the viscosity [v] = m?/s. To describe a flow configuration we intro-
duce a characteristic length L and a characteristic speed V. An example for L could be the
length of the ship, V could be the speed of the ship compared to the still ocean (Figure[L.1T]).
Using these characteristic values we define the dimensionless quantities

1
tr = —t = ——p.
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C b

L

Figure 1.11: Definition of reference values for velocity V and length L. Further we need the
model parameters density p and viscosity v. For characterization of the flow
configuration we derive the Reynolds number R = LV/~.

It holds
ov* L k% L2 * *\y* 7L *p* L
ot — yEoty A=A VIV = ga(ve Vv, VDT = 1a VP,

We insert these values to the incompressible Navier-Stokes equations to get

v L
a « * * . * * — 7A* * K0k 71‘:.
v+ V-V ) A Vp +V2
By f we denote an outer volume force like the gravity force. On the left side of the equation
we collect all inertia terms acting by the acceleration of the fluid. All quantities appear in
dimensionless form. To describe the flow configuration we introduce two dimensionless

stehen die Tr”aparameters, the Reynolds number

LV Lv
Re:= — = Po ,
v i
tath indicates the relation between friction and inertia and the Froude number
v2
Fr:=—
T e

indicating the relation between gravity and inertia. We will mostly deal with flow situa-
tions where the gravity is of lesser importance such that the Reynolds number will be the
key parameter in our considerations. We call two different flow condfigurations similar, if
the geometry of both domains is similar and if the two characteristic parameters Reynolds
number and Froude number are agree. Then, the solution {v*,p*} and {v, p} are similar in
the sense

v(x,t) = Vw*(x/L,tV/L), p(x,t) = VZpep*(x/L,tV/L).

Example 1.39 (Similar solutions). An small tanker with a length of L ~ 150m and a speed
of V.= 36km/h = 10m/s is to be investigated in a flow channel. The kinematic viscosituy
of water is given as v = 1.5 - 107% m?/s. Hereby we compute the Reynolds number and the
Froude number as

LV 150-10
Re=—=—""_=10° Fr

- % 102
v  1.5-10°6

1
T Lf 150-9.81 15
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Assume, the dimension of our flow channel allows us to test a model of 6 m, i.e. in a relation
I—model :L=1:25.

If we want to realize the same Froude number we must satisfy

2 2
Vmodel _ Vf
Lmoclel L

therefore Vinodel 1 V = 1: 5 which gives Vijo4e1 = 2m/s. If we also try to match the Reynolds
number we can only vary the viscosity as last free parameter:

Re =107 = = Vimodel & 107 8m? /s

Vmodel
Such a fluid is not available. Chloroform with v ~ 10~ "m?/s gets close. But just think of a
large swimming pool of sufficient size filled with Chloroform.

If we assume that gravity effects are of little importance, we skip the matching of the Froude
number and only tune the Reynolds number. Considering a flow channel with water (v =
1.5-107%m?/s) the model velocity must satisfy

Re — 109 o 6 - vmodel

= W = Vinodel = 250m/s = 900km/h.

This is no real improvement.

This example shows, that flow channel experiments with a relevance are difficult to realize.
In the following we list kinematic viscosities and densities of different materials:

Material Viscosity m?/s  Density kg/m?
Air 1.7-107° 1.2

Water 5° C 1.5-1076 1000

Water 20° C 1.0-106 998

Water 25° C 0.9-106 997

Glycerol 20°C  0.95-1073 1261

Blood 1075 1060

Honey 102 1400
Chloroform 10~ 7 1500

The exact identification of characteristic length and speed allows some freedom. Reynolds
and Froude number mostly serve to compare flow configurations with a very similar design,
e.g. rescaling of models. We give some examples.

Example 1.40 (Reynolds number). A car of length L = 4m drives at V = 15m/s. In air, this
yields the Reynolds number Re ~ 5-10°. A starting or landing plane of L = 50 m fliesat V =
100 m/s giving Re ~ 3-108. Fast planes at high velocity require the consideration of different
models for air, including compressibility (change of density) and lesser effect of friction. A
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large tanker L = 300 m goes with V = 10 m/s through water. This gives a Reynolds number
of Re =2-10% A fish of L = 0.2m at V = 3m/s brings it to Re = 4 - 10°. Blood flow within
the heart of L = 0.02m at V = 0.1 m/s carries the Reynolds number Re = 200. It is however
inaccurate to consider blood as a linear viscous fluid. Large particles have an impact on
the rheology. Nonlinear, so called non Newtonian fluid models must be considered. Finally,
honey drops from a spoon of size L = 0.01 m with a speed of V = 0.01 m/s and reaches the
Reynolds number Re = 10~2. Here, we can neglect the nonlinearity v - Vv and the Stokes
equation is a reasonable model.

1.4.4 Model configurations
Some few flow configurations allow for an analytical solution. Usually this is not possible

on general complex domains.

Shear flow (Couette-Flow)

_ = _ =
B — . B — .
—_ > —_ >
 — —
— —

— —

Figure 1.12: Velocity profile of the Couette flow.

We consider the flow in a gap between two infinite parallel planes P; = (x,y,0) and Py =
(x,y, L) with constant distance L. The upper plate P, moves relative to the lower plate within
the x —y plane and has the constant velocity v = (v*,vY,0). The velocity field

vX
0

is divergence free V-v = 0 and together with the pressure p = 0 it satisfies the Navier-Stokes
equations for all Reynolds numbers

—Re 'Av+v-Vv+Vp=0, V-v=0.

The Couette flow is the typical flow configuration where the pressure does not play a role.
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Figure 1.13: Velocity profile of the Poiseuille flow in a channel.

Channel flow (Poiseuille flow)

We consider a cylinder QO C R3 of infinite length. The x-axis is the middle line of the cylinder,
the radius is given as R > 0. On the boundary of the cylinder we assume that the velocity is
zero (no-slip condition). The velocity field

1—-R2(y* +2%)
v(x,y,z) = 0

satisfies

%
V-v=0, —-Av=1101], v-Vv=0.
0

Together with the pressure
P(X,% z) = _4R671T72Xa

the pair (v, p) is a solution to the Navier-Stokes equations for all Reynolds numbers. The
Poiseuille flow will not be found in experiments for high Reynolds numbers Re > 5000.
Even though the Poiseuille flow is a mathematical solution, it is not stable and not physical.
The Navier-Stokes-Gleichungen are nonlinear. For lage Reynolds numbers theory (and also
the experiment) predict multiple solutions.

The Poiseuille flow is a model for the Law of Hagen-Poiseuille, which states that the flow rate
(in blood vessels) goes with the forth power of the diameter. For a fixed pressure difference
AP it holds in main flow direction (length L and radius R)

AP 1
T~
therefore
RZAP
V= .
L

Integration over an outflow plane I, gives

J RAAP
n-ves .
Tout

L
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Figure 1.14: Boundary layer for the flow around an obstacle.

Boundary layers

A typical problem in fluid mechanics is to analyze the flow around a body of length L. At the
boundary of such a body we assume that the fluid will stick due to viscous effects, i.e. v = 0.
In some distance to the obstacle the fluid will reach its main velocity v = vinqx. The tran-
sition from this main flow to the no-slip boundary condition happens within a very small
boundary layer. For moderate Reynolds numbers this boundary layer will feature stream-
lines parallel to the obstacle, see Figure The width of the boundary layer depends on
the Reynolds number. Close to the obstacle we observe higher x-velocities than y-velocities
and the derivative in normal directions are dominant. We make the following simplifying
assumptions

V> Y[, [0yv] > |0y (1.47)

and introduce new normalized variable within the boundary layer of width o

X _Y
Hereby we get
1 v 1 v
0,V = taav" ~ H]iax, ,0yve = ganvX ~~ Hgax,
Conservation of mass 0,v* + 0y vY = 0 yields
Vmax

Y ~
ayV ~ L s

and together with v(x, 0) = 0 on the surface of the onstacle we get

Y
0y VY = —0,v* = VY (y) = —J dvidy ~ "“ﬁaxs.
0

In terms of the derivatives this is
Vmax 6

Lz -
We insert these relations to the Navier-Stokes equations

0, vY =~

1
VOV + Vv —v(d3vF + 05 V) + —d\p =0,
N = M~ —— P

Ymax Vmax

2 2
v,
% Vinax 12 52
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and would get a corresponding equation for the second component of the velocity. AsL > 6
we neglect the small term 92v*. To satisfy the balance of forces between acceleration and
friction the necessary condition reads

2
vmax ~ VVmax

~

Vmax R
L 52

2
= 0" =~ = —
Vmax Re

Therefore the width of the boundary layer must satisfy

If we plan to numerically simulate a flow at Reynolds number Re = 108, the width of the
boundary layer is as small as & = 10~*. To resolve such a boundary layer by a discretiza-
tion, very fine meshes are required. Fully resolved three dimensional simulations at high
Reynolds numbers are not possible with standard techniques.

/v Magnitude:

000 1.00 200 3.00 400 5.00 6.00 7.00 800 900 10.00 1100 12.00 13.00 1400 15.00

Figure 1.15: Stationary flow at Reynolds number Re = 100.

In figure we show the flow around an obstacle at Reynolds number Re = 100. On the
left side we show the velocity profile, right we depict the pressure. The velocity goes down
from one (red) to zero (blue) in a small layer. In the bottom part we show the speed along
a line that goes through the obstacle. The width of the boundary layer is about 1. This flow
configuration at Reynolds number Re = 100 is stationary, velocity and pressure profile do
not change in time. In front of the obstacle (left) we get high pressures, behind the obstacle
the pressure is low. Here, a backflow is possible (called the wake, Totwasser).

Figure shows the same configuration at increased Reybolds number Re = 400. Now,
the result is a nonstationary flow. At the rear end of the obstacle, the boundary layer sep-
arates from the obstacle and vortices are created in the wake. These vortices are called von
Karman vortex street. At moderate Reynolds numbers (such as here) the solution is periodic.
We call stationary flows and nonstationary periodic flows laminar. Such flow patterns are
characterized by stability: small perturbations are usually damped and do not completely
change the flow pattern. Here the boundary layer is reduced to a width of about 0.5.
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Figure 1.16: Nonstationary flow around an obstacle at Reybolds number Re = 400.
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Figure 1.17: Nonstationary flow at Re = 12800.

FInally we show in figure the flow at Reynolds number Re = 12800. This flow is in
the critical regime and transition to a turbulent pattern is evolving. We cannot identify a
clear periodic solution. Small changes (also small numerical perturbations) can change the
complete flow field. Strong vortices appear in the domain. The size of the boundary layer
is reduced to about 0.1.

This simple examples can be considered as the flow around a research submarine of L = 20 m
length. Considering the viscosity v = 1.2 - 1079 the different Reynolds numbers still relate
to very slow speeds

k
V=-—, Voo~ 2. 10_5km/h, V400 ~ 8- 10_5km/h, V12800 ~ 3:6- 10_311
In real situations, the flow around a submarine would require by far larger Reynolds num-

bers. Resolving the boundary layer would not be possible any more.
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1.4.5 The stationary Navier-Stokes Equations

There are flow situations, where the velocity v and pressure p run into a stationary limit for
t — co. Then, velocity pressure will not change any more, i.e.

0¢v=0and 0,p = 0.

If we know that such a stationary limit exists and we are interested in simulating itm, we
can directly consider the stationary Navier-Stokes equations.

pfv - Vv — ps VAV 4+ Vp = pf, divv =0.

1.4.6 The linear Stokes Equations

In flow situations where friction effects are very large compared to acceleration terms, the
Navier-Stokes equations can be simplified by neglecting the convective term (v - V)v. This
case is given, if the Reynolds number tends to zero Re — 0. If the right hand side of the
equation as well as boundary data does not depend on time, the flow field will be stationary
and we end up with the stationary Stokes equations

—p VAV + Vp = pef, divv=0in T,

with the usual Dirichlet or Neumann boundary conditions on 0F. By renormalizing the
pressure p = (psv¢) 'p and the volume force f = v, 'f all physical parameters can be
omitted and we derive the equations in non-dimensionalized form.

System 1.41 (Stokes Equations). Velocity v € C?(F) N C(F) and pressure p € C(F) are
given as solution of
—Av+Vp=f, divv=0in7. (1.48)

Compared to the full incompressible Navier-Stokes equations, this equation is rather simple
looking. As a saddle-point system it however still obtains one of the most important fea-
tures of incompressible flows. While the physical relevance of the Stokes equations is very
limited, it serves as entry-point to the mathematical analysis and the design of finite element
discretizations for flow problems.
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2 Theory of incompressible Flows

If there exists a unique solution {v, p} to the incompressible Navier-Stokes equations is still
not known in all configuration. The stationary case is well understood, if we only consider
Dirichlet boundary conditions. Here, a solution exists for small Reynolds numbers and it is
unique, if the data is sufficiently small. When we consider general outflow conditions, we
have no possibility to control the nonlinearity (v-V)v. In the instationary configuration there
exists no proof for the existence of a unique solution under reasonable data assumptions.
In three dimensions, the problem of proving the existence of a global smooth solution is
considered open and one of the Millenium Prize Problems, see [|6]].

We start by deriving a weak formulation of the Navier-Stokes equations.

Lemma 2.1 (Weak formulation of the Navier-Stokes equations). Let QO C R be a two
(d = 2) or three (d = 3) dimensional domain with boundary 9Q = I'® UTN that is split
into Dirichlet part and Neumann (outflow) part. Let vP € H!(Q)9 be an extension of the
Dirichlet data on I'P into the domain Q. If the solution

vevP +V, Vi=H\(Q;TP) pecL, L£:=1%Q),

of the variational formulation

(p(atV + (V ' V)V)a d))Q + (p\/VV, Vd))_() - (pv V- d))Q pf7 d))Q Vd) € Va

=1 (2.1)
(divv,&E)g =0 VE e L,

has sufficient regularity v € C2(Q)NC(QUTP)NCL(QuT") and p € C'(Q), it also solves
the classical formulation of the Navier-Stokes equations, Problem with Dirichlet data
on I'P and the do-nothing outflow condition on I,

Proof. This follows by integration by parts and with basic variational principles. The bound-
ary term on " is required as we use the full symmetric stress-tensor such that the solution
of the variational formulation fulfills the do-nothing condition, see Section[1.4.2} O

Remark 2.2 (Uniqueness of the pressure in Dirichlet problem). If the configuration has
Dirichlet boundaries all around the boundary ' = 3Q, the solution cannot be unique:
let{v,p} € V x £ be a solution. Then, it holds for {v,p + c} with ¢ € R:

(Gavq)).o_ = pV(Vv, vd))ﬂ - (p +c, V- cb)Q

= pV(VV, vd))ﬂ - (P7 V- d))Q + (\Zf;:/’ d))Q - <Cn7\j%/>aﬂ'
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2 Theory of incompressible Flows

If I'P = 9Q the pressure can only be unique up to a constant. In this case, we normalize the
pressure-space
L=1%2Q)\R.

If we consider open sets () that are not connected, we must filter the constants out of the
pressure within every component. Here however, Q will also be a domain, i.e. a connected
open set. A

The Navier-Stokes equations brings along two characteristic difficulties for theoretical anal-
ysis and numerical discretization, the nonlinearity (v - V)v and the side-condition of diver-
gence freeness div v = 0. We will first focus on this second difficulty and consider the linear
Stokes equations.

2.1 Existence and uniqueness of solutions to the
stationary Stokes equations

In the following, we consider the stationary Stokes equations

v,peVxL, V:i=HQ;00)¢ L:=1}Q)\R:
(Vv,Vdla —(p,V-dla+(V-v,8a =, d)a Y, &eVx L. (22)

Here, we assume homogenous Dirichlet conditions on the complete boundary 0Q and fur-
ther we consider the non-symmetric form of the stress tensor.

The Stokes equations are a saddle point system, the solution {v, p} cannot be written as a mini-
mum of an optimization problem but as a saddle point of a constraint optimization problem.

Lemma 2.3 (Stokes as optimization problem). Every solution {v,p} € V x £ to the Stokes
problem ([2.2)) is solution to the minimization problem

EW) SE() Vo V=HYQ), E(0):= VoI (£ )

under the constraint
(divv,&) =0 V&e L:=1%Q)\R.

Proof. We formulate the constrained minimization problem with the Lagrangian
L(V,p) = E(V) - (pv div V)
and aim for the stationary point

L'(v,p)($,&) =0 V{d,&}eVxL.
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

This (directional) derivative is defined as

/ d d
Uvp)(9,8) = < Lv+s¢.p)|  +Llvp+te)| .

Here it gives

L'(v,p)(@, &) = (Vv, V) — (£, ¢) — (p, div §) — (£, divv) =0,
which is equivalent to the Stokes problem. ]
Remark 2.4 (Saddle point problem). The solution to the constraint minimization problem

can be written as
L(v,&) <L(v,p) <L($p,p) VPpeV, £eclL.

Hereby we explain the label saddle point problem. A

By (2.2)) we derive that every solution to the Stokes equation {v, p} € V x £ has a divergence
free velocity v. By divergence free “divv = 0” we understand the variational condition

(divv,§) =0 VE&e L.
We introduce the space
Vo :={p € V| (div,&) =0VE € L}

Lemma 2.5 (Divergence-free functions). The function space V is a closed subspace of V.
Functions v € V; are called solenoidal.

Proof. Let vy, € Vj be a Cauchy sequence of divergence free functions. Hence, it has a limit
inV

vn > VvEV.
We show, that v is divergence free thus v € V. It holds

(divv,&) = (div(v —vn), &) + (divv, &).
=0

We estimate with Cauchy Schwarz
(dive, &)] = [ldiv (v = v)[[ £ < C[V(v = v [E] = 0 (n = o).

We used the estimate ||div v|]| < C||Vv]| that is shown in Lemma O

Lemma 2.6. For v € H'(Q)4 it holds
IV - vl < Va| V.

For v € H}(Q)4 it holds
IV vl < [[Vv.
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2 Theory of incompressible Flows

Proof. (i) It holds

d 2 d
||V . VH2 = J <Z aiVi> dx = Z J aiVi . ajV]' dx. (23)
Q \iz1 i,j=170
Using Young's inequality we get
;& d
IVvP<g Y J Ruvil? +105v;[2 dx < dZJ dvi2dx < || V|2
i,j=170 i=170

(i) Now, let v € H}(Q)¢ with trace zero. We contintue with 1 . Let ¢, € CJ° with
dn — vj in H(Q) (this is possible, as the space C¥ is dense in Hj(Q)). It holds with
integration by parts

J aiVi . a)d)n dx = J nivy - a)d)n do —J Vi - aiaj(bn dx.
Q Q

00

=0

We can change the order of differentiation to get

J 0iVj - a)'(])n dx = —J njvi - 0ibn dO—I—J ajVi - 01bn dx.
Q 00 Q

=0

The limit ¢y, — v; transfers the result to the product 9;vi0;v; and use Young’s inequality
1 2 1 2
aiviajV]' dx = ajviaivj dx < = ‘ajVi| dx + = |aiV]'| dx.
Q Q 2)o 2)o

Summing over all 1,j gives

d d
1
|V -v|? = Z J 0uvi - 3jvy dx < Z 05vil? + 31y dx = | Vv
i,j=1 i,j=1
O
2.1.1 Existence and uniqueness of the velocity
A solution v € V to (2.2)) will be weakly divergence free and thus in the space
veVo={beV, (divd,E)lo =0 VEc€ L}CV.
By restricting the Stokes equations to this space, it remains to find
veVo: (Vv,Vdlo=([f,d)a Vo eV (24)
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

Lemma 2.7 (Stokes velocity). For every f € H71(Q) there exists a unique velocity v € Vo C
V as solution of the Stokes equations. Further, it holds

V]| < [IE]] -1

Proof. The space Vo C V is a vector space with the scalar product (V-, V:). It is complete as
shown in Lemma Therefore, the existence of a unique solution follows by Riesz repre-
sentation theorem (or Lax-Milgram). Further the estimate directly follows, see [33,[1]]. O

2.1.2 Spectral theory for the Stokes operator

In the following, we will derive some basic properties of the Stokes operator in the space V.
We have shown that a velocity-solution v € Vo C 'V to the Stokes equations exists for every
f € H71(Q) and it holds

IVl < Il ()-

Given f € L?(Q)¢ we can also employ the Cauchy-Schwarz estimate followed by Poincaré
to get
Vvl < cpl[£]]

By Jo we denote the space of weakly divergence free functions in L2
Jo:={d € *(Q)|V-d=0andn- ppq = 0 weakly.} (2.5)

Like Vy as closed subspace of V the space Jj is a closed subspace (with regard to the L2-inner
product and norm) of L2(Q)4. By

Po: L2(Q)Y = g

we denote the orthogonal projection onto Jy. This projection is called the Helmholtz-Projection.
We cite the following theorem that is proven in [34]].

Theorem 2.8. Let
Jo={b e >(Q)?]($,VE) =0 VEeH'(Q))

Z={pe*(0)?|35e H(Q) : ¢ = VEL

Both spaces are closed subspaces of [2(Q)4 and it holds
2Q)¢ =gy Z.
The orthogonal projection Py : £2(Q) — Jo is bounded and it holds
ker(Po) = Z, 1g(Po) = Jo.
By an equivalent definition of Jj is given.

The following simple corollary holds
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2 Theory of incompressible Flows

Corollary 2.9. Let f € L2(Q)94, fy := Pof € Jo the divergence free projection, v € Vo and
vy € Vg be the corresponding velocity-solutions of the Stokes equations. It holds v = vy.

Proof. As Jo C Vit holds for all ¢ € Vg

(Vv, Vo) = (£, ¢) = (Pof, ¢) = (fo, §) = (Vvo, V).

For f € L2(Q)4 we find v € V, by
(VV, vd)) = (Pofa (b) vd) € VO-

As Py is bounded, the right hand side is a linear functional such that a unique solution v
exists. We define the Stokes operator S := —PyA as

SZD(S)CVQC]()%]O.

The operator S is symmetric. Let v € Vg be the velocity solution to f € Jy and w € V, the
solution to g € Jo:

(Sv,w) = (f,w) = (Vv,Vw) = (v,g) = (v, Sw).
Further it is positive definite
(Sv,v) = (£,v) = [IVVI* > cplvII”

and self-adjoint. The inverse Stokes operator S™! : Jo — V; can be declared as a compact
operator since the embedding Vy — J is compact

S_l : 30 — 80.

Now it holds:

Theorem 2.10 (Spectral theorem for compact self-adjoint operators). Let T : H — H a posi-
tive definite self-adjoint operator in the Hilbert space H. There exists an orthonormal system
of Eigenvectors e, ez, ... and positive real Eigenvalues

MZA > >0

that do not have a positive accumulation point. It holds

Tx = Z A (x,ex)ex VxeH
k=1

and
| T|| = sup [Axl.
Kk
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

For a proof we refer to the literatur [43]].

This theorem can be applied to the inverse Stokes operator. It shows that the inverse is
bounded (which we already knew by the estimate || Vv|| = ||[V(S7!f)| < cp|/f|| and that it
allows for a representation in an L2-orthonormal system of Eigenvectors. We will denote the
orthonormal basis by wi, wa, - -- € Vg. This basis is also a basis of Jy (as Vg is dense in Jy).
Hence, every f € Jo can be represented as

f=) aw, o= (f,we).
k=1

We will get back to these results when dealing with the nonlinear Navier-Stokes equations.

2.1.3 Existence and uniqueness of the pressure

The outline of this section closely follows the argumentation given by Schweizer [34]. In
particular we will only give the complete proof for very limited class of domains (), namely
quads Q = (0,L)? and cubes Q = (0,L)3.

For every f € H™1(Q) we have a unique divergence free velocity v € Vo C V. A correspond-
ing pressure is determined as solution of the problem

peLl: (pV-d)=(fd)—(Vv,Vd) VeV (2.6)

The corresponding bilinear form b : £ x V — R defined by b(p, $) := (p, V - ¢) is neither
symmetric or coercive. Riesz representation theorem or generalizations like Lax-Milgram
are not suitable. The right hand side of equation (2.6 defines a linear functionalj € H™1(Q)
as for

() = (£, d) = (Vv, V)

it holds with the a priori estimate for the velocity

ill_1:= sup ()l _ I(f,d) — (Vv,Vd)
peri()e IVl ey IV

fl|l_1|Vol| + [| V|||V
deH(Q)d Vol

We reformulate this variational equation in operator notation as
—grad p =j, (2.7)

with

Definition 2.11 (Weak gradient). The weak gradient is defined as operator
—grad: L - H!

as
—grad(p)(¢p) = (—grad p,d) = (p, V- $) Vb € Hj(Q)4.
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2 Theory of incompressible Flows

Usually, we consider the gradient as a functional between spaces of higher regularity
—V:HY(Q) = 12(Q)4.

Here, the solution to equation (22.7)) is a L2-function that does not even have the usual weak
derivatives of the Sobolev space H!.

To show existence of a unique pressure we must show that equation (2.7)), i.e. —grad p =
has a unique solution p € L%(Q) for all possible right hand sides j. This is equivalent to
showing bijectivity of the weak gradient operator — grad in suitable spaces. Further, to show
a desired bound on the solution p € £, i.e. ||p| < c|/f||-1 we require the property, that the
weak gradient operator — grad is a bounded operator. We start by limiting the possible range
of the weak gradient.

Lemma 2.12. Let f € H™1(Q) and v € V; C V be the corresponding velocity of the Stokes
operator. The functional

() = (£, ¢) = (Vv, V)

is element of the annihilator j € V§ of Vy in V* = H1(Q)

V5 ={le H Q) |Ud) =0V € Vo).
Proof. This is a direct consequence of (2.4)). O

Now, for every j € V5 we a looking for a pressure p € L. Surjectivity must therefore be
shown with respect to the space V. We can specify the adjoint operator of the weak gradient.

Lemma 2.13. Let —grad : £ — H™1(Q) be the weak gradient. Its adjoint is given by the
divergence div = — grad’ as operator

div : H)(Q) — L.

Proof. This directly follows by
(—gradp,v) = (p,divv) = (divv,p) = (divv,p) Vv e H}(Q)
and noting [H™1(Q)]" = H(l)(Q)d and [£4]" = £4. O

We now state the main result that will be proven in several steps:

Theorem 2.14 (Weak gradient operator). Let Q C R¢ be adomain with Lipschitz boundary.
The weak gradient operator
—grad: L — Vg

is an isomorphism. This implies: it is bijective and it holds for all p € L?(Q)
| — gradp[|—1 < c1fpl| < 2| — gradp[[— (2.8)

with constants cq, ¢ > 0 that depend on the domain Q and the dimension d only.
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

Remark 2.15 (On the constants and boundness of the weak gradient operator). One of the
estimates in (2.8]is trivial and follows by using the definition of the H™*-norm

(p, V- ) IV - |
| —gradpl|-1:= sup =" <|pll sup < vl
peri) VO peHi(a) VOl

and the estimate of Lemma for functions with trace zero. Hence, ¢; = 1. This estimate
shows that the weak gradient operator is a continuous operator.

The second constant cs is usually larger than one and its inverse y = 1/c2 will be an impor-
tant measure in the analysis and numerical analysis of the Stokes and Navier-Stokes equa-
tions. We will later refer to y as the inf-sup constant. A

Before proving the theorem we formulate the corallary that guarantees the existence of a
unique solution to the Stokes equations.

Theorem 2.16 (Solution to the Stokes equations). Let O be a domain with Lipschitz bound-
ary, f € H71(Q). There exists a unique solution to the variational Stokes problem

(Vv, Vo) = (p, V- d) + (V v, &) =(f,d) Vb,V xL

and it holds
Vvl +vlpll < 3[f]l-1,

where v = 1/c, with the constant ¢, > 0 from Theorem 2.8

Proof. Lemma 2.7|shows the existence of a unique v € Vo C V solving the divergence free
Stokes equations with the bound
V]l < €]l

For the functional

(@) = (Vv, V) — (£, d)
it holds j € V§ C H}(Q). Therefore, by Theorem there exists a unique pressure p € £
which is solution of the equation —grad p = j, which in turn is equivalent to

<_gradp7 d)> = (p:v : d)) = (VV, Vd)) - (fa d)) VCI) ev.

Hence, the pair {v,p} € Vo x L C V x L is a solution to the Stokes equations. By (2.8)) it
holds with y :=1/cs

: —(f
VIl <l —gradpl = swp XD, VYV - (4)
deH(Q)d Vol beHi(Q)d IV

<V [If]l -2 < 2] -1,

where we used the a priori estimate for the velocity, taken from Lemma O
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2 Theory of incompressible Flows

Next we develop the proof of Theorem In Remark we have shown a bound for
the weak gradient. It remains to show the inverse of this estimate as well as injectivity and
surjectivity of the weak gradient operator.

Remark 2.17 (Theorem in the finite dimensional case). A linear operator T : V — W
in finite dimensional vector spaces can be considered as matrix A : R™ — R™ with adjoint
A* = AT. The role of the annihilator is taken by the orthogonal complement of the kernel
of the transposed matrix

ker(A*)° = ker(AT)" .

It hence holds with
R™ =rg (A) @ ker(AT)
that
ker(AT)+ =rg(A).
This shows bijectivity of the map A : R™ \ ker(A) — ker(AT)+. A

Remark 2.18 (Injectivity of the gradient). Given smooth functions p € C!(Q) \ R, the in-
jectivity of the gradient operator follows from the fact, that two functions with the same
gradient differ by a constant only. A

Remark 2.19 (Pressure solution for high regularities). We we assume, that the right hand
side of —grad p = j has high regularity, i.e. j € H!(Q)%. Then, we take the divergence of
the pressure equation to find

—div (grad p) =divi = —Ap =divj.

If we prescribe boundary values it will be easy to solve this equation. For finding a pressure
to the Stokes problem this argumentation is of little use: first, j will usually lack the de-
sired regularity and second, the pressure does not carry natural boundary conditions. Any
artificial condition will alter the result.

There is however a large class of numerical schemes for the approximation of the Stokes
equations that is based on such a pressure-Poisson problem. One the challenges in the de-
sign of such schemes is the proper treatment of the boundary. A

Remark 2.20 (Bijectivity of the divergence). Lemma shows that the adjoint operator (to
the weak gradient) is the divergence div : H}(Q)4 — £. If an operator is bijective so is its
adjoint. It is therefore equivalent to show bijectivity of the divergence operator. For every
g € £ we search

we Hi(Q)4: divw =g. (2.9)

For solving this equation we make the approach

_W:qu
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

such that
—divVq=—-Aq=g.

Considering the boundary condition n - Vq = 0 this problem has a unique solution q €
H'(Q). Then for w it holds

w=—-Vq = n-w=n-Vq=00ndQ.

Comparing to the original problem (2.9) reveals a slight difference: while we obtainn-Vw =
0 we lack the corresponding condition in tangential direction t - Vw = 0. To reach this
condition we need to solve an over-determined Laplace problem

—Aq=¢ginQ, n-Vgq=0andt-Vq=0o0n0Q,

which - in the general case - is not possible. A

The main tool to show surjectivity of the gradient is the Closed Range Theorem, see [33} [1]]
which we cite in the general case

Theorem 2.21 (Closed Range Theorem). Let X and Y be Banach spaces, T : X — Y a linear
operator with dual operator T’ : Y/ — X’. The following conditions are equivalent

1. rg(T) C Yis closed,

2. rg(T’) c X’ is closed,

3. rg(T’) = ker(T)°.
In our setting, the operator T will be the divergence operator with adjoint T the weak gra-
dient. Then, Y is the Hilbert space £ and X the Hilbert space H}(Q)9. We have already
shown, that every possible right hand side j in — grad p = j will be member of the annihila-

torj € V5 C H™1(Q), see Lemma Hence, if we are able to show either condition 1. or
condition 2. of the Closed Range Theorem, condition 3. will give surjectivity.

We will aim at showing closedness of rg(—grad) = rg(div’) in H™!. Therefore we give a
proof for the implication 2. = 3. of the Closed Range Theorem for a Hilbert space X. This
proof is taken from Schweizer [34]] and less complex than the complete proof of the Closed
Range Theorem in the general case.

Proof. (of the implication 2. = 3. of the Closed Range Theorem for Hilbert spaces X).

First we note that rg(T) C ker(T’)°. Lety’ € Y/ and x € ker(X)
<T/y/,X> = <y/7TX> =0.

Hence, the range of T’ is othorgonal on the kernel of T.
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2 Theory of incompressible Flows

We show ker(T)° C rg(T’) by contradiction. Assume, that0 # x’ € ker(T)°\rg(T’). Asrg(T’)
is closed in X’ the Theorem of Hahn—Banachﬂ shows the existence of a functional j : X’ — R
with representation j € X (as X is a Hilbert space) and

(,x"y =1andj =0on rg(T).
For every such Tj € Y and arbitrary y’ € Y’ it holds
(', Tj) =Ty, j) =0.
This however shows that Tj = 0 hence j € ker(T) which is a contradiction to (j,x’) = 1 as

x’ € ker(T)°. O

To apply the Closed Range theorem to our situation we must show closedness of -grad in
H~1(Q). For this let px € £ such that wy, ;= —grad px € H™1(Q) is a convergent sequence
inH™!, e.g.

wi = —grad pr — w € H1(Q).

Of course wy is a Cauchy sequence in H™1(Q)

Wi —willn-10) =0 k,1— oo.
Remark 2.22 (Closedness at higher regularity). To make things easy we shift this situation
to higher regularity assuming that py, € H'(Q) \ R and wi € L%(Q)% such that it would

read
[wi = willL2) = [IV(Px = PUllLz() = 0 k,1— oo

In1?and H(l) (Q) \ R the Poincaré inequality gives
[Pk —Pull < cplVIpk =PIl = [[wi — wi]| = 0,

such that py is Cauchy in L2(Q)9 which is a complete space such that a limit px — p € L?(Q)
exists. A

To cast this remark into our setting we need an estimate similar to the Poincaré estimate.
This is exactly the goal of the following discussion:

Lemma 2.23 (Lions-Poincaré Lemma). Let ) be a bounded domain with Lipschitz bound-
ary. There exists a constant ¢y, > 0 such that

lqlliz(a) < cipll —grad qllu-10) Vg€ £:=L*(Q)\R.

IThe Theorem of Hahn-Banach says, that a linear functional j, : Xo — R on a subspace X, C X can be continu-
ously extended to a linear functional j : X — R on the whole space with jx, = jo and [|j||xo>r < [[jollxo—r- A
corollary (the Hahn-Banach separation Theorem) says, that for x € X\ X, there exists a functional j : X - R
with j(x) = 1and jjx, = 0.
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

The proof to this estimate will require some preparation. But having the Lions-Poincaré
Lemma, remark can be transferred to the weak gradient clearpage.

The Poincaré inequality in H! holds for functions with trace zero or functions with average
zero. It’s basis is the H!-norm that is defined as

Hu||2Hl(Q) = HuHQp(Q) + ||Vu”%2(g)'

Our first step will be to show a similar relation between the L2 norm and the H™! norm. This
is less obvious and actually the main difficulty in all steps required for showing existence of
the unique pressure in the Stokes equations.

Lemma 2.24 (Lions’ Lemma). Let Q C R¢ be abounded domain with Liptschitz boundary.
There exists a constant ¢y > 0 such that

lallizca) < c(llallu-1q) + || — grad qllu-10)) Vq € L*(Q).

While the inverse of this estimate ||q||};-1 + || —grad q||y—1 < c||q]| 2 follows by the definition
of the H'-norm and the weak gradient, Lions’ Lemma is difficult to proof [?, ?]. We give
a simplified version - again taken from Schweizer [[34] - that is restricted to simple domains
Q = (0,2m)4.

Proof. (of Lions” Lemma for Q = (0,27)%.) (i) On the 27t-cube we can easily specify eigenvec-
tors of the Laplace operator by

We(x) =exp (i - x), o= (ag,2) € ZY,

as
Vwe(x) =icexp (1o x) = iawg (x), —Awg(x) = |o?wq(x),
such that A, = |«/? is the corresponding eigenvalueE] By wq for o € Z¢ an orthogonal basis

of L2 with ||wy|| = ©"/* is given and every q € 12(Q) can be written as

ax) = > (g waliza) walx).

xezd

=:qx€C

Given q € H!(Q) it holds
Va(x) = ) ixqgawal(x).

xezd

2We have shown, that the inverse of the Stokes operator is bounded with eigenvalues that have zero as only
accumulation point. The same holds for the inverse of the Laplace operator. This finding fits to the cur-
rect configuration. If the inverse is bounded with zero as accumulation point, the Laplace operator itself is
unbounded and its only accumulation point is infinity.
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2 Theory of incompressible Flows

By this we can express the norms of q € L?(Q) or q € H!(Q) as

d
||qH%2(Q) =’/ Z lqul?,

xeZ4
IValifzi0) =7 Y lo’lqal,
xezd
lalfi o) =7 > (1+ld®)qul®
xezd

(ii) Next, let q € 12(Q) and ¢ € H!(Q) both with representations in the basis wy. Then, it
holds by orthogonality (Parseval’s identity)

(qad))L?(Q) = Z qocq)oc(wocawoc)zﬂd/2 Z qabo

xezd xezd
=2 S (14 1aP) el + 02) e
xezd
! !

<[ S @) Mgl | (7 Y @ laP)dal

xeczd xezd

::Hd)HHl(Q)

We conclude

2
lqul?
(g, P)r2a) < [ 7 D | oo
1+ |«
x€ezd

For ¢ = q this relation holds as an equality. Hence we get an expression for the H™!-norm:

I(q, d)I a lqul®
lallh-1)= sup 7 ——=|m
() peri) [Pl o) (Xéd 1+ |xf?

(iii) Now, let u € H'(Q). It holds

2 1

2 _ 4/2 2 _ [l 2 2

u =T E u =T E + 7 E x u
xezd x€ezd xezd

= Wi 1) + IVullhi1 o)

To extend this result to functions q € L2(Q) let ux € H*(Q) be a sequence with ux — ¢ €
L2(Q). Then it holds Vi, — Vqin H™1(Q) (as the gradient is a continuous operator). Then
it holds

lall < llg —wll + [wll = llg = wll + [wlv-1 @) + IVuklii-1a)
=g —wll + lalln-10) + Valn-1a) + 14 = uklli-1q) + V(g —wd ln-1(aq)
= llalln-1q) + IValli-1q) (k= oo).
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

Lions’ lemma will give us an embedding relation similar to H!' < L? in spaces of lower
regularity.

Lemma 2.25 (Compact embedding in Sobolev spaces with negative exponent). Let Q C
R¢ be a bounded domain with Lipschitz boundary. The embedding [%(Q) — H™(Q) is
compact.

Proof. (This proof is taken from [34]) We assume that this lemma does not hold. Then there
exists a sequence uy € L2(Q) that is bounded in L2. Then there exists a weakly convergent
subsequence, denoted again by uw, — u € L[%(Q). By considering uy — u we can assume,
that ui. — 0.

Now we assume that 1y does not converge strongly in H=1(Q) to zero. Then, there exists a
sequence ¢y € H}(Q) of bounded test functions with

(W, dr)r-1Q)xHi) = 1.

As the embedding H}(Q) < 1%(Q) is compact there exists a converging (in L?) subsequence
with ¢y — ¢ in L2(Q) for this subsequence it holds

1= (W, dr)n-1a)xni(a) = (U, drr) — (u, d) =0,

which is a contradiction. O
With this embedding result we can give a proof to Lions-Poincaré Lemma, lemma

Proof. to Lemma We aim at prooving the estimate
lallza) < cptll —grad qllu-10) ¥q € £:=L*(Q)\R. (2.10)

We give the proof by contradiction and assume that a sequence qx € £ C [2(Q) exists
with ||qk|[12(q) = 1 but —grad qx — 0in H™'(Q). As gy is bounded in L? it has a weakly
convergent subsequence qx — g € L?(Q). We want to show that § = 0. We know that
Vqx — V3 = 0in H'(Q). Hence § € £ has average zero and it’s weak gradient is zero.
Therefore q = 0.

Lemma says that there exists H™!-converging subsequence (also denoted by qi) with
lqxlln-1(q) —+ 0. Then, Lemma gives

lawll < c(llailln-1 + [ — grad qic[lyi-1) — 0

in contradiction to ||qx|| = 1 such that estimate (2.10|) holds. O

This leads us to the range of the weak gradient operator.
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2 Theory of incompressible Flows

Lemma 2.26 (Closed range of the weak gradient). Let Q C RY be a bounded domain with
Lipschitz boundary. The weak gradient operator

—grad: L — H}(Q)
has a closed range

rg(—grad) ¢ HHQ).

Proof. Let qx € L*(Q) be a sequence that is convergent in H™!(Q). Hence Lions-Poincaré
lemma says

ldx — qilli2(0) < cpll —grad(qx — qu)|[n-1q) = 0 (k,1— oo0),

such that qy is a Cauchy sequence in L?(Q) with limit g, — q € L?(Q). Since the gradient
operator is continuous it holds

—grad qx — —grad q € H Q)
with —grad q € rg(—grad). O
Finally, the closedness of the divergence operator allows us to apply the Closed Range the-
orem (Theorem [2.21]). We find that
rg(—grad) = ker(div)® = V.

The weak gradient is a surjection on the annihilator of Vy in H™!(Q). Therefore for every
possible right hand side 1 € Vg we find a pressure p € £ solving the Stokes equations.

It remains to formally injectivity of the weak gradient and an estimate for ||p||.

Lemma 2.27 (Injectivity of the weak gradient). The weak gradient operator — grad : £ — V§
is injective and it holds

Iplliz(0) < cipll —gradpllu-1(0) < cpllpllizio) Vp e L.
Proof. The first estimate is exactly Lions-Poincaré lemma. The second estimate follows by
the definition of the H™!-norm in Hé (Q)4 as

(—gradp, §) (p, div ¢) [l [|div &l
| —grad p||y-1(0):== sup ———"—+= Ssup ———— < SUp ————.
T periiar IV gagio) V01 T genjia) IV

As we consider homogenous Dirichlet values, Lemma [2.6|gives the estimate

| —grad plly-10) < IPll2iq)-

Now assume, that p1,p2 € £ are two pressure solutions to the right hand side 1 € V. For
q:=p1 —p2 € £ it holds with the Lions-Poincaré lemma

lall < || —grad qlly-1(q) = || — grad (p1 — p2)[1-1(q) = L — Uln-1(q) = 0.

Hence the pressure is unique. ]
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

2.1.4 The inf-sup condition

We end with a summary of this lengthy argumentation. The proof to a unique solution to
the Navier-Stokes equation is split into two parts. First we show the existence of a velocity,
second the existence of a corresponding pressure.

1. By restricting the variational formulation to the space of divergence free functions
Vo :={¢ € Hy(Q)* [ (div, &) =0 VE € L)

it corresponds to the vector-Laplace. By showing that Vy is closed subspace of V we
are in the setting of Hilbert spaces and a unique solution satisfying the bound

IVl < €]l

is obtained with Riesz respresentation theorem.

2. The corresponding pressure problem is formulated in a weak setting
_gra’d P= 17 1((1)) = (fv d)) - (VV, Vd)) vd) € V,

where v is the velocity solution. The right hand side is element of the annihilitor of V,
in H™1(Q), i.e. L € V5. We show that the weak gradient is an isomorphism

—grad: L — V.

To show surjectivity we use the Closed Range theorem. To proof that the range of
the divergence (which is the dual to the weak gradient) is closed we need the Lions-
Poincaré estimate

lplle < cipll —grad pllp-1q) Vp €L,

which corresponds to the classical Poincaré estimate - but which is stated in function
spaces of lower regularity. The proof of this estimate is nontrivial. The Lions-Poincaré
estimate also gives uniqueness and the bound for the pressure.

Although the existence theory for the Stokes problem is finished at this point we formulate
another lemma which gives equivalent formulations to Theorem which says that the
weak gradient is an isomorphism.

Theorem 2.28 (inf-sup condition). The following three properties are equivalent
(i) The weak gradient operator —grad : £ — Vj is an isomorphism.

(ii) Foreveryp € L%(Q) it holds
VPl < llgrad pllx ¥ € £, (211)

where v > 0 is a constant.

83



2 Theory of incompressible Flows

(iii) The inf-sup condition holds

nf (& V- )
inf sup

2 TV S, (2.12)
gel gpev EN V]

with vy > 0 from (2.11)).

Proof. This theorem goes back to Necas.

a) (i)=(ii) Condition (i) says that for every p € L there exists a unique | € Vg with
—grad p = | that satisfies the bound (2.11]).

b) (ii)« (iii) By the definition of the H™'-norm condition (ii) reads

vipl< sp BRI, [PVO)
peti() IV peHi(a) IV

As this condition holds for all p € £ it is equivalent to

d.
peryo) VoIl pl PEL geni() IVOIPl

We take v > 0 as the supremum.

¢) (iii)=(i) We know that (iii) and (ii) are equivalent. Injectivity follows by ([2.11)). Further
the bounds in both directions follow from and the definition of the H™! norm. It
remains to show the surjectivity of the gradient. This is again accomplished by using the
Closed Range theorem. Closedness of the gradient is shown with help of estimate as
we have argued before. O

This theorem gives various version of a condition that is equivalent to Lions-Poincaré es-
timate. The inf-sup condition will be of great use in the numerical analysis of the Stokes
equations. When discussing finite element discretizations of the equation we will come
across a discrete version of this estimate. The inf-sup condition allows for several similar
reformulation that are useful in various contexts, such as:

Corollary 2.29. For every p € £ there exists a v € V with ||Vv|| = 1 such that
el < (p,divv).
Proof. The inf-sup condition gives
Yllpl < sup (p,divd).
eV

€Vo
IVo|=1
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2.1 Existence and uniqueness of solutions to the stationary Stokes equations

We consider a sequence vy € Vj with

(p,divvi) = sup (p,divd) > v[pll
$dEVy
IVdl=1

For some k( € IN it will hold

(p, divvie) > ngH vk > ko.

We take such a vy. O

2.1.5 Stokes as a coercive system

The inf-sup condition can also be used to treat the full Stokes system in saddle-point form
at once and to show existence of a solution.

Lemma 2.30 (Stokes as a coercive system). Let
U=(v,p)eX =V xL
and A : X x X — R be defined as
AU, @) = (Vv,VP) — (p,divd) + (divv,§) VO :=(d,§&) € X.

The bilinear form A(-, -) is continues and coercive

AL @) < IRl sup AU, ®) > el
ngﬁlil

with a constant ¢ > 0 and where
1
Ul == (I9v +v2lpl%)
defines a norm on X.
Proof. (i) To show coercivity we use a common technique in analysis of variational formula-

tions and also in the numerical analysis of finite element methods. We construct the estimate
by testing with apropriate test-functions. First, for given U = (v, p) we choose

o, =U

to get
AU, @) = (Vv,Vv) — (p,divy) + (divy,p) = [ Vv]>.

Next, corollary (2.29)) shows us the existence of a v € Vy with ||[Vv|| =1 and

2lipll = (@iv,p).
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We test with

to get

AU, @) = —(Vv, V¥)|lp[| + (p, div ¥)[p]|
- Y - Y
=(Vv, Vo)lpll + 5 lIpll*. > —[[voll [ Vel Ipll + 5 lIpl*.
—

=1

We apply Young’s inequality
Y Y 1
AU, @y) > —*HVVH2 HPH2 + ol = Zlpl® = = IVv]*.
2 4 8%
We combine both test-functions to © := ®; + %@2 to get

AU, @) *IIVVH2 + *IIPHQ fIIIUIIIQ.
Finally, we show

- 3
ol < N1l + Ll@all < U+ L 93 Ip]l < Zlul
2 2 ——~ 2

=1
by which we show the coercivity estimate.
(ii) The continuity follows by Cauchy-Schwarz estimate

AU, @) < [[VVI[ VO + ([Pl IV - bl + [|div V]| [|€]
and the estimate for the divergence ||divv|| < || Vv| in H(Q)¢

AW @) < (IVVll+ IR (IVOI -+ 1E]) < ety fl.

Coercivity and continuity in X can be used to show existence of a unique solution by Lax-

Milgram.

Despite the special saddle-point character of the Stokes equations it shows that we still get
a unique solution that continuously depends on the right hand side f. We only get L2-
regularity for the pressure. The most important tool in the analysis of incompressible flows
is the inf-sup condition. If the right hand side f and the domain is sufficiently regular, we
will get higher regularity of the solution. Here, the same rule of thump holds as for the

Laplace equation:
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Lemma 2.31 (Regularity of the Stokes solution). Let Q) be a convex polygonal domain and
f € [2(Q)<. Then the solution of the Stokes equations is bounded

IV + [Vpll < cslIEl,
with a stability constant ¢ > 0.
If O ¢ RY is a domain with smooth C**2-boundary for k > 0 and f € H*(Q) it holds

IVIlakez2(a) + Pl ) < cllflleq)-

Proof. For a proof to these results, we refer to the literature [38,[13]]. O

2.2 Existence and uniqueness for the Navier-Stokes
Equations

2.2.1 The stationary Navier-Stokes equations

Next, we discuss the stationary Navier-Stokes equations including the nonlinearity
v,pleVxL, V:=H}Q;00)¢, £:=1%Q)\R:
1
Re VYV VO + (V- Vv, ) = (p, V- &) +(V-v,8) = (£, §)
W, & eV x L, (213)

again considering homogenous Dirichlet conditions v = 0 only. Here, this restriction is
essential not merely given for technical reasons, as the following Lemma shows:

Lemma 2.32 (Nonlinearity of the Navier-Stokes equations). For v,w € H}(Q)4 withdiv v =
0 it holds:
(v-Vw,w) =0. (2.14)

In the case of an outflow boundary ' € 3Q it holds for all v, w € H}(Q; TP)4 with divv =
0

(v-Viw,w) = 1 n - vlw|? ds. (2.15)
(tv-vmw) =3 ..

Proof. In the case of general boundary conditions it holds

((V . V)ij)Q = Z(Vjajwi,wi)g

i’?j

:Z{J aniVjWidS—(Wi,ajVjWi)Q—(Wi,VjajWi)Q}
i, 00

= —(w,(divv)w)o —((v-V)w,w)a +J’ (n-v)|w*ds.
> 00
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This shows the two assertions. O

This special structure of the nonlinearity will be the key to theoretical analysis of the incom-
pressible Navier-Stokes equations.

Lemma 2.33 (Stability estimate for the velocity). Let v € Vo C H}(Q)4 be a velocity field
solving the Navier-Stokes equations. It holds for f € [2(Q)4

IVl < v HIE]|-1

Proof. This results immediately follows with Lemma O

Remark 2.34 (Outflow conditions and stability estimates). Lemma shows that the non-
linearity of the Navier-Stokes equations is only controllable, if Dirichlet or at least no-penetration
conditions

v-n =0,

are given on all boundaries. For the do-nothing conditions but also for the no-stress condi-
tion introduced in Section a boundary term remains. The problem of this remaining
boundary term

1 J n - njw|? do,

2 r‘out
is the unknown sign. If there would be only outflow, i.e. n - v > 0, we still get stability in
the sense of Lemma In the general setting, the boundary term however can be negative
or positive. Braack and Mucha [4] introduced a modification of the do-nothing condition,
denoted the directional do-nothing condition that cancels the negative part of the boundary
term and results in

1
—pn + pvn - Vv — i(v -n)_v = 0 on M4,

where by (v - n)_ we denote

0 v-n >0,
(v-n)_ =
v-n v-n<0.

This condition is easily realized by a modification of the variational formulation

1
(v Vv )+ (VT V) = (p, T 4) =5 | (vom)v-bdo = (£.4).
Braack and Mucha can show existence and uniqueness of solutions (for small data). Fur-
thermore, they report better numerical stability when using this directional do-nothing con-
dition. Finally, this modified condition still allows for Poiseuille and Couette flow as well as
vortices to leave the domain with little impact. See [4] for details. A
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Like for the Stokes equations, proofs for existence and uniqueness are split into first finding
the velocity (this is a nonlinear problem now) and second, finding an appropriate pressure.
While this second part is exactly as for the linear Stokes problem, showing existence and
uniqueness of a velocity requires careful treatment of the nonlinearity.

v(Vv, Vo) + ((v-V)v,d) = (f, ) VYV eV (2.16)

Theorem 2.35 (Solutions to the Navier-Stokes equations). Let Q C R be a domain with
Lipschitz boundary. Further, let f € H1(Q). There exists a solution {v,p} € V x £ to the
Navier-Stokes equations ([2.13)) for every Reynolds number. It holds

IVl +llpll < cll£]l -1

This solution is unique, if
vl <1,

where ¢ > 0 is a constant depending on the domain Q.

Proof. The proof will be split into several parts. Again, velocity and pressure can be handled
separately. First, by a restriction of the equation to the space of divergence-free functions,
we are able to solve the velocity problem. Next, a corresponding pressure is found with help
of the inf-sup condition.

Due to the nonlinearity we cannot directly use the common theorems from linear functional
analysis like Riesz or Lax-Milgram. Instead we will introduce a Galerkin approach in step
(v.1) using finite dimensional (but nonlinear) problems. In step (v.2) we will show conver-
gence of a finite dimensional fixed-point iteration. In step (v.3) we show that the sequence of
finite dimensional solutions convergens to a solution v € V, of the Navier-Stokes equations.
Step (v.4) will show uniqueness under the stated stronger conditions. Finally, in Step (p)
the corresponding pressure solution will be constructed. Given the previous discussion of
the Stokes equations, this step will be easy.

(v.1) Galerkin-approach: We construct finite dimensional subspaces of Vy:
Vin = span{wy, Wo, ..., W],

where the wy are the orthonormal Eigenfunctions of the Stokes operator, see Section
Orthonormality or even the property of being Eigenfunctions is not required for this proof.
It is however essential that the union Ule Vm is dense in Vy, such that every v € V; can
be approximated by a sequence v, € Vi, for m — oo.

For m > 1 we define the finite dimensional problem

Vin € Vit V(Vvi,Vom) + (vin - Vv, &m) = (£, dm) Vdm € Vi, (2.17)

To cope with the nonlinearity, we introduce a fixed-point map Qm : Vin — Vi by:

V(VQm(vim), Vém) + (vin - V)Qm(vim), dm) = (£, dm) Vdm € Vin. (2.18)
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Injectivity of this linear and finite dimensional problem induces bijectivity. For the homoge-
nous equation it follows by diagonal testing with help of (2.14) that

Hva(Vm)HQ"i’(Vm’va(Vm)va(Vm)) =0 = Qm(Vm) =0.
=0

Problem 1} has a unique solution Qn (Vi) € Vi, for every f € H ! and v, € V. For
this solution we get the following estimate

Y[VQm(vm) I* < -1 [VQmvm) | = [VQm(¥) < v ||f]|-1. (2.19)

(v.2) Fixed-point argument: We will show that the mapping Qm : Vin — Vi is fixed-point
mapping Qm (v) = v by using Brouwer’s fixed-point theorem: every continuous mapping
of a compact and convex subset of a Banachspace into itself has at least one fixpoint. We
define

Br = (b € Vi, [V < R:= v [f] 1),

and show that Q., : Bx — B is a continuous mapping into itself. For the solution of ([2.18))
if follows by (2.19) for v € By that

IVQmMW) < v7'[f[l-1 =R = Qm(v) € Bg,
such that Q,, : Bg — By is a mapping into itself.
Next, we show that Qp, is Lipschitz and hence also continuous. Let v, w € Vyn:
0=v(V(Qm(v) = Qm(w)), V) + ((v- V)Qm(v) — (W - V)Qm(w), d)
= %(V(Qm(v) —Qm(w)), V) + (((v—w) - V)Qm(v), d)
+ ((w- V)(Qm(v) = Qm(w)), d)
For ¢ := Qm(v) — Qm(w) and using it holds:
V[[V(Qm(v) = Qm(W))|I* = =((v = W) - VQm(v), Qm(v) — Qm(w)).

The product on the right hand side can be estimated using the generalized Holder’s inequal-
ity
1 1 1

— 4+ — =1

P2 Ps3
The embedding H! < LP for p < 6 holds in two and three dimensions and we get

[fghilee < [Ifllees llglliez [[hffees,

V[[V(Qm(v) — Qm(w))|?
< v =w[ls [VQmWI [Qm(v) — Qm(w) |16
< V=W [VQmMW)IV(Qm(¥) — Qm(w))]l.

Hence by |[VQm(v)|| <R

IV(Qm(¥) = Qm(w))|| < VIRV (v — w)]|.
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This shows that Qv : Vi — Vi is Lipschitz continuous and therefore continuous. Brouwer’s
tixed-point theorem guarantees the existence of a solution vy, € Vi, to the finite dimensional

problem (2.17)) for every m > 1.

(v.3) Convergence m — oo: the solutions vin, € V;, form a bounded sequence in V. As
the embedding H! — L2 is continuous, there exists a subsequence (V') € Vo that weakly
converges in V and strongly in L? to a limit v € Vy:

(V(V:'n —V),Vd)) —_— O Vd) S VO) va’ _VH — O
m’—o0 m’—o0

This limit v € 'V, solves ([2.16)), since for a sequence ¢, — ¢ € Vg (strongly) it holds:

(Vvi,Vdm) = (Vv, Vo) m’ — oo
((Vm’ : V)Vm) d)) — ((V : V)V) d)) m, — O0.

¢ € Vy is arbitrary, hence v € V) is a solution of the incompressible Navier-Stokes equations
in the space of divergence free functions:

(Vv, Vo) + ((v- V)v,d) = (£, ¢) Vb € Vo.

(v.4) Uniqueness of the velocity: Let vy, va € Vo be two solutions to , such that
[Vvi] < v7Hf]l=1, i=1,2.
For w := v{ — vy € Vg it holds:
VIVw[| = ((v1 - V)vi — (v2- V)vo,w) = (W V)vo, w) + ((v1 - V)w,w).
Using and Holder’s inequality
V|[Vw[? = (w- Vva, w) < [[wllis [[Vvel| [lwllis < || Vwl® vTHE] -1,

and hence,
[Vw]2(1 — v )] -1) <o

If c2v—2||f||—1 < 1it follows that w = 0.
(p) existence of the pressure: Given v € Vo C 'V the pressure p € £ must satisfy the equation

(pvvcl)) = (f,(l))—V(VV,VCI))—((VV)V,(I)) V(I) eV
=:1()

The right hand side 1l : V — R defines a linear functional and the existence of a unique
solution follows as in the linear Stokes case.

Finally, the a priori bound follows by using the inf-sup inequality
YHP” < sup (pa v : d)) = sup (fa d)) - ‘V(VV, V(b) - ((V : V)V, Cb)
T eev IV bV IVl
<=1 + VIV + Ivles Vv
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The incompressible Navier-Stokes problem with homogenous Dirichlet values has a solution
{v,p} € V x £ for all Reynolds numbers and all right hand sides f € H~!(Q). This solution
is unique only if the Reynolds number is very small:

e < 1
S\ el

Most application problems however deal with high Reynolds numbers Re > 1000 and a
unique solution cannot be guaranteed. As we know that flows at very high Reynolds num-
bers get turbulent, we cannot expect a unique result for arbitrary Reynolds numbers. The
gap between theory and observation however is still very large.

Nearly no theoretical results are known for different boundary conditions, in particular for
outflow conditions like the do-nothing condition. Here, it is even unknown, whether the
homogenous problem

1
—@Av—l-(wV)v—i—Vp:O, V-v=0,
with homogenous boundary conditions
v=0onTP La v —pn = 0 on "
) Re n

only has the trivial solution v = 0 and p = 0 or if other non-trivial solutions exist.

Finally, we cite a regularity result for the stationary Navier-Stokes equations which is in
agreement to the expectation:

Lemma 2.36 (Regularity of the Navier-Stokes solution). Let QO C R¢ be a convex polygonal
or smooth domain of class C>!'. Further, let v° € H?(Q)4 be a smooth extension of the
Dirichlet data vP on 0Q into the domain. Finally, let f € L%(Q) d. The solution to the Navier-
Stokes equations has the regularity v € H?(Q) NV and p € H'(Q) N £ and it holds

V2] + IVp]l < csllf]l + V2913,
where the stability constant is related to the Reynolds number cg ~ Re.

Next, let QO be a C**2-domain and f € H*(Q)4. Then, every solution v € H}(Q)? and
p € L2(Q) of the stationary Navier-Stokes equations has the regularity

vk () + Pl ) < cllfllyeq)-

Proof. For a proof of this result we refer to the literature, see Girault and Raviart [[15] or
Sohr [37]. O
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2.2 Existence and uniqueness for the Navier-Stokes Equations

2.2.2 The non-stationary Navier-Stokes equations

Finally, we discuss the non-stationary Navier-Stokes equations

v=vyh t =0,
(atvv d)) + ((V : V)V, d)) + V(VV, Vd)) - (pa V- d)) = (f7 d)) \V/Cb € Va
(V-v,E)=0 VE e L.
Like in the stationary case, we can restrict the problem to the space of divergence free func-
tions Vo C V. Integration of the variational formulation over the time-interval I = [0, T]
gives

L {0¢v, )+ ((v-V)v,d) +v(Vv,Vd)} dt = L(f, ¢) dt.

To analyze this variational formulation, we must first specify suitable function spaces. For
the velocity part, natural choices for v and test function ¢ are

v, & € L*(I; Vo),

the space of square-integrable functions in time that map into V. For the time-derivative of
the velocity, we further ask for
v e LA(LH Q).

We denote this space by W(0, T)
W(0,T) :=={d € L*(I; Vy), 3¢ € L*(LHH(Q))}. (2.20)

The spaces
Vo C HH(Q)4 c 12(Q)4 = [12(Q)9)* c HH(Q)

constitute a Gelfand triple and it holds (see [38])
W(0,T) = C(L;L*(Q)9).

Every function v € W(0, T) is almost everywhere equal to a continuous function in time that
maps into L2(Q)¢. It remains to discuss the nonlinearity: does for functions v, ¢ € W(0, T)
hold that

JI((V Vv, d)dt < co?
An answer is given by the following result:
Lemma 2.37. Let QO C R¢ be an open set. For d = 2 it holds
I¥llee ) < ellvl= Vvl

In the case d = 3 it holds
1 3
Ivlltaca)y < cllv][2[[Vv]|=.
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2 Theory of incompressible Flows

Proof. A proof is given by Temam [38]]. O

We consider the two-dimensional case. By Holder’s inequality (1 = § + 1 + 1) and this
Lemma we get

1 3 1 1
((v- Vv, &) <cllvl[al[ Vvl [llLs < cllvl2IVvliz [l [Vl|=.

Using the embedding W(0,T) — C(I;L2(Q)) it follows for the temporal integral by using
Holder’s inequality (in time)

[ (- Trwear
I
% % 3 1
g CHd)Hé(i,LQ(O_))||V||é(i,L2(O_)) JI vaH2 Hvd)”2 dt

1 1 3 1
< CH‘bH\iv(oj)HVH\Q/V((LT)HV||\2/V(0,T)||¢”\2/\/(0,T)

< clvly ol lwior:

This is exactly the desired stability result for the variational formulation. The nonlinearity is
not bound in the three-dimensional case, if we ask for v, ¢ € W(0, T). We cite the following
results that can be found in Temam [38]]:

Lemma 2.38 (Instationary Navier-Stokes equations). Let Q C RY be a Lipschitz domain
and
fe L2(LHYQ)), e,

Then, the instationary Navier-Stokes equation has at least one solution for arbitrary Reynolds
numbers. This solution is unique in the two dimensional case (for arbitrary Reynolds num-
bers) and it holds

vel?(I;Vy), 0w el?)(LH Q).

In the three-dimensional case, unity is usually not given, and the solution has the reduced
regularity
veL3(LI4(Q)), dwvel3(LH1(Q)).

It is remarkable that the non-stationary solution is unique for all Reynolds numbers, if we
look at the two-dimensional problem. Working with the stationary equation, uniqueness is
only guaranteed for small data assumptions.

To prove existence of global solutions, uniqueness and regularity of the three dimensional
problem is one of the big open problems in applied mathematics, see [l6].
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3 Finite Elements for incompressible
flows

This chapter discusses the numerical approximation of incompressible flows with finite el-
ements. Focus is the proper treatment of the saddle point character (recall Remark [2.4)).
We will see that the most essential ingredient for numerics is a discrete version of the inf-
sup condition (recall Theorem [2.28)). We start with the linear Stokes problem. Velocity
v evP +Vand pressure p € £ are given in

V=HyQ:Tp), £:=L%(Q)\R,

where I'p C 0Q) is the part of the boundary where Dirichlet conditions for the velocity are
prescribed. We denote by vP € H(Q)4 an extension of the Dirichlet data into the domain.
Mostly we just consider vP = 0. Given I'p # 90, i.e. if we have a free outflow or inflow
boundary with the do-nothing condition we do not need to filter the pressure space and use
£ =12%(Q). The stationary Stokes problem in variational formulation reads as

(V-v,8)=0 VE e L, '
recall Section [1.4.6]and Section 2.1]

Following the standard philosophy of finite elements as a Galerkin method we choose finite
dimensional subspaces Vi, C V and Ly, C £ and determine the velocity approximation
vh € Vi and the pressure approximation py, € Ly as solution to

(Vvh, Vo) — (pr, V- dn) = (f,dn)  Vdn € Vi,

(3.2)
(V-vh,&n) =0 Vén € Lh.

We recall that ((3.2)) is a saddle point problem. For classifying different Galerkin approaches
we define

Definition 3.1 (Conforming finite element pair). A discretization V}, x Ly of the Stokes
equations is called conforming, if

Vi CV=HL{(Q;Tp)d, LnpcL=1%Q).

Otherwise we call it non-conforming.
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3 Finite Elements for incompressible flows

Conformity in the pressure space is easy to realize. In the contrary: it would be rather diffi-
cult to construct a meaningful discrete space that is not square-integrable. For the velocity
space we can employ the following criterion (which is not sharp, there might be more con-
forming spaces).

Lemma 3.2 (H™-conforming discrete spaces). Let Q be abounded domain in R4 and let Qp,
be an admissible triangulation. For m > 1 let Vs, € C™~1(Q) be a subspace of m — 1 times
continuously differentiable functions on Q with v,|t € C™(T), T € Qy,vh € Vi. Then Vy,
is H™(Q)-conforming.

Proof. Onbounded domains continuity gives integrability. We consider the case m = 1. For
m > 1, the result follows recursively by considering derivatives of order m — 1.
Conformity with respect to H! is shown by using the definition of the weak derivative:

bECE@): ~@ubvo=— Y @Oubwr= Y {0owr—| moveds}.

TGQh TGQh

where n is the outward facing unit normal on the edge (or in 3d face) 0T of the element T.
Every edge appears either twice e = 0T; N 0T, or is part of the boundary e € 0Q). As vy, is
continuous and ¢ is continuous and zero on the boundary it holds with n; = —n5 (as seen
from T; and Ty) that

(@b, vi)a = Y (&, 9vn)T = ($,0]'vh)a,

TeQy

Usually we just write 9; instead of d". But we must have in mind that this derivative is
defined within the elements T € Q}, only and not on the element boundaries.

This argument can be extended to higher degree derivatives to show H™-conformity of
C™~L-functions. O

Now, let Vi, x Ly be a finite element pair with a given basis
Vi =span{d},, i=1,...,N}}, Lp=span{&},, i=1,...,NP}.

Then, every function vy, € Vy, and py, € Ly, is uniquely given as

Ny, N

i i

Vh = E vibp, Pn= E Pi&p-
i=1 i=1

By v; and p; we denote scalar coefficients, by Eh scalar and by d)%L vector valued basis func-
tions. The discrete Stokes equations ([3.2]) are equivalent to the following linear system of

equations
A B\ /vy (b
—B" 0)\p) \0)’
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3.1 Divergence free finite elements

with matrices A and B as well as the right hand side b:

. . NV,NV . . Np,NV - NV
A= (Vd)%u vq)}l)l’]h:l hv B:= _(v : cb)}w a}'x)i’jhzl h7 b := (f> d)}'t)i:hl

and v = (vq,... ,VNE)T and p = (p1,... ’PNE)T denoting the vectors containing the scalar
coefficients. It holds

Lemma 3.3 (Matrix of the discrete Stokes problem). Let Vi, x Ly be a finite dimensional
conforming Galerkin discretization. The matrix A € RNw*Nh is symmetric positive def-
inite while the complete Stokes matrix is positive semidefinite and anti-symmetric in the
off-diagonal blocks.

Proof. Symmetry and positivity of A is obtained from the vector-Laplace operator. Further

it holds
(e B () () = v ) 7w = s =

which is zero for every v = 0 and p € RN O

Remark 3.4 (Symmetry and positivity). One could get the idea of simplifying the system
by multiplication of the divergence equation with —1 to get a symmetric matrix

(ar ) ()= ()

Considering this matrix we would even loose semidefiniteness, as

<<§T ]3) <;> ’ <v)> = (Av,v) + (Bp,v) + (B'v,p) = (Av,v) + 2(Bp, v).

b

We cannot identify the sign of (Bp, v). A

3.1 Divergence free finite elements

To solve ([3.2)) it is a immediate idea to look for velocity spaces V}, that are strictly divergence
free,i.e.itholds V-vy, = 0for v, € Vj}, or that are at least weakly divergence free with respect
to the test space &y, € Ly, i.e.

(V- vh,&n) =0 V& € Lin.

Then, the solution to the Stokes equation is given by the reduced vector-Laplace problem:
find vy, € V}, such that

(Vvi, Von) = (f,dn)  Yor € Vi (3.3)
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3 Finite Elements for incompressible flows

Given a conforming discretization Vi, C V C H{(Q)¢, unique solvability follows from the
continuity and ellipticity of the scalar product (V-, V-) on V}, x Vy:

(VVvi, VO < Vvl IVOnll,  (Vdn, Von) = [Vonl® = cp?lldnll?,

with Poincaré constant c,. However, it turns out to be a difficult task to construct divergence
free spaces Vy. A systematic approach based on simple function spaces (e.g. piecewise
linears) is not known.

In two dimensions we can construct such divergence free functions by using the “scalar”
rotation (curl)
—0y@(x,y)
rot : R — R?,  rot O(x, ::< Y ’ i

Y ot y)
Under the assumption that @ is sufficiently smooth, it holds divrot ® = 0. For an arbitrary
scalar space Wy, we define

VAV .= frot P, P € W)

as strictly divergence free space Vﬁi". This space serves as approximation space in 1' . The
following questions need to be answered:

1. Is the space VAV € Vo C V = H}(Q)? H!-conforming? Conformity requires continu-
ity of VAV over the element edges, see Lemma Functions in VIV are derivatives of
functions in Wy,. If Wy, € C(Q), then the space V3V is VAV ¢ C%(Q) such that Vv
is a H!-conforming finite element space.

2. How can we satisfy Dirichlet values in VAV on I'P? On the boundary, ViV 5 vy, =
rot wy, must satisfy 0 = v, = rot wy,. This condition could be enforced by requiring
Vwy = 0 for all functions wy, € Wh,.

3. How can we construct a basis of Vﬁi"? It holds
dim(VEY) = dim(rot(Wh)) < dim(W4,).
Let {{p1,V9, ...} be a basis of Wy,. Will {rot(1{1), rot(s), ...} be a basis of Vﬁi"?

4. What are the approximation properties of Wy,? For W}, = P" (polynomials of degree
1) it cannot hold V&IV = [PT~1]? (as this space would not be divergence free).

Divergence free elements have significant advantages in terms of accuracy and conserva-
tion of physical principles like mass conservation (which then also holds for the discrete
solution). The construction however is difficult. One example is based on the Argyris el-
ement that is an H2—conf0rming element usable for the biharmonic equation A%u = f, see

Figure

It can be shown, that the rotation rot on the Argyris element is a injection rot : W}, — V@iV,
As a result, we obtain a basis of VEI¥ by applying rot onto the basis of Wy,.
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3.2 Stokes elements

X value of the normal derivative
| value of the function
|

and its first and second derivative

Figure 3.1: Nodal values of the Argyris element.

The Argyris element is a piecewise quintic element on triangles. Nodal values are prescribed
in the corners of the triangles. Further, we prescribe first and second derivatives in the cor-
ners as well as the normal derivative on the edge midpoints. The divergence free functions
in ViV are piecewise quartic functions.

Given a divergence free velocity vi, € VAV of v € V, the corresponding pressure py, € Ly, C
L2(Q) can be obtained as solution to

(Pr V- dn) = (Vvn, Von) — (f,dn)  Von € Vi € Hy(Q)7,
which corresponds to the linear system
—Bp =Av—b.

The unique solvability of this equation (B € RNWNR with N}, # NP) depends on the
spaces Ly and Vj,. Key is a discrete analogon to the inf-sup condition:

. (E,h,v ' d)h)
min max

Rl >v>0.
En€ln dneEVH HahH Hvd)hH Yh2Y

We will discuss this inequality in detail. Considering piecewise quartic functions for V}, and
piecewise quadratic functions for Ly the inf-sup condition will hold and the construction
based on the Argyris element gives a divergence free space VAV C V4, and an inf-sup stable
pair Vi, x Ly, such that we find a pressure.

3.2 Stokes elements

We now consider the Stokes problem in saddle point form 3.2/ and solve for velocity and
pressure at the same time.

Let Vi x Ly, C V x £ be a conforming finite element pair. The existence of a unique solution
{Vh,Pn} € Vh x Ly, is given by the following theorem.

Theorem 3.5 (Discrete Stokes problem). Let Vi, x Ly, C V x £ be a conforming finite element
pair satisfying the discrete inf-sup condition

min (qn, V - dn)

max ————— >Yh =Y >0.
aneln dnev lqnll [Von] = ™7
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3 Finite Elements for incompressible flows

Then, for every f € H™1(Q)4 there exists a unique solution {vi, pn} € Vi x Ly of the Stokes
equation. It holds:
[VVh|l +vrllpnll < cllff-1.

Proof. (i) We start by defining a subspace of discretely divergence free functions Vi, g C Vi,
Vho i ={bn € Vil (V- bn,&n) =0 V&, € L} (3.4)

It is not easy to estimate the dimension of the space Vi, o. It could even be that dim(V}, o) =0
and the only possible solution would be vy, = 0. We find v}, € V},  as solution to the vector
Laplace

(Vvh, Von) = (f,dn)  Vdr € Vhyp. (3.5)

The existence of a unique solution v, € V4, ¢ follows by linearity and ellipticity of (V-, V-)
in Vi, o C HA(Q)4. Further it holds

IVvnl? = (F,vi) < [IEll-1llvells = [IVvnll < cllf]]-1.
(ii) Now, let viy € Vi o be the solution from step (i). We find the pressure py, € Ly as

solution to
(Pn, V- dn) = (Vvp,Vonr) — (f,dn) Von € Vi (3.6)

Note that this problem is finite dimensional and equivalent to finding p € RNk such that
—Bp=Av—b
where
NY,NY, Ny

. . . . P . v
A= (Vo VOR) ", Bi=—(V- o), &h) TR, b= (£,0h) 1.

It holds rg(B) = ker(BT)-. This system has a solution if the right hand side Av — b is
orthogonal on ker(—BT). This means

(Av—b,z) =0 Vz € ker(—BT). (3.7)
The adjoint operator —B is the discrete divergence, as

Ny, N}
BTz = (Z( LV ¢{L)zj) = (V- BN
=1 i=1
Hence it holds ker(—BT) = Vh 0 and with we get
Av—b € ker(—B")*+

which corresponds to (3.7)). There exists a pressure (at least one) pn € Ly as solution

to (538).
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3.2 Stokes elements

(iii) Let the discrete inf-sup condition hold. It is equivalent to the formulation

(EJ’UV ) d)h)
d)rfg\)ih W 2 Ynll&nl VEn € Ln. (3.8)

Let pi,, p% be two solutions to (3.6) for one velocity field vi, € Vi,. For qp := p}, —p? it holds
—(qn, V- dn) =0 Vn € Vy,

and with (3.8) we get ||qn|| = 0, since

(qh, V- dn)
0= RIS 412 .
&2 TV Yrllanll
Further by (3.8])
(Pn, V- dn) (Vvh, Von) — (f, dn)
< — = < ||V +Ifll-1 < clIf]| 1.

O]

Remark 3.6. This theorem shows that every conforming finite element pair Vy, x L}, admits
a discrete solution {vy,, pn}. The velocity will always be unique and it can be bounded by the
problem data. Uniqueness of the pressure and a corresponding estimate follows with help
of the inf-sup condition. A

From this existence proof we identify the space Vi, g as critical for the possible approxima-

tion property of a solution vy, € Vi, g C Vi, see (B.4) in the proof to Theorem 3.5 The space
Vh o usually is no subspace of Vy, as these functions are a.e. (in L?) divergence free.

We cannot expect a best approximation property for the reduced velocity problem as it
would hold for simple elliptic problems. Instead we must consider both the velocity and
the pressure at the same time.

Lemma 3.7 (Stokes, best approximation). Let Vi x Ly, C V x £ be an inf-sup stable finite
element approximation (8.2)) of the Stokes problem (B.1]). It holds:

V(v —vn)| +lp — pnll < in ||V(v—dn)|+ min [p—&nl ),
IVt = wall+ I =l < c (i, 191y = o)l + i [1p )

where the constant ¢ > 0 depends on the inf-sup constant yy,. Further, on convex or smooth
domains, it holds

v—vh| <ch| min [|[V(v— + min — ,
=il < (i, 190l + guin o — )

with constant ¢ = ¢(yn).
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3 Finite Elements for incompressible flows

Proof. We define e, := v —vy € Vand e, :=p —pn € L. It holds by Galerkin orthogonality

(Vey,Von) = (ep, V- dn) Von € Vh,

(3.9)
(V-ey,&n) =0 Vén € Ly.

(i) First, we start with an estimate of the velocity error:
”vevH2 = (Ve,, Ve,) — (e‘pv V-e,)+ (epa V-ey).
By Galerkin orthogonality, we get for arbitrary ¢, € Vi and &y, € Ly,

[Veu||? = (Vey, V(v —dn)) — (ep, V- (v — bn)) + (V- ey, p — &n)
< Ve[ V(v = dn)ll + llepl[ V(v — dn)l| + IVeu|l Ip — Enll-

Note that we have used Cauchy Schwarz and Lemma [2.6|in the previous inequality. By
Young's inequality, we get for € > 0:

[Veo|| < 2+ € MV(v—=n)l| +2lp— &nll + €llep]- (3.10)

(if) Next, we estimate the pressure error. Let &, € Ly, be arbitrary

P —pull < llp = &nll + [lpn — &nll- (3.11)

For pn — & € L we use the discrete inf-sup inequality to get

((t_’ B 7v i
Yrlen —pnl < sup 2R br)
P Vn IV énll (3.12)
B (p—Pn, V- bn) (En—p,V - dn) .
= sup + sup
drEVH IVnll drEVh [Vn|
We use (3.9) on the first part to replace the pressure error e, by the velocity error e,:
(epav - hn) (Vey, Von)
sup oY) g, [Vew VO g
dreve  IVORl preve  [IVORl Y
Together with the second part of (3.12)) we get the estimate
Yrlpn —&nll < [[Vev| + [Ip = &nl,
and finally, with (3.11)) for ||p — pn/||
lepll < (1 +v5 P — &nll + vy ' Vel (3.13)

(iii) We insert this estimate into (3.10)), using € = vy /2:

[Vey|| < clvn) (IV(v—==n)l[ +[[p —&nlD -

102



3.2 Stokes elements

Together with (3.13) we get the best-approximation property for the natural energy norm.

(iv) To derive the L2-estimate we define the adjoint problem
(Vo,Vz) = (§,V-2) + (V- b, q) = [lev]| '(ev, d) V(d,&) €V x L.

Ase,/|ey|| € L? it holds by Lemma (if the domain has a convex or smooth boundary)

that
€y

lev]

Now we choose the test functions ¢ := e, and & := e, and use the Galerkin orthogonality
to insert the interpolants Iz € V}, and I1,q € Ly. It follows:

IV22]| + [Vqll < es

e

lev|| = (Vey,Vz) —(ep,V-2) 4+ (V- ey, q)
(Vey,V(z—dn)) —(ep, V- (z—dn)) + (V- ey, (d — &n))
< Vel [[V(z — Inz) | + | Vep [ [V(z — Inz)|| + [Vey || |[g — Ing]|

The result follows using the energy norm error estimate for || Ve, | + ||ep || and the interpo-
lation estimate:

lev]l < cth (Ve[| + [leplD (V22ll + [V qll)
< h( mi — i — .
c(yn)es <¢I§1€n\1/h IV(v = ¢r)ll + min Ip EMI)

O]

The proof shows that velocity and pressure errors are not independently of each other.
This result is expected since the divergence-free constraint of the velocity is only postulated
weakly, tested with the pressure space. Let us give an alternative proof for Lemma For
this, we first show a discrete analogon to Lemma

Lemma 3.8. Let Xy, := Vi x L, be a conformal subspace of V x Q and let the discrete inf-sup
condition hold true in Xy,. Then, for all Uy, € Vi, x Ly, the following estimation holds true

cllunll < sup A(Up, @n).
©p€Xn, [ Dp =1

Proof. The proof follows analogously to Lemma[2.30] O

With this Lemma, we can now give an alternative proof for Lemma

Proof. (Alternative proof to Lemma (i) Let us use the notation U = {v,p} € V x Q and
Uy, := {vn, pn). We split the error E, = U — Uy, into the interpolation error ny, := U — i, U
and projection error Xy, := inU — Uy,. Then,

IERIN < [mnll + lixwll-
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3 Finite Elements for incompressible flows

For the interpolation error [[ny || the estimation is given by the usual interpolation estimates.
For the projection error, we use the previous Lemma

clixnll < sup A(Xn, On).
DO €Xn, [l PrllI=1

Using Ey, =nn + xh and the Galerkin orthogonality A(Ey, @) = 0 for all , € Xp:
A(Xn, On) = A(En, On) — AMn, Pn) = —A(Mn, On).

Since the bilinear form A is continuous on X}, and X it holds

clixnll < ¢’ sup Innlllenll = c’lmnll.
Op X, [l Pnlll=1

Together it holds
IERIN < cllt — inU]l.

This means that the approximation error is bounded by the interpolation error.
(ii) For the L2-error we consider the dual problem defined by:

AlD,Z) = [lev] H(ev, ) VO ={d,E} € X.

Then, for Ey, := {v — vi,p — pn} it follows (using Galerkin orthogonality and continuity of
the bilinear form):

[v—=vnl|=A(En,Z) = A(En, Z = inZ) < c[[EnllIZ — inZ].

The error estimate follows with the interpolation estimate for the dual problem and the a
priori estimation for ||V(v —vy)|| + ||[p — pnll- O

The approximation order of the Stokes element depends on the polynomial degree of the
finite element pair:

Lemma 3.9 (Stokes, a priori estimate). Let Vi x Ly, be an inf-sup stable finite element pair of
order k for the velocity and 1 for the pressure. Further, let ve H*"1(Q)% and p € H'*1(Q)
be the solution to the incompressible Stokes equations. It holds

IV =vi)ll + llp = prll < chm™ 1 (7L 4| 9p ). (314)

Proof. First, by Lemma 3.7]it holds

IV =vi)ll+lp—pull < ey ) (IVV =) + lp — Ipll)

where [} v € V}, and Iflp € Ly are the nodal interpolations. Given sufficient regularity it
holds with interpolation estimates

V(v = Tnv) | < etk V5], [lp = Tnpl| < k™ [V p.
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3.2 Stokes elements

This completes the estimate. O

This lemma shows that the optimal degree for velocity and pressure space differs by one. If
1 = k — 1, optimal order of convergence is given. Possible candidates for such finite element
pairs are the Taylor-Hood element P2—P* or Q*—Q¥*~! or the modified Taylor-Hood element
with discontinuous pressure Q2—P!4¢. This element has the further advantage of local mass
conservation. We will study these elements in more details in the following.

Remark 3.10 (Optimality of the a priori estimates). In terms of mesh parameter h > 0, the
estimates in Lemma 3.9|are optimal and represent the best-approximation property. They
however exhibit two shortcomings which are severe under given circumstances.

First, only coupled estimates for velocity and pressure are given. Assume that the right hand
side f is such that its divergence free part is zero with f = Vq. Then, the Stokes equations
have the unique solution v = 0 and p = q. Equation gives an estimate for the velocity
error depending on the pressure error. And indeed, most standard approaches elements like
Taylor-Hood or the Q2-P14¢ element will show exactly this unsatisfactory behavior with
very large errors. So called gradient-robust mixed methods are designed in such a way that
the velocity approximation is independent of the pressure. See [25] for details. In most
applications, the right hand side f itself is not critical, as it will be zero or a fixed gravity
error. In large scale deformations however, Coriolis terms may have the same effect. In terms
of fluid-structure interactions, the domain motion and the ALE map is a further source of
such problems.

The second issue in Lemma 3.9]is the negative dependence of the error constant on the inf-
sup constant. It is well known that the inf-sup constant depends on the shape of the domain
and that it goes to zero for strongly anisotropic domains, see [[11]]. For very long channels,
this would suggest large error constants. Here however, numerical reality is in favor, such
that usual finite element approaches do not see this issue. The proof of Lemma (3.9 can be
modified in such a way that Fortin’s criteria (see later Lemma is applied only locally,
such that the bad behavior of the global inf-sup constant does impact the result. See [26}27]]
for details. A

In the following, we investigate concrete choices for finite element pairs. We will study
the discrete inf-sup condition and the approximation properties. We distinguish between
conformal spaces Vi, x Ly, C V x Q and non-conformal spaces. However, for the pressure
we will always consider conformal spaces L, C L?(Q), since even piecewise polynomial but
not globally continuous functions are still in L2(Q).

Let us first introduce a triangulation Qy, of our domain Q) into open triangles / tetrahedrons
T or open rectangles / cuboids K. The triangulation shall fulfill the usual assumptions on
structure and form and shape regularity. We denote

Pr= span{xiyj, 0<i+j<r}, Q' := span{xiyj, 0<1i,j<r}
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3 Finite Elements for incompressible flows

the polynomial spaces of degree r. It holds for d =2 and d = 3:

1 2 346m2+11r+6
_ D+ g OIS Ginien) = (1)@
d=2 2 d=3 6
For the construction of the finite element ansatz we define the discrete spaces Vi, und Ly
using a parametric approach. We define by

dim(P") dim(P")

d
K:=(0,1¢ T:= {XE (0,19 0<) %< 1},

i=1

a reference rectangle Q and a reference tetrahedron T. Further, for each triangle T € Qy,, and
rectangle K € Qy,, respectively, there exists a map Tt : T — T and Ty : K — K, respectively.
We assume that these mappings are sufficiently continuous differentiable with differentiable
inverse mapping. Then, we define the spaces of continuous, piecewise polynomial functions
as

PQ)={dpeC(Q): poTreP}, Q(Q)={decC(Q): poTeQ}

Further, the spaces of piecewise polynomial and globally discontinuous functions are given
by
Prde(Q) i={p e L2(Q): o Ty € P}, QU¥(Q):={p e *(Q): poT' €Q"}.

We call such finite element spaces isoparametric, if the transformation stems from the same
space as the ansatz functions itself, i.e.

PHiO(Q):={b € C(Q): dpoTy P, Tre P9
In general, we consider isoparametric spaces.

For preparing the analysis of different finite element pairs we cite two often used interpola-
tion results.

Lemma 3.11 (Clement-Interpolation). Let u € H'(Q) and Vi, C H!(Q) be a Lagrangian
finite element space with basis ¢i(xj) = 8;; on the triangulation Q. Then, the Clement-
Interpolation Cr,u € V}, given as

= 1
Cout = Y xi(wdi ) = - L udx,
i=1 1

with the patches P; defined as unions of all elements that touch a node x;
Pi= |J X
KGQh, Xiek

is Hl-stable
IVChull < e Vull Vu € Hi(Q).

It holds
LeQy, f_ﬂf(;é@
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3.2 Stokes elements

Proof. The proof follows by showing stability of the node functionals & (-) and using Bramble-
Hilbert Lemma. See [9]]. O

Remark 3.12 (Interpolation on anisotropic meshes). The Clement interpolation is an H!-
stable operator

IVChullk < cfVullpy,

with a constant ¢ > 0 that does not depend on h > 0. The Clement operator however fails,
if the mesh-elements K € Qy, are anisotropic with hmin(K) < hmax(K). On such elements, it
only holds

hmax ( K)

VChullxk £ c—————=
” n HK hmin(K)

Ve -

An H!-stable alternative to the Clement operator, which is also stable on anisotropic meshes,
is the Scott & Zhang operator. Here, the nodal values are also defined as averages, but
averaging is only applied over edges of elements. This helps to avoid mixing of mesh-sizes in
different directions. See [35] for basics on the Scott & Zhang interpolation operator, and [2]]
for an analysis of interpolation operators on anisotropic meshes. A

3.2.1 Conformal spaces with discontinuous pressure

In this section, we consider conformal ansatz spaces Vi, x Ly, C V x Q with discontinuous
pressure L, C L?(Q). Since these pressure spaces contain the piecewise constant functions,
they possess an important local conservation property: with the choice &, € Ly, with & =1
on K and &;, = 0 for all K’ # K it follows from the divergence-free constraint

0=(V-vn,&n) :J V-vhdx:J n-vydo,
K oK
the local mass conservation. In application problems, local conservation properties are as
important as global approximation properties. We summarize the different elements in
(left panel).

a) The P! — pdc gnd Q! — P09c-elements. These elements are the easiest conform
triangle and rectangle element elements for the Stokes equations. Both elements are not
suitable.

The space of the weakly divergence free functions V}, o contains in the case of the P! — P0-d<-
element almost only the zero. This can be seen in the following construction: we consider
the excerpt form a regular grid with grid size h as shown in Figure At the boundary
let vy, have homogeneous Dirichlet conditions. For the coefficients in the Galerkin ansatz

NY : . NY NY .
Vh = ) ;" Vidy,, let us use the notation v = (vy); ", = ({v}, v}’ };y. Let us now determine

the value v; in the node point x € Qy, (see Figure . For this, let ¢ be the nodal basis
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3 Finite Elements for incompressible flows

]
DY

Figure 3.2: Conformal Stokes elements. Velocity degrees of freedom are denoted by a dot,
pressure degrees of freedom are marked by a cross. Left: elements with discon-
tinuous pressure: non stable P! — P%4¢ and Q! — P%d¢ elements as well as stable
P2 —P%de and the enriched P?>® — P14¢ bulb-element and the Q% — P1:49¢ element.
Middle: elements with continuous pressure: the non stable equal-order elements
P! — P! and Q! — Q!, the mini-element P1:* — P!, the Taylor-Hood elements and
the iso-elements. Right: the stable but non-conformal P1m¢ — P%d¢ and the ro-
tated bilinear element Q™' — P%4¢ (Rannacher-Turek element).

function in P! which is 1 at x and 0 in all other points. On each triangle element K; it holds
that V|k, is constant. It holds (compare Figure3.3)) for the triangles K; and Kp:

1 i
o () el 6)

From the local divergence-free property together with &nlx; = 1 and &n = 0 else it follows:

Vo

on v.vhdx:J viOud + vy d dx = Kl (Viaxd + vPoy ) |
Kj K

) K
j j )

Therefore, it holds:

vi+vy =0, vWw=0 = vi=0

This construction can be repeated for all other triangles. Therefore, it holds

(V-viLén) =0 VEp e PO = v, =0.

The Q! — P%d¢-element produces a larger space Vi, . However, the inf-sup condition is not
fulfilled and therefore the element is not stable. In order to see this, let us consider the kernel
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3.2 Stokes elements

K,

h
Figure 3.3: Computing the space Vi, o for the P! — P%d¢-element.

of the operator grad : L, — V4. It is characterized by:
Kern(grad) ={&, € P*°(Q):  (En, V- dn) =0 Von € Vi}

On a uniform mesh with squares of mesh size h, we choose for an inner nodal point x; € QO
the test function (see Figure|3.4))

w:(é)mwm.

Then, for piecewise constant £k := &y it holds:
(En, V) = Z EKJ V-pdx = Z EKJ n - do.
KeOn K Keon, oK

Outside of a patch of four elements around the nodal point x;, the function is { = 0. With
the notation of Figure[3.4]it holds for arbitrary o and {:

0=""Lot B)+ (et B+ 2o )+ P p)

h
(51 + & —&3— &)

)+
= %(51 Eo— &3+ &) + B

From this, it follows &1 = &3 and &y = &4. With the additional normalization condition of

the pressure, we obtain:
0= enax= ¥ &
KeQn

Therefore, itis &; = &3 = —& = —&4 = & with an arbitrary constant £, € R. Pressure
functions with this alternating pattern qn = £1 lie in the kernel of the operator grad. Thus,
the Stokes equation cannot be solved uniquely and the inf-sup Bedingung does not hold. The
resulting pressure pattern from Figure 3.4]is called checkerboard-pattern.

If we restrict the pressure space Ly, to the complement of the kernel of the operator grad:

Ln:={pn €Ln: (pn,qn) =0: ¥qn € Kern(grad)},
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3 Finite Elements for incompressible flows

Figure 3.4: Checkerboard instability. Patch around the node point x;.

then we can show an inf-sup condition of type

. (En, V- 1)
min max —————— >vh
eneln OneVi [[Enl [[Von||

in this smaller space. The factor h cannot be avoided, such that there is no sufficient (grid
independent) stability. Although the element Q! — PO:de is not inf-sup stable, it is still used
quite often. For the velocity, we have convergence of first order.

b) Quadratic velocities with discontinuous pressures. The preceding ele-
ment did not have enough degrees of freedom in the velocity space (compared to the pres-
sure space) to give stability.

For the following we give a flexible criterion for showing inf-sup stability, see [5]].

Lemma 3.13 (Fortin criterion). Let V;, x L, C V x £ be a finite element pair. Given a H!-
stable projection operator 7y, : V — Vy, satisfying

V|| <c||V| VeV, (V-(b—mnd), &) =0 V€ Ly,

it holds
. (éh? V- cbh)
inf  sup

En€Ln ¢ evy, [Von|l IEnl
where y > 0 is the continuous inf-sup constant in V x £.

—1
= Yh = YCxr,

Proof. Let pn € Ly, C £. It holds with the continuous inf-sup condition

(Ph, V- &) (Ph, V- (d — o)) (Ph, V- o)
< sup P9 + sup PV Th®)
Viall < s = o T S T v ]

As the first part is zero due to the orthogonality of the projection 7y, it further follows with
the stability of the projection
(pn, V- ) [V (P, V- dn)

Yl[prll < sup sup <Cp sup o,
Teev IVl gev VOl T T revi IVORl
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3.2 Stokes elements

Figure 3.5: Modified Taylor-Hood elements P2 — P%4¢ (left) and Q2 — P1d¢ (right). Circles
denote (continuous) nodal values of the basis functions, crosses stand for mono-
mial values of a discontinuous approach.

as pd € Vh. OJ

For some elements the Fortin criterion Lemma helps to show inf-sup stability:

Lemma 3.14 (Modified Taylor-Hood elements with discontinuous pressure). The P? — P0:de
and Q2 — P14¢ elements are inf-sup stable.

Proof. See Figure 3.5|for a sketch of these two element pairs. We construct a projection op-
erator 7y, : V — Vj, that has both properties, H!-stability and the required orthogonality.

(i) The triangular element. We construct 7, as mp = Cp + Ep, where Cy, : V — V}ll is the
Clement operator from Lemma [3.11]interpolating to the space of piecewise linear functions.
This space has three degrees of freedom (for every velocity component) and fixes the three
nodal points of a triangle. This operator Cy, satisfies

IVCrvllk < c[[VVi[px),

where P(K) is a patch of elements around K. See Lemma for details. It remains to fulfill
the orthogonality condition. As the pressure space is discontinuous, it holds on every K
choosing by &, = 1 on K and &, = 0 elsewhere:

(V- (v— tv), ) —j

V~(v—7‘thv)dX—J n- (v—mv)do.
K

oK

For mty, := Cy, + Ep one condition is imposed on every edge e € 0K:
J n-Epvdo :J n- (v— Cnv)do.
e e
This is easily established by the remaining degrees of freedom (two per edge).

(if) The quadrilateral element. We define the projection as 7y, := Cp +Epn +Bp, where Cy, again
is a H!-stable Clement interpolation, E, takes care of the edges and By, of the additional
middle degree of freedom. For the orthogonality it holds for £x € Ly, with £k = 0 for all
K’ #£ K:

(V- (v—=mtnv),&n)k = —(v —mnv, VEr )k + LK n - (v—rmpv)&n do.
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3 Finite Elements for incompressible flows

As &, is piecewise linear, V&), € R? is a constant vector on every element. The two inner
degrees of freedom are used to define the operator By, via

J BhvidXZJ Vi—T[hVidX, 121,2.
K K

Finally, &, € Ly, is a linear function on every edge e € 0K, and the two remaining degrees
of freedom are required for satisfying

J (Il . EhV)(t_,h do :J n- (V— 7ThV)((_,h do.

e

O

The Q2 — P14¢ element is an excellent mixed finite element for the discretization of in-
compressible flows. Quadratic velocities are a good compromise between high accuracy
at acceptable computational effort (as the effort is increasing in powers of the polynomial
degree). Discontinuous pressures give local conservation. Finally, in the context of fluid-
structure interactions, discontinuous pressures simplify the coupling to a possibly incom-
pressible solid that also has a pressure variable (the coupling between two pressures at the
interface is discontinuous). See [40, 41]] for applications.

The P2 — P%4< element is not order optimal. Despite the quadratic velocities we obtain be-
cause of the low order in the pressure only

V(v =vi)l[ + [lp —prl = O(h).

c) The enriched bulb element P2 —pldc The P2 _ pldcglement is not stable. In
order to achieve stability, we need to enrich the velocity space: in each triangle K we define
the bulb-function (here in the reference triangle K)

by (x,y) =xy(h —x —y),

which vanishes on the boundary of the triangle and we add inner degrees of freedom:
Vy = [P2 + span{Bxby, K € QK}]Q.

The pressure is piecewise linear, i.e. V§&}, is a constant for each element K € Qy,. The orthog-
onality condition for 7t now gives us for the velocity components:

J v—mpvdx =0 VK e Qy,

K

J sn - (v —mv)do =0 Ve € On, Yxn € Pl(e)
e

We construct the operator 7y, as:

7y := Ch + En + B,
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3.2 Stokes elements

where C}, denotes the Clement-Interpolation (determines the outer degrees of freedom), Ey,
is the mean value on the edges (1 degree of freedom for each edge) and By, defines the mean
value in each element. Altogether we have 6 4 1 = 7 degrees of freedom for the triangular
element and 9 for the rectangular element. For each edge we can only set one value, the
pressure & however is linear on the edge, so determines two conditions. If we use instead
of Cy, the nodal interpolation I, it holds:

J XnBrvdo = J Xh(V — IhV) do WVxn € pPL.
e e

Using the fact that the interpolation error vanishes in the corners v(xi) = I,v(xi), the edge
condition is well defined.

The Q? — P14¢ and the P%? — PLd¢ element are inf-sup stable and order optimal O(h?).

d) Further conformal elements with discontinuous pressure. In general,
the elements P* — P*=24¢ a5 well as the elements Q% — P*~14< are inf-sup stable for k > 2.
The Q2—P14¢ element is used very often because of the advantages: local mass conservation
due to discontinuous pressure and optimal convergence order for sufficient regularity:

IV(v —=vn)|| + [p —prll = O(h?)

The mass matrix in the pressure ansatz space is a block diagonal matrix without coupling
between different elements. This will play a role in the discussion of suitable solution meth-
ods. Further, the enriched PP — Pk—Ldc glements are stable. Stability can be shown with
Lemma using a construction of a suitable projection operator. The generalization to
three spatial dimension has to be treated seperately for most elements. Often, the enrich-
ment with several bulb-functions is necessary.

3.2.2 Conformal spaces with continuous pressure

If we choose for the pressure space L, C L3(Q) a continuous space L, C C(Q), we do not
have local mass conservation. These spaces have a smaller number of degrees of freedom
(and therefore a smaller solution complexity) and have the practical advantage that velocity
and pressure spaces can be treated similar. In Figure 3.2 we show some of them.

a) The P! — P! and the Q! — Q! element. These elements do not fulfill the inf-sup
condition. This holds true for all equal-order elements with the same approximation degree in
the velocity and pressure. The proof can be done using a non-trivial kernel of the operator
grad as in the case of the Q! — pO.de. However, the proof is more involved, since there is no
more a unique mapping from a pressure test function to one element each.
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3 Finite Elements for incompressible flows

b) The Mini-element P'* — P!, Following the argumentation of the P1:® — P%-dc gle-
ment, we enrich the velocity with one bulb-degree of freedom:

Vy, == [P @ span { <E§> bk, K e Qh} .

This element is called Mini-element. The stability proof follows again with the Fortin criterion
Lemma Due to the continuity of the pressure space, we now have for py, € L, and
Vh € Vi

(Ph, V- vi) = —(VQqn, vh).

For the projection operator 7y, the additional condition
(th, vV — 7'[h\)) =0

has to be fulfilled. For this, the additional two bulb-degrees of freedom (B}, B}, ) are available
for each element. The finite element approximation with the Mini-element converges linear.
The enriched P¥? — P*~! elements are inf-sup stable.

c) The Taylor-Hood elements P> —P! and Q?— Q!. These elements are used very
often. They are inf-sup stable. The proof of the stability is very involved. The Taylor-Hood
elements can be defined immediately on tetrahedrons and cubes in three dimension. The
generalization Q% — Q! is stable for each k > 2. The triangular elements P¥ — P*~2 is
stable for k > 3 with order difference of 2.

d) The Q! —iso Q!-element. This class of elements takes a special role: the velocity
space Vi, is the spcae of piecewise bi-linear functions on the mesh Qy,. Thre pressure space
is build from piecewise bi-linear functions on the mesh Qs i.e. on patches of elements. This
ansatz is inf-sup stable and the convergence order

IV(v = vl + lIp = pull < ch([V2v]| + [[Vp).

holds. This is not optimal. Because of the definition of the pressure on macro elements, this
ansatz produces many matrix entries, comparable with the Q? — Q! Taylor Hood element,
but delivers alower convergence rate. However, this space will play a role in the construction
of stabilized finite elements. In general, the spaces Q" — iso Q* fulfill the inf-sup condition,
likewise the triangular elements P¥ —iso P* and the generalization to the three dimensional
case. Again, the proof of the inf-sup stability can be derived with local arguments using the
Fortin criterion.

3.2.3 Non-conformal elements

In order to enable finite element ansatz spaces with preferably low polynomial degree, non-
conformal elements play a role. The lowest order elements P* —P%4¢ and Q! —P%4¢, respec-
tively, turn out to be not inf-sup stable. Here, the velocity space is too small in comparison
to the pressure space.
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Let us illustrate this in the case of the Q! — P%4¢ element: let us assume that the mesh
consists of N rectangles. Each rectangle has on degree of freedom for the pressure (i.e. N
total) and 4 degrees of freedom for the velocity. Each velocity degree of freedom is shared
with the four adjacent elements. This means, there are 2N degrees of freedom in total for
the velocity.

Instead of demanding continuity of the velocity vy, in the corners (and by this along the
whole boundaries), we prescribe nodal functionals at the middle points of the edges. The
resulting function is continuous in those points but not in general along the whole edge, i.e.
v & Hy(Q)4. Each rectangle has 4 degrees of freedom for the velocity, but those are shared
only with 2 adjacent elements. Altogether, we obtain 4N velocity degrees of freedom and N
pressure degrees of freedom. It turns out that this space actually is inf-sup stable.

On rectangles, we define a local ansatz space through the basis given by

Ql’mt = Span{la XY, x* — 92}

The special basis function x> — y? instead of xy is necessary for the construction of an uni-
solvent ansatz. It holds for all four nodes xi; = {(—1)*, (—1)’} of the rectangle K = (—1,1)?
that x - y = 0. This element results from a rotation of the Q!-ansatz by 45°.

Due to the non-conformity, a lot of difficulties have to be tackled. We have to define differ-
entiation operators piecewise:

(Vhvh)ik == V(vhik), VK€ Q.
We look for a solution vy, € Vy, and py € Ly, with

(Vivh, Vidn) — (Pr, Vi - dn) = (f,dn) Vor € Vi
(Vh-Vh,&n) =0 Vén € Ly.

The most prominent non-conformal Stokes elements are the P17 —P%:d¢ and the Q1rot — pOde
element. The latter one is called rotated bilinear or Rannacher-Turek element, see Figure For
both elements, the degrees of freedom are prescribed on the middle of each edge. Thus, the
velocity space is bigger than in the case of the conformal P! — P%d¢ and Q! — P¥d¢-elements
since each edge is shared by only two elements.

Theorem 3.15. The non-conformal P}"¢—P?-d¢_element as well as the rotated-bilinear Q' —
PY%dc_element are inf-sup stable.

Proof. A detailed proof is an exercise. According to the Fortin criterion, one has to define an
interpolation operator for which the orthogonality property

(En, V- (v—mpv)) V& € Ly,

is fulfilled. Technical differences will appear since for v € Vi, no conformity holds true.
O
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Theorem 3.16 (Non-conformal Stokes elements). The non-conformal Stokes elements P1¢—
POde ag well as Q1o — PO-de fylfill the inf-sup condition with a constant independent of h. If
v € H2(Q)4 and p € H}(Q) the following error estimates hold true:

IV(v —=vr)l + [Ip = prll < ch([V?v][ + [V,
and
lv = vnll < ch?([V2v] + [ Vpl).
Proof. We only give a sketch of the proof. The inf-sup condition was already proven in
Theorem B.15

The proof of the error estimate is difficult due to the lack of the Galerkin orthogonality.
Instead of Lemma it only holds for the error e, := v — v and efl =P —DPn:

(Vher, Vaon) — (€Y, Vi - dn) = (VV, Vhdn) — (p, Vi - dn) — (£, dn).
We define the rest term

(Vv, Vion) — (p, Vi - Vo) — (f, dn)
PrEVR [Vidnll

This conformity error does not vanish and has to be estimated. Using integration by parts
and —Av + Vp = f (in the [ 2-sense) it holds:

(9%, Fndn) = (9, T 6n) = () = 3 | (@nv—pu)- .o,

KeQy oK

Jede Kante e € 9K ist entweder gemeinsame Kante von zwei benachbarten Elementen oder
Kante auf dem Rand des Gebietes e € 0Q). Diese “au”seren Kanten m”ussen wir nicht
weiter beachten, da hier im Fall von Dirichlet-Randwerten ¢ = 0 gilt.

Es bleiben die inneren Kanten, die stets als Paar auftauchen. Wir gehen davon aus, dass Vv
und p entlang der Kanten stetig sind. Dann gilt wegen n = —n’ von den beiden Seiten:

(9%, Vi) = (9, T 0n) = (L) = 3 | (0v—pu)linldo,

GEQh aK

wobei wir mit [¢pn] den Sprung der (unstetigen) Testfunktion “uber den Rand bezeichnen:
[Pnl(xe) = lrﬁ% $n(xe +nh) — dn(xe —nh), xe €e.

Die Funktion ¢+, ist auf e linear und stetig im Mittelpunkt, es gilt also

J (] do = 0.
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Wir k”onnen somit im Skalarprodukt beliebige konstante Funktionen einf”ugen, etwa P (9, v—
pn), die L2-Projektion von 9,,v — pn auf den Mittelwert (“uber die Kante e):

J (Onv —pn) - [pnldo = J ((anv —pn) — Pe(0nv —pn)) : ([d)h] - Te[‘bh]) do

e

Mit der Fehlerabsch”atzung f”ur die L2-Projektion gilt

J ((3nv—pn)—Pe(dnv—pn))- ([dr]—Peldpn]) do < ch(||V>V[|k,uk, + VPl ki) [ VR [k UKo

e

wobei K; und K, die an e grenzenden Zellen sind. Zusammen folgt f”ur den Konformit”atsfehler
R™(v,p) < ch,

also ein zus”atzlicher Fehler, welcher den Energiefehler nicht dominiert.

Auf Basis dieser gest”orten Galerkin-Orthogonalit”at kann die A priori Absch”atzung f"ur
Energienorm und L2-Norm nachgewiesen werden.

O]

3.2.4 Praktische Aspekte verschiedener Stokes-Elemente

Allgemein betrachten wir nun Finite-Elemente Paare V}, x Ly, gegeben mit Basisfunktionen
Vi = span{d)%l, i=1,...,Ny}, Lnp:= span{&%, i=1,..., NE}.

Die Systemmatrix kann wird “ublicherweise in Blockform geschrieben als

A B
a(48).

Dabei sind die einzelnen Matrixbl”ocke A € RNW*Nk sowie B € RNW*Ni d”unn besetzt. Es
zeigt sich, dass auf einem gegebenen Gitter die Dimension der Matrizen aber insbesondere
die Anzahl der von Null verschiedenen Eintr”age in der Matrix stark variiert. Im Folgenden
werden wir die Vernetzungsstruktur der Matrix f”ur einige Finite-Elemente Paare genauer
untersuchen. Hierzu betrachten wir exemplarisch zwei einfache Tensorprodukt-Gitter, wie
in Abbildungdargestellt. Die Gitter bestehen jeweils aus N x N Knoten und somit (N—1) 2
Vierecken oder 2(N — 1)2 Dreiecken.

Die nicht-stabile P! — P! sowie Q! — Q!-Elemente F’ur die Dimensionen der
R”aume gilt N}, = 2N sowie N¥ = N. Wir beginnen mit der Matrix A. Die Knotenbasisfunk-
tion ¢} koppelt jeweils mit sich selbst, sowie mit den angrenzenden 8 Knoten im Fall eines
Vierecksgitters und den 6 Knoten im Fall des Dreiecksgitters. Weiter existieren zu jedem Git-
terpunkt jeweils zwei Basisfunktionen f”ur die beiden Komponenten der Geschwindigkeit
(d = 2). Wir gehen hier davon aus, dass die beiden Geschwindigkeitskomponenten “uberall
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Figure 3.6: Strukturierte Tensorprodukt Gitter bestehend aus N? Knoten und (N — 1)?
Vierecken, bzw. 2(N — 1)? Dreiecken.

miteinander koppeln. Dies ist bei den Stokes-Gleichungen nicht der Fall, jedoch sp”ater bei
den nichtlinearen Navier-Stokes Gleichungen. Somit koppeltjeder der 2N Geschwindigkeits-
freiheitsgrade in A mit 18 Freiheitsgraden auf Vierecksgittern und 14 Freiheitsgraden in
Dreiecksgittern. Hinzu kommen in der Matrix B weitere 9, bzw. 7 Kopplungen zu den be-
nachbarten Dr”ucken. Insgesamt hat die Matrix A}, somit 9N? Eintr”age mit insgesamt 72 N
von Null verschiedenen Eintr”agen im Falle eines Vierecksgitters und 56 N auf Dreiecksgit-
tern.

Das stabile P1:*—P! Mini-Element Hier vergr”o”sert sich die Dimension des Geschwindigkeit-
sraums zu Ny, = 2N + 4(N — 1) = 6N 4 O(1). Jeder der zus”atzlichen 4(N — 1)? Freiheits-

grade koppelt zu den 6 Geschwindigkeiten und 3 Dr”ucken im Dreieck. Somit ergibt sich

die Gesamtdimension von Ay mit 6N? + O(N) Zeilen und Spalten bei insgesamt 52N? +

26N2 + O(N) = 78N? + O(N) von Null verschiedene Eintr”age.

Das stabile Q2—Ph4¢ Element Die Matrix A hat 2N? Geschwindigkeitsfreiheitsgrade
auf Gitterknoten, 2(N — 1)2 = 2N? + O(N) Freiheitsgrade in Zellmitten und 4N(N — 1) =
AN?2+0O(N) Freiheitsgrade auf den Kannten. Wir bestrachten stets nur die wesentliche Ord-
nung, vereinfachen also zu N}, = 8N2. Betrachtet man die jeweiligen Tr”ager der Basisfunk-
tionen, so koppeln die 2N? Eckenfreiheitsgrade zu 2 - 25 weiteren Geschwindigkeitsbasis-
funktionen, die 2N? inneren Freiheitsgrade zu 2-9 Basisfunktionen und schlie”slich die 4N?
Kanntenfreiheitsgrade zu 2-15. Zusammen ergeben sich f”ur die Matrix A insgesamt 256N 2
von Null verschiedene Eintr”age.

Hier ist der Raum Ly, unstetig mit 3 Freiheitsgraden pro Viereck. Es gilt somit N} = 3(N —
1)2 = 3N2 + O(N). Wir z”ahlen die Kopplungen: Jeder der 2N? Eck-Freiheitsgrade des
Geschwindigkeitsraums koppelt zu 4 - 3 Druckfunktionen. Die 2N? inneren zu 3 Basisfunk-
tionen und die 4N? Kanntenfunktionen zu 6 Freiheitsgraden im Druckraum. Die Matrix B
hat somit 54N? von Null verschiedene Elemente.
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3.3 Stabilized finite elements for the Stokes equations

Insgesamt ergibt sich f”ur Ay, die Dimension 11N2 x 11N? bei 364N? + O(N) von Null ver-
schiedenen Eintr”agen.

Das stabile Ql°t — PY Element Abschlie”send behandeln wir noch einen nicht-
konformen Fall. Hier verf”ugt der Geschwindigkeitsraum “uber Ny, = 4N(N —1) = AN? +
O(N) Freiheitsgrade auf den Kannten. Jede dieser Basisfunktionen koppelt mit 14 weiteren
Geschwindigkeitsfreiheitsgraden und mit 2 der insgesamt N} = (N —1)? = N2 + O(N)
Druckfunktionen. Somit ergibt sich eine Matrix Ay, der Dimension 5N? x 5N2 mit 72N? von
Null verschiedenen Eintr”agen.

3.3 Stabilized finite elements for the Stokes
equations

A problem of the finite element pairs for the Stokes equations which we have considered
so far is the relatively high effort for the construction and administration of stable ansatz
spaces. The inf-sup condition has to hold true and the velocity and pressure degrees of
freedom have to be handled differently. However, the choice of ansatz spaces of the same
order for the velocity and the pressure leads to a non inf-sup stable discretization. Such
an equal-order-discretization, however, would simplify the implementation a lot since all so-
lution components v]",L fori = 1,...,d and pn could be represented with the same finite
element basis ¢! fori=1,...,Nas

N
up ={vn,pr}, un =) widj, ueRI
i=1
In the Fortin criterion Lemma the operator 7, : V — Vj, needs to fulfill H! stability
and an orthogonality property. This is not possible for equal-order elements. We consider
the critical part in the proof and formulate a Clement interpolation for py, € Ly, C £ with
conformal and globally continuous ansatz spaces

Yionll < sup (pn, V- (¢ — Crd)) + sup (Pn, V- Chd) [VCr||
bev V| vev  IVCrd| [V
< sup Z (Vpn, & — Chd)k te sup (pn, V- dn) (3.15)
PV 5, V]| previn  [IVOR|

The boundary terms of the integration by parts vanish due to the continuity of V}, and L.
Using the interpolation property for the Clement interpolation it follows

V- |V v
Ylpnl <c sup (Pn, V- bn) + ¢ sup Z hy VPRl [Vépy

oneve  IVORI oevV i En. V]|
v 2
<c sup (Pr, V- on) S el |
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3 Finite Elements for incompressible flows

where hx denotes the diameter of the element K € Qy,.

Lemma 3.17 (Modified inf-sup condition). Let Vi x Ly C V x £ be a finite element pair
with continuous pressure. Then, for py, € L, the modified inf-sup condition

2

(pn, V- dn)
Yallpull < sup = —== 4 [ Y ([ Vpnllk | (3.16)

holds true with a constant vy, =v/(¢).

This Lemma [3.17)is the basis for stabilized finite element methods. For the proof of existence of
a unique solution we consider the approach of using a problem specific norm ||-|| (compare
Lemma [2.30)) and choose here:

IUnll = [ [Vvall* + llprl®+ Y &IVl
KeQn

Before we can introduce stabilized finite elements, we require a further auxiliary result:

Lemma 3.18 (Inverse estimation). For py, € Ly, with fQ pn dx = 0 the following estimation
holds true

Y hilVenlk < clpnl?®
KEQh

Proof. The proof uses the equivalence of norms in finite dimensional spaces. Using the trans-
formation to reference elements Tk : K — K we get:

> hQJ Vpr(x)Pdx= ) hQJ det(VTk)IVpr (x) dx.

KeQy KeQOyn

With x = T (X) and pn(X) = pn(x) it holds

> hij Vpr(x)Pdx= > hg J det(VT) VT "V dx.
KeQy, KeOy K

For regular finite element grids it holds
det(VTx) ~ he, VT T~ VTt~ h

Together, this leads to

Y w[ WpnboPdx<e 3 ndIvpul:.

KeOQn K KeOn
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3.3 Stabilized finite elements for the Stokes equations

Further by expanding the seminorm to a norm and using the norm equivalence on finite
dimensional spaces, we have

KeQn KeQn KeQyn

The result follows by back transformation on K with det(@T]Z 1)~ hid O

Theorem 3.19 (Stability of the modified Stokes equations). Let Vi x Ly, C V x £ be a con-
formal finite element pair. Then, the modified Stokes problem

(Vvi, Vo) — (pn, V- dn) = (f,dn)  Von € Vi,

(3.17)
(V-vn, &n) + sh(én,pr) =0 Vén € Lh.

with stabilizing term sy (&n, pn) = “ZKth h%((Vph, V&n)x has for each & > 0 a unique
solution (vp, ph) € Vh x L. The stability condition holds:

IVvill + ol + [ & D hilIVenl® | <clfll
KeQn

Proof. Existence of a solution follows from the injectivity. Testing with ¢y, := vy, and &}, :=
pr and adding both equations leads to the estimation

2
C 1
Vol e 3 Rl = (,va) < el IVl < ZE* + 519wl
KEQh
& [[Vvn®+2 & ([Vpnlk < cplf]?
Vh X K ph KX C'P .
KGQh

Using the auxiliary result Lemma it holds

IURIZ = [VvRl® + l[pnl* + D ahi[[Vpnllk < cllf]*.
KeQy

For f = 0 it follows Uy = {vi, pn} = 0, i.e. uniqueness of a solution. O

Using piecewise linear finite elements for the velocity and the pressure, we obtain optimal
order a priori estimates:

Lemma 3.20 (A priori error of the modified Stokes equations). For the modified Stokes
problem (3.17)) with p € H!(Q) and v € H?(Q) the following a priori estimates hold true

ch(|[V?v(| + [ Vpl)

Vv =vn)l[ +[lp —pnll <
< ch?(| V2] + [[Vpl).

[V = v
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3 Finite Elements for incompressible flows

Proof. The proof is a modification of Lemma(3.7] Note that we here have a modified Galerkin
orthogonality in the divergence equation

(V- (v=vn),&n) =« Y  hi(Vpn, Vén)k.
Keoy,

O

Due to the stabilization term there appears an error term of first order which does not de-
pend on the degree of the finite element ansatz spaces Vj,, L, but comes from the modifi-
cation of the Stokes equation. For ansatz spaces of higher order, e.g. P? — P? the modified
Stokes equation has a unique stable solution, but the convergence is limited by the linear
order term.

Another weakness of the stabilized form is the introduction of a higher regularity for the
pressure. The stabilization term also leads to an unphysical boundary condition:

D> ahy(Vpn, VErlk = ) Oéhi{— (Aph,rih)K-i-J anPhEth}-

KeQn KeQp oK

The boundary terms vanish within the domain, but do not vanish on the boundary of the
domain 9Q). This artificial boundary condition falsifies the flow profile, see Figure For
hk — 0 the influence on the flow reduces.

Further, the correct choice of the stabilization parameter « is often critical. The parameter
influences the stability of the method - and has therefore influence on the convergence of
linear solvers. It also determines the constant in the error estimation. The correct depen-
dency of « on the viscosity can be computed as follows. Let us assume that & is a suitable
parameter for the case v = 1:

(Vvn, Von) — (pr, V- dn) = (£, dn)

(V-vi&n)+ & ) hi(Vpn, VEn) =0.
KEQh

Multiplication of the first equation with v gives with py, := vpy and f := vf:

V(Vvh, Vénr) — (P, V- dn) = (£, dn)
(V- vi &) + 0 Y hE(Vpn, VEn) =0.
v KeQy

2
The correct scaling of the stabilization is therefore %
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3.3 Stabilized finite elements for the Stokes equations

T

Figure 3.7: Channel flow with stable finite elements (left) and with the stabilized form
(right). Along with the velocity vectors, the pressure isolines are illustrated.

3.3.1 The consistent PSPG-form

The consistency error in the pressure stabilization is of first order and will dominate the
error if higher order finite elements are used.

We can tackle this issue by considering a fully consistent stabilization approach. We consider
the following stabilized Stokes problem:

(Vvi, Vo) — (pr, V- dn) = (f,dn)  Vdn € Vi,

(3.18)
(V-vi, En) + snl(&npn) = gnl(én) V&n € Ly,

with stabilizing term sy (&, pn) := “ZKth hQK(Vph, Vén)k and the form

gn(En) =a Y  hi(f+Avy, VEp)k.
KEOn

If we insert the continuous solution {v,p} € C?(Q)¢ x C}(Q) in the second equation of
(3.18]), the stabilization terms vanish. It can be shown that this approach leads to a stable
discretization of the Stokes problem for all equal order ansatz spaces.

This stabilization method can also be derived in form of a Petrov-Galerkin method by testing
the classical Stokes problem with the test function

Pn = dn + ah? V.

The approach is therefore often called Pressure Stabilized Petrov-Galerkin, or PSPG. For more
details we refer to e.g. [23]].

3.3.2 Stabilisierung mit lokalen Projektionen

Eine alternative Stabilisierungsmethode ist die Methode der Lokalen Projektionen (LPS) von
Becker und Braack [3]]. Sie ist eng verbunden mit der PSPG Formulierung. Hier war der
konsistente Stabilisierungsterm definiert als:

S(Up, ®n) = Y ohig(Vpn, VEnlk — D ahi(f + Avi, VEn)k.
KeQn KeQy
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—
_— I~

\
/

T~

T~

Figure 3.8: Finite Elemente Gitter 1, (d”unne Linien) mit zugeh”origem Patchgitter O
(dicke Linien).

Die Idee der Projektionsmethode ist, dass strenge Konsistenz nicht notwendig ist, um eine
optimale Fehlerordnung zu erreichen. Stattdessen muss der Konsistenzfehler lediglich klein
genug sein, so dass er den gesamten Diskretisierungsfehler nicht dominiert. Weiter beobachten
wir, dass Stabilit”at durch den ersten Term, also durch }_ h% (Vpn, V&n) erzeugt wird. F”ur
kleine h gilt Vpy ~ f 4 Avy,. Statt diesem Konsistenzterm f”ugen wir also eine Approxima-
tion an Vpy, ein, welche wir hier Vpy, nennen:

S(Un, @) = Y oahi{(Vpn, Vén)k — (Vpr, VEnlk |-
KeQn

Wichtig wird lediglich sein, dass der Fehler Vpyn — Vpy, mit richtiger Ordnung in h gegen
Null geht. Wir betrachten zun”achst den Fall linearer Elemente in Geschwindigkeit und
Druck und w”ahlen f"ur Vpy, die Projektion von Vpy, auf die patchweise konstanten Funk-
tionen. Hierzu sei das Gitter in folgender Weise konstruiert:

Definition 3.21 (Gitter mit Patchen). Es sei Q}, ein Finite Elemente Gitter mit Patch-Struktur:

7”7

Zu Qy, existiert ein Grobgitter O, so dassje m Elemente Ky, ..., Ky € Qp durchregelm”a”sige
Verfeinerung eines Elements P € Q1 erzeugt werden.

Abbildung 3.8|zeigt Beispiele f”ur “ubliche Patchgitter.
Wir definieren den Raum der patchweise konstanten Funktionen
Qp={£€1*(Q)%, £ R,
und die L?-Projektion nach Qp:
VpeQp: (Vp, ) =(Vp, Vi) V€ Qp.
Aufgrund der Orthogonalit”atseigenschaft der L2-Projektion gilt

S(Un,®n) == )  ohi(VPh—Vpn,Vir)p = > ahg(Vpn — Vpn, Vin — Vin)p.
PGQH PGQH

F”ur diese erste Form der LPS-Stabilisierung gilt der folgende Satz
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3.3 Stabilized finite elements for the Stokes equations

Satz 3.22 (LPS-Stabilisierung f”ur lineare Finite Elemente). Es sei V}, x Ly der Raum der
linearen Finiten Elemente. Dann existiert zu jedem f € L?(Q)9 eine L”osung von

(Vvi, Von) — (pn, V- On) = (f, dn) Von € Vi,

(V-vi, Vor) + D) ochi(Vpn— Vpn, Vén — VEr)p =0 Vén € Ln.
PeQy

Diese L”osung erf”ullt die Stabilit”atsabsch”atzung

IVvRl® + pnl® + ) h&lIVPn — Vprlik < [,
KEQh

sowie auf konvexen oder glatten Gebieten die a priori Absch”atzung

(V2| + [[Vpl)),
R (V2] + ([ Vpl).

Vv =vn)l[ +llp =pnl <c

[v—=vnl <c
Bewers: Der Beweis zu dieser Aussage findet sich in [3]]. Wir verzichten hier auf eine Wieder-
gabe und werden sp”ater eine abstrakte Variante der LPS-Methode vorstellen. O

Die bisher vorgestellte LPS-Methode ist nicht konsistent, da im allgemeinen Sy (-, p)(-,p) #
0, sie verf”ugt jedoch "uber st”arkere Konsistenzeigenschaften als die einfache Druckstabil-
isierung. Im Fall p € Qap, falls der (kontinuierliche) Druck im Raum der linearen Finiten
Elemente auf dem Patchgitter liegt, so verschwindet der Stabilisierungsterm. Dies zeigt sich
auch in der zus”atzlichen Norm, bzgl. der die L”osung Stabilit”at aufweist:

K

welche etwas schw”acher ist, als die Norm der Druckstabilisierung. Schlie”slich f”uhrt die
LPS-Methode zu einer geringeren Verf”alschung der L”osung an R”andern. Die Darstellung
auf der linken Seite in Abbildung [3.7|korrespondiert zu einer LPS-stabilisierten L”osung.

Im Anschluss betrachten wir nun einen allgemeineren Zugang zur LPS-Methode, welcher
es uns auch erm”oglichen wird, Satz zu beweisen und sich auf Ans”atze beliebiger
Ordnung “ubertragen werden kann. Konsistenz wird wieder nur im schw”acheren Sinne
gefordert: Der Konsistenzfehler darf den Approximationsfehler nicht dominieren.

Die allgemeine LPS-Methode basiert auf der Projektion des Drucks 7, : Ly, — Ly in einen
inf-sup stabilen Ansatzraum Vi x Ly. Der Stabilisierungsterm wird so definiert, dass er
den Unterschied zwischen Druck py, € Ly und projiziertem, stabilen Druck mtppn € Lh
“bestraft”.

Satz 3.23 (Allgemeiner Stabilit”atssatz f”ur die LPS-Methode). Es sei durch Vy x L}, ein
konformes, inf-sup stabiles Finite Elemente Paar mit inf-sup Konstante ¥y, > vy > 0 gegeben.
Weiter existiere ein diskreter, L2-stabiler Projektionsoperator 7t : Ly, — Ly

7Pl < cxllpnll VP € Li. (3.19)
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3 Finite Elements for incompressible flows

Schlie”slich sei durch Sy, : Ly x Ly eine Stabilisierungsform gegeben, welche den Projek-
tionsfehler beschr”ankt: )
[Ph — TthPhll < caS(ph, Pr)Z. (3.20)

Dann gilt die modifizierte inf-sup Bedingung

- (pha v . d)h)
Yullpnll < sup ——=——
drevi IVl

sowie die Stabilit”atsabsch”atzung

[

+ (1 +Ynex)S(ph, pr) 2,

' Slﬁ‘P {A(Up, @n) + Sh(Un, @)} = cllUnll, YUn € Vi x Ly,
Dyl =1

mit der Norm
U IZ = || Vvn|® + Y2 Iprl? + S(pr, pr)-

Bewers: (i) Wir weisen zun”achst die modifizierte inf-sup Bedingung nach. Es sei p, € Ly,

beliebig. Dann gilt mit (3.20]

[SIE

o T , V-
Ionll < llmnprll+ [pn — Tnprll < ¥t sup PRV @n) o g o

onevi  [Von]

- (Pr,V-dbn) -4 (Ph — TthPh, V - Or) 1
<Yp! osup = 491 sup + CS(Pn, Ph)2
" drhEVH Hvd)h” n brhEVH ”vd)h” i

<Yy sup + (V1" + cn)S(ph, pr) 2.

onevi,  [[Vonll

(if) Der Nachweis der Stabilit”atsabsch”atzung erfolgt analog zu Satz ??. Wir testen zun”achst
diagonal mit (1)%1 = {vn, pn} und erhalten

A(Un, @) = v||[Vvi|? + S(ph, pn).

Jetzt w”ahlen wir zu py, € Ly, ein vi, € V}, mit ||v|| = 1 und der Eigenschaft

[N

Yrllphll < (Ph, V- V1) + (1 + Yrer)S(ph, pr) 2.

Dann gilt f’ur ®% := {—||pn||Vn,0} bei mehrfacher Anwendung der Young'schen Ungle-
ichung
A(Un, @3) = [[pnl] ( —V(VVh, VVh) + (pn, V- f’h))
- - 1
> ol (VIV¥R ]+ Fnlpnll = (1 + Frex)S(pr. pr)?)
||2 o (1 +'3~/hcﬂ)2

- 2
Yh 2 VvV
2 0 - < VV S( ) )
4 [Pnll Yh” h n Ph;Ph
Wir kombinieren nun @y, := (D%L + e®?, wobei
. - . { 1 1 }
=Ypming —, ————— ¢.
h v’ 2(1+ Yncn)?
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Dann gilt
v 2 -2 1 2
A(Un, @n) + S(Un, @n) = S[[VVR]l” + evpllpnll + 5S(pn, pn)7,
mit ¢ = €/yr. Im Allgemeinen k”onnen v und vy, als klein angenommen werden, so dass
gilt c = % Die Ungleichung folgt mit Teilen durch || O+, |l;,. ]
Aus diesem Satz folgt als direktes Resultat:
Satz 3.24 (Allgemeiner Existenzsatz f”ur die LPS-Methode). Unter den Voraussetzungen

von Satz existiert eine eindeutig bestimmte L”osung {vh,pn} € Vh x Lp, welche die
folgende Stabilit”atsabsch”atzung erf”ullt:

IRl = VIVVRI® +vilpnl® + S(pr, pr) < evIE]1%

Bewers: Die Existenz einer L”osung folgt aus der Eindeutigkeit, welche unmittelbares Resul-
tat von Satz ist. Weiter gilt f”ur diese L’ osung

1
clitnlly, < sup {A(Un, ®R)+S(Un, @)} = sup  F(@R) <cpv 3| sup [l
MOl N ®nlll,=1 @l =1

0

Schlie”slich k”onnen wir f”ur die allgemeine LPS-Methode eine abstrakte a priori Absch”atzung
f”ur den Diskretisierungsfehler herleiten. Aus technischen Gr”unden ben”otigen wir f”ur
diesen Satz eine Cauchy-Schwarz ”ahnliche Ungleichung f”ur den Stabilisierungsterm S(-, -).
Sp”ater, bei der Analyse konkreter Methoden wird sich diese Ungleichung einfach nach-
weisen lassen.

Satz 3.25 (Approximation der LPS-Methode). Es gelten die Voraussetzungen von Satze
Zus”atzlich erlaube der Stabilisierungsterm die Absch”atzung

S(pr, qn) < S(Pr, Pr)2S(qn, qn)2. (3.21)

Dann gilt f”ur die L"osung der LPS-stabilisierten Stokes-Gleichungen die Approximation-
seigenschaft

N

1 ~ . . .
v2||[V(v—vp)|| + Vnllp — prll < C<|||u —ipUlly, + Sh(inp, inp)

mit einem Interpolationsoperator i : V x Q — Vi X L.

Bewers: (i) Wir teilen den Fehler E}, := U—U}, wieder auf in Interpolationsfehler U—iy U und
Projektionsfehler iy, U—Uy,. F”ur den letzteren gilt zun”achst mit der Stabilit”atsabsch”atzung

linU—=Upll<c sup (A +S)([inl—Up, Dn).
[|DwIlly,=1
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Figure 3.9: Gitter mit Patch-Struktur.

Es gilt nun mit der gest”orten Galerkin-Orthogonalit”at

(A+S)(inU—Up, @) = (A + S)(U—Up, Pp) — (A +S)(U—1ipU, Oy)
=S(U, 0y ) —S(U—1ipU, @) —A(U—i U, Oy)
=S(inl, Op) —A(U—i U, Oy)

Der zweite Anteil kann unmittelbar abgesch”atzt werden zu
AU —1ipU, @) < U —in Ul lIDwlly,.

F”ur den Stabilisierungsterm gilt bei ®y, = {$pn, {n} mit (3.21))

[N

S(inU, @p) = s(inp, &n) < S(ihpvihp)% S(En, En)
—_———

<M@nllly
Zusammen ergibt sich die gew”unschte Absch”atzung. O

Im Folgenden geben wir nun konkrete Varianten der LPS-Methode an und “uberpr”ufen
die verschiedenen Bedingungen an den Projektionsoperator 7, : L, — Ly, sowie an die
Stabilisierungsform.

a) Projektion auf grobes Gitter Esseiein Gitter Oy, mit Patch-Struktur Qp gegeben,
siehe z.B. Abbildung 3.9 oder Dabei sei jedes Viereck (f”ur Dreiecke, Tetraeder oder
Hexaeder ist eine entsprechende Konstruktion m”oglich) Teil von vier Vierecken, die aus
der gemeinsamen regelm”a”sigen Verfeinerung eines Patches entstanden sind. Als Ansatzraum
Vh x Ly, auf Oy, w”ahlen wir den equal-order Raum Q" — Q". Als Stabilen Raum betrachten
wir das Q" —iso Q" Element, also den Raum V}, x Lyp = Vi X Q2n von gleicher Ordnung.
Der Druck ist lediglich auf den gr”oberen Patchen definiert. Hier gilt Qa1 C Ly, der Projek-

tionsoperator ist gerade die Interpolation 71y, := isr,. Dieser ist auf Ly nat”urlich stetig, d.h.
Bedingung (3.19)) gilt.

Wir w”ahlen den Stabilisierungsterm als

Sn(pr,&n) = D akh&(V(pn — mnpn); VI(En — mthén))e,
PeQp
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und m”ussen noch Bedingungen (3.20)) sowie (3.21)) nachweisen. (3.21)) folgt aus der zu-
grundeliegenden Skalarprodukteigenschaft des Stabilisierungsterms gilt. Mit der inversen
Ungleichung gilt:

Snlpn,pr) = Y axhilIVpr—mmpn)lp = civdo D [IPh—mtnpnllp = cinvoollpn—mtnpnll?,
PEQP PEQP

mit &y = min{oak}. Die Inverse Ungleichung darf hier angewendet werden, da aus V(pn —

mhpn) = 0 folgt, dass pn — hpn eine konstante Funktion ist. Dann muss wegen 7, = isn

auch gelten, dass pn = 7hpn, also notwendigerweise py, — thpn = 0.

Schlie”slich gilt es, den zus”atzlichen Stabilisierungsfehler in der Fehlerabsch”atzung aus
Satz zu analysieren. Es ist

Sn(inp, tnp) = D akhi[|V(inp — minp)|p-
PEQh

Bei hinreichender Regularit’at p € H?(Q) kommutieren die beiden Interpolationsopera-
toren i, und 7ty = isn, so dass mit der Stabilit”atsabsch”atzung der Interpolation folgt

Sn(inp,inp) = ) akhi[[V(inp —intonp)lp <cn ) axhi|V(p —iznp) |-
PGQh PEQh

Es bleibt gerade die Interpolation in den groben Raum L}, = Qop, von Grad T, bei p € H'(Q)
gilt:
Sh(inp,ihp) < cn Z ahi [VTpll%.
PeQn
Die Interpolation in den Raum der Polynome vom Grad r w”urde prinzipiell eine noch
bessere Approximationsordnung erlauben. Zusammen mit den anderen Termen der Fehler-
absch”atzung aus Satz zeigt sich jedoch so ein balanciertes Gesamtbild:
. . R
Iv = vull + Ip = pull < (Vv = i) + Ip — iwpll + S(inp, inp)?)

< (W97 ]+ 09T+ e V),

mit o« = max{ok}und h = max{hg}.

b) Projektion in den Taylor-Hood Raum Eine sehr “ahnliche Konstruktion kann
auf Basis der Taylor-Hood R”aume, also der Ans”atze Q" — Q" ! erstellt werden. Wir
w”ahlen f”ur V}, x L}, den den equal-order Raum Q" — Q" und als stabilen Raum V}, x Lh
das Taylor-Hood Element Q" — Q" 1. Der diskrete Projektionsoperator 7t;, kann wieder als
Interpolation geschrieben werden. Zusammen mit dem Stabilisierungsterm (wie oben)

n(Pn.&n) = D axhi(V(pn — mpn), V(En — i)k
KeQy

ergeben sich wieder die drei Eigenschaften sowie eine optimale Approximationsordnung.
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3 Finite Elements for incompressible flows

c) Alternativen f”ur den Fall Q! — Q! Zum Abschluss diskutieren wir nun noch
einige Alternativen f”ur den einfachsten Fall von bilinearen equal-order Elementen Q! — Q!
mit stabilen Ansatzraum Q! — iso Q!. Der Projektionsoperator sei stets die Interpolation
nach Qoy,.

Eine erste Variante wurde bereits unter Punkt a) vorgestellt und definiert die Stabilisierungs-
form als
Sn(pn &n) = D axhi(V(pn —mnpn), V(En — mén))p.
PcQy
Alternative passt in diesen Rahmen jedoch auch die urspr”ungliche Form der LPS-Methode,
also die Projektion des Druckgradienten auf die patchweise Konstanten:

Sn(pn.&n) = Y axhi(Vpn — Vpn, VEn — VEn)p.
PGQh

Bedingung (3.21)) folgt wieder direkt aus der zugrundeliegenden Eigenschaft des Skalarpro-
dukts. Esbleibt, den Stabilisierungsterm gegen”uber dem Projektionsfehler zu beschr”anken:

!
Sn(pn,pr) = ) axhi[[Vpn — Vpnlp = cllpn — mpn .
P

Diese Beziehung kann wieder mit inversen Ungleichungen hergeleitet werden. Dabei ist
insbesondere zu "uberpr”ufen, dass aus py, — pn, = 0 auch immer Vpy — Vpy, = 0 folgen
muss.

Es bestehen weitere lokale M”oglichkeiten einen Stabilisierungsterm zu definieren. Hierzu
sei Qp wieder eine Patch-Struktur auf Q. Wir definieren den Stabilisierungsterm als

nprEn)= ) ap Z th Onphllonénldo

PeQp ecEy(

wobei E; (P) die (vier) internen Kannten des Patches P sind und [-] der Sprung "uber die Nor-
malableitung auf dem Rand ist. Auch hier k”onnen die Bedingungen mit lokalen Skalierungsar-
gumenten mittels Transformation auf Referenzelement und mit Hilfe der Norm”aquivalenz
nachgewiesen werden.

Anhand dieser Diskussion zeigt sich, dass die LPS-Methode eine ganze Klasse von ver-
schiedenen Stabilisierungsverfahren ist. Die Wahl unterschiedlicher Stabilisierungsopera-
toren hat Einfluss auf den Fehler der Approximation, ist jedoch auch in technischer Hinsicht
relevant. Je nach Definition von Projektionen und Interpolationen f”uhrt die LPS-Methode
zu Matrizen mit sehr gro”ser Zahl an Kopplungen.
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3.4 Discretization of the Navier-Stokes equations

3.4 Discretization of the Navier-Stokes equations

In the following we will discuss the Navier-Stokes equations

(00w, &) + o (V9. V) + (v~ Vv, 0) — (p, V- &) = (£,0) b € H}(0: )",
(Veovg)=0  veeld(),

with L3(Q) = {q € L*(Q) : [, qdx = 0} that includes the nonlinear convection term ((v -
V)v, d). The Reynolds number Re appears and it will take an important role in determining
the character of the equation. For Re — oo the Navier-Stokes equations turn to the Euler
equations

(Re—)OO): (atv,d))—i—((vV)V,d))—(p,Vd)):(f,d)), (V-V,E)ZO,

a differential equation of first order that describes the flow of fluids where friction does not
play arole. Itis the dominant equation in aerodynamics of fast-flying planes at high altitude.
On the other hand, the limit case Re — 0 of the Navier-Stokes equations leads to the Stokes
equations

(Re—0): (3%, 0)+ o (Vv, Vo) ~ (0, V- 4) = (£,6), (V-%,8) =0,

as linear limit case for flows that are governed by friction. Numerically the Reynolds num-
ber gets important as the transport dominant case Re > 1 has different requirements than
the friction dominant case Re < 1. Often, both regimes can act in one flow configuration.
We must design numerical techniques that are able to deal with a problem of hyperbolic
character (the Euler limit) and with elliptic character (the Stokes limit).

We start by discussing the numerical treatment of the nonlinearity for stationary equations.

3.4.1 Linearization of the Navier-Stokes equations

Discretizing the Navier-Stokes equations with finite elements leads to a quadratic nonlinear
algebraic system of equations. Let vi, € V}, be a finite element function with basis represen-

: N}, ~ .
tation vy, := ) ;" vidy. Then, the convective term gets
N,

(Vi V)vh, b}) = Z ((dF - V)bt d1) vievy =: Nvv.
Kl—1

=Niit
The discrete system is described by a tensor N = (Nj;x)ijk of degree three. For reasons of
efficiency it is often not feasible to assemble this tensor. Comparable to the computation

of non-zero entries in the system matrix in Section one could compute the number of
non-zeros in N. The memory (and computational) requirements are enormous.

Instead of direct discretization we first linearize the Navier-Stokes problem with fixed point
iterations. Such a strategy was also considered in the existence proof for solutions to the
Navier-Stokes equations in theorem We will discuss various possibilities.

131



3 Finite Elements for incompressible flows

1 T T T T T T
Stokes-Linearisierung g _ »

0.0001
1e-06 -
1e-08 .
1e-10 .

1e-12

1le-14

r Iterationsschritte
-1 e_1 6 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90

Figure 3.10: Convergenve of the Stokes linearization for increasing Reynolds numbers.

a) Stokes linearization The most simple possibility for a linearization is to consider
the nonlinearity explicitly: Starting with an initial guess v0 we iteratively solve the following
fixed point problem for 1 = 1,2, ...

1 _ _
Re (VYL VO) = (ph, V- ) = (£,4) = (v - Vv, ¢)
(Vv &) =o.
Every step consists of a Stokes problem and can be treated with help of the different tech-
niques discussed before. Numerical experiments, however, show that such a simple iteration
will only converge for very small Reynolds numbers Re < 1. Figure shows the con-
vergence of the Stokes linearization for the flow around an obstacle at different viscosities.

Already the case Re = 8 requires 100 steps to solve the nonlinear problem with sufficient
accuracy.

To analyze the convergence we subtract the exact solution {v, p} and diagonally test with the
iteration error  =v —vtand & :=p — p'

1
=llVv— VWP=—(v-Vv—v" )+ (v—vI ). wvi v —vh).

We consider now the discrete case, i.e. v € V} such that all function spaces are finite dimen-
sional such that we can use equivalence of norms. Then, it holds

1 _ _ -
IV =Y < e (Ml V(v =¥ ) + cp V3ol Vv = v 1)) [ 9 (v = 1)

Hence
IV (v =¥1) | < Recp (¥l +cp ) T¥ oo ) [V (v = ¥+

which shows that convergence can only be guaranteed for small Reynolds numbers. Fig-
ure 3.10shows that this analysis is too pessimistic, although rates are very low, we actually
see convergence for a small range of numbers.

132



3.4 Discretization of the Navier-Stokes equations

1 T T T

T
0.01 Oseen-Linearisierung EZ z ;
. Re=4 % |
3 Re=8 @&
0.0001 Re =16 7
r Re = 32
1e-06 Re = 64 - -+ - -
- Re =128 —a-
1e-08 E
F €
1e-10 |- ER
L N =
1e-12 | A”"'m 2
L A
1e-14 | o
r Iterationsschritte
Te-16 ' : '
0 5 10 15 20 25

Figure 3.11: Convergence of the Oseen-Linearization for different Reynolds numbers.

It is important to note that this analysis is further inaccurate as we used equivalence of dis-
crete norms. The constants can depend on the mesh parameter h such that the bounds are
not robust for h — 0.

b) Oseen-Linearization Forlarger Reynolds numbers we consider the Oseen-Linearization.
We split the convective term into an explicit and into an implicit part. Starting with v’ we
iterate for L = 1,2, ... the fixed point problem

o (V3L V0) + (9L ) — (0, V- 0) = (£, 0)
(V-vhE) =o.

Every step asks for the solution of a (linear) diffusion transport problem that is called the
Oseen problem. Figure shows the convergence of the Oseen linearization. The required
number of iteration once more increases with increasing Reynolds numbers. Compared to
the Stokes linearization we are able to significantly increase the Reynolds number at much
lower iteration counts. The iteration is fast for small Reynolds numbers Re < 10 such that
less than 10 steps of the Oseen problem are required.

c) Newton-Linearization The mostefficient method for solving the stationary Navier-
Stokes equations is the Newton scheme. To derive it we start by repeating the Newton

method in R™. Let A : R™ — R™ be a nonlinear map. We aim at finding x € R™ as so-

lution to

where b € R™ is a given right hand side.

Let x € R™ be an initial value. With A! ;= VA (x!) € R™**™ we denote the Jacobian of A in
x'. Then, the Newton scheme is given by the following iteration

Alwt=b—A®Y, xfl=x'4+wl 1=0,1,2,... (3.22)

133



3 Finite Elements for incompressible flows
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Figure 3.12: Convergence of the Newton-Linearization for different Reynolds numbers.

Every step asks for an inversion of the matrix A'. The expression A'w! is the (scaled) direc-
tional derivative of A in x! in direction w'. It holds

d
Alwl = VAEHw! = —A(x' + sw!) .
ds s=0

Hence every step of the Newton-Iteration ([3.22)) finds the optimal search direction w'

%A(xl—i-swl) O:b—/\(xl), x'l=xt+w!, 1=0,1,....
s=

We transfer this notation to the solution of nonlinear partial differential equations. Let
UeX: AW(D)=Fd) VD eX,

describe a PDE in variational formulation. By A(-)(-) we define a form that is linear in the
second argument. By U° € X we denote the initial value of the Newton iteration. Then we
determine updates W' € X by the problem

dilsA(ul + sWhH (D) = F(@)—AUY (@), u‘tt.=u'+wh (3.23)

The directional derivative of A(-)(-) at U! in direction W' is denoted by

A'(UYHY (WY @) = %A(U1+SW1)(CD) . (3.24)
S=
By A’(-)(+,-) a form is defined that might still be nonlinear in the first argument but that is

linear in the second and third argument.

We specify the Newton scheme for the Navier-Stokes equations. It holds

AU)(@) = Rie(v", Vo) + ((v-VIv,d) = (p, V- d) + (V-v, &), F@)=(f,¢). (3.25)
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Figure 3.13: Comparison of the different linearization techniques for different Reynolds
numbers (left Re = 1, middle Re = 8, right Re = 128). For Re = 128 we do
not observe convergence of the Stokes linearization.

Let U := {v,p}, © = {d, &} and W := {w, q}. The directional derivative of the semilinear
form A(-)(-) is given as

A(W(W, @) = %A(UHW)(CD) = é

Every step of the Newtons scheme ([3.23)) asks for the solution of a linear differential equation

oo (V% V) + (v V)w o+ (- V)v, 6) = (4, V- &) = (£,6) — o (Y%, Vo) — ((v- V)v,0) + (.Y - )
(Vw6 =—(Vv,8)

This equation is a diffusion-transport-reaction problem. The zero-order term ((w - V)v, §) is
called a reaction term. We can discretize this problem with finite elements. Given suffi-
ciently good initial values U° := {v", p°} the Newton scheme will quadratically converge
to a discrete solution U = {v,p}. In Figure we show the convergence history for the
flow around an obstacle. Using the Newton scheme we observe very low iteration counts
for a wide range of Reynolds numbers. Only the case Re = 512 shows a significant raise
in iteration numbers. The reason for this is found in the solution properties of the Navier-
Stokes equations. We have seen that the stationary problem only admits a solution for small
Reynolds numbers. Here, for Re = 512 there does not exist a physically relevant stationary
solution. At Re = 300 ~ 400 there is a transition to a nonstationary flow pattern. As there is
no stable stationary solution the Newton scheme cannot converge. In all other cases we can
clearly observe quadratic convergence. Every step yields a doubling of the accurate digits.
Finally we compare all techniques in Figure3.13|

The Newton scheme is the most powerful technique for nonlinear partial differential equa-
tions and in particular for the Navier-Stokes problem. The analysis of the linear problems is
difficult as we cannot control the sign (positivity) of the reaction term

((w-V)v, d).

The matrix Vv has both positive and negative eigenvalues which follows from tr (Vv) =
div v = 0. Existence of solutions and convergence of the scheme can only be shown for
small problem data.
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3 Finite Elements for incompressible flows

A convergence analysis of the finite element discretization of the nonlinear Navier-Stokes
problem is not easily possible. We consider the Oseen problem.

Lemma 3.26 (Finite element convergence of the Oseen problem). Let w € Vy C H}(Q)% be
a divergence free transport field. Let viy € Vy and pn € Ly be the solution in an inf-sup
stable finite element pair of

V(Vvn, Von) + (w- V)vh, dn) — (pn, V- On) + (V- v, &n) = (£, dn)
for all ¢y, € Vi and &;, € Ly,. It holds
_ _ < i _ i _
[V = vl + [P = pull < clyn, W) inf [IVEv—on)l + inf |fp— &nl).
with the constant vy, > v of the inf-sup condition.

Bewers: (i) For the error v — v and p — pn, we get the following Galerkin orthogonality

(V-(v=vn),&n) =0, v(V(v=vp),Vodr)+ (v-V(v=vp),dn) = (p—pn, V- dn) =0.

(if) For e} := v — vy and e} := p — pp it holds with arbitrary ¢, € Vi,
v||Vel||? = v(Ve}, V(v —dn)) + v(Vel, V(dn — vi)).

The first term can be bound with help of an interpolation estimate. For the last term we use
Galerkin orthogonality

v(Vey, V(bn —vn)) = (8, V- (dnh —vn)) — (v Vey, dn — Vi)
=(p—&n V-ep)+(ef, V- (dbn—V)) = (v- Vey, ep) +(v- Vey, v — dp)
T
<lp = Enll IVer]l + leh V(v — dn)|| + c[|[ V[ [[VeR | V(v — dn)].

Together it holds

v 1
YiIve 2<(v*1+v*1c2 vV2+—) inf [[V(v—dn)l2+ inf |[p— Enll + €lleP]].
S Ive] I+ 12) im0 = o)l + nf p—Enl + el

(iii) The pressure is estimated with the discrete inf-sup condition as

(E&n —Pn, V- On)

P —pnll <lp—&nll + [pn — &nll < [P — &nll + v sup

dhEVR ”vd)hH
_ (ef,V-dn) (p—&n, V- dn)
=|p—&nll+vy' sup ——— 4! sup
" oprevn  IVon| n eV IVonll
_ (Ve",Vd) )+(V'vev7¢ ) —
<lp— &nll +yi! sup DT Wy e — &l
GrEV [Vl
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3.4 Discretization of the Navier-Stokes equations

Hereby we get

Ip—pull < (T+vi") inf [lp—&nll+v5 A+ VD[ Ver|.
En€Qn

(iv) Finally, both estimates are combined by taking

e — VYh
41+ vl

and we obtain the error bound. O
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3 Finite Elements for incompressible flows

3.5 Discretization of the time-dependent
Navier-Stokes equations

The stationary Navier-Stokes equations in the case of Dirichlet boundary conditions have
for every Reynolds number a solution (see Theorem [2.35). This solution is unique only if
the Reynolds number is very small:

Re < 1.

In practice, problems however deal with high Reynolds numbers and an instationary behav-
ior appears. Thus, we have to consider the time-dependent Navier-Stokes equations

0tv+ (v-V)v—vAv+Vp=£f, V.v=0, V‘ =v', v =g. (3.26)
t=0 20
We can consider these equations as a initial-boundary value problem. The transistion to a
non-stationary flow does not appear at a fixed Reynolds number. Depending on the flow
configuration this transition can happen in the area of Re ~ 50 ~ 200 (like in the case of a flow
around an obstacle, see Figures to or at higher Reynolds numbers, for example
Re = 10000 as in the case of driven-cavity.

Even in the case of very small Reynolds numbers, a non-stationary flow behavior is possible,
if this is due to non-stationary data, like time-dependent boundary values g(x, t). Such non-
stationarities, however, have to be distinguished from the inherent non-stationarities which ap-
pear despite stationary data. A typical pattern of these non-stationarities is the von-Karman
vortex street behind an obstacle, see e.g. Figure An accurate approximation of the dy-
namics of problems with inherent non-stationarities is a far more difficult challenge that the
simulation of problems with a non-stationary behavior due to time-dependent data.

For the time discretization of the time-dependent Navier-Stokes equations, we can discuss
approaches which we know from parabolic equations. The Rothe-method considers first a
time discretization, then a space discretization. The momentum equation is discretized with
a classical time step method. The incompressibility constraint is postulated as a constraint
in each time step. For example, the discretization with an implicit Euler scheme on a fixed
time grid to < t; < --- < tpm with ki := ti — tin—1 leads to a sequence of quasi-stationary
problems

VI 4 ki (Vi VIV — Kk VAV + ki VPR = v Lt kf, V-v™ =0, m=1,...,M,

which are then discretized in space. On the other hand, the method of lines first introduces a
discretization in space (e.g. using finite elements) leading to a system of ordinary differential
equations for a space discrete solution {vy, pn}: [0, T] — RN

d
avh + Nn(vh, Vi) + VARVR + Bhvh =fr, Cpvi =0, t>0.

Here, A1, By, and Cy, describe matrices and Ny, is a tensor of third kind. This space discrete
equation is also called a differential-algebraic system (DAE) of order 2. The algebraic constraint
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3.5 Discretization of the time-dependent Navier-Stokes equations

Chvh = 0 defines the manifold W4, in the space V}, C H(l](Q)d, on which the dynamics are
happening. A discretization in time can then be done with a usual time stepping scheme.

A third possibility to discretize the time-dependent Navier-Stokes equations is to discretize
space and time simultaneously. For this, we consider the Navier-Stokes equations in a varia-
tional form and utilize a simultaneous Galerkin discretization in space and time. The result-
ing schemes are sometimes algebraic equvalent to corresponding time-stepping schemes.
An advantage of a simultaneous space-time discretization is the mathematical form which
allows to consider residual-based error analysis and a posteriori error estimation.

Finally, a fourth option is a so-called projection approach. Here, the momentum equation is
separated from the incompressibility in the time approximation. By this operator-splitting
approach it can be avoided to solve a coupled saddle point problem in each iteration.

3.5.1 The Rothe-methode for the discretization of the
Navier-Stokes equations

For the temporal discretization, we introduce a time grid in the interval I = [0, T] by:

O=ty<ti1<---<tm=T, kmi=tm—tm_1, k:=supknm.
m

The solution {v(x, t), p(x, t)} is approximated by the time-discrete solutions {v*(x), p*(x)}
for m =0,..., M. As a basis for various methods, we consider the single-step-0-scheme:

VI 4+ kmO(VE - VIV — ki OVAVE + ki VPRt = vit ! + ki OF ™ + Ky (1 — 0)F™
—km(1 =0V L Vv k(1= 0)AV L, Vvt =0, m=1,...,M, (3.27)

where we denote with f™ := f(t,;) the right-hand side at the time point t,,. The incom-
pressibility is postulated at each time point t,,, i.e. independent of the 6 € [0, 1], implicitly.

In the case 6 = 0, the 0-scheme is the explicit Euler method. Due to the saddle point structure
and the implicit treatment of the incompressibility constraint, this method applied to the
Navier-Stokes equations is not an explicit scheme in the proper sense:

VI km VPR = vV k™ = K (i V)V AV Vv = 0.
(3.28)

The problem can then be discretized in space using e.g. finite element methods. As in the
case of parabolic equations, the explicit Euler method converges linearly in time O (k). If we
choose only first order accurate time step methods, the discretization error is very unbal-
anced and we need very smal time steps. In particular, the explicit Euler method requires a
restrictive step size condition:

k < v hZ

139



3 Finite Elements for incompressible flows

For 0 = 1, we obtain the implicit Euler method:

VI 4 ki (V- V)V — Kk VAV + ki VPt = vV L+ knf™, Vvt = 0. (3.29)

This method converges independent of the time step size linearly O (k).

Of particular importance is the Crank-Nicolson method in the case of 6 = 3:

k k k k
i+ %(vﬂl Vvt — 7"1\/AVE1 +km VPR = vt + 7mfm + 7mfm*1
k k
— Tm(v;gl*l Vvt 4 TmAv]T’I, V-vit =0, m=1,...,M. (3.30)

The Crank-Nicolson method converges quadratically O(k?).

The analysis of solvability and approximation properties for the time-discrete Navier-Stokes
equations is very involved. In particular, aspects like handling different meshes at each time
point, regularity of a solution, smoothing of irregular initial conditions require extensive
investigations. We refer to the literature here, e.g. [119,[18,[17,16]].

Stability of time stepping schemes Inorder to discuss the time stepping schemes,
we not only have to consider the approximation order O(k*) regarding the time step size
but also especially the stability aspects. Here, two questions are important:

e If we have small disturbances, e.g. by inaccuracy of the data or by numerical rounding
errors, do they influence the global solution behavior? We would expect from a proper
method that such disturbances decay (exponentially).

o Is the method able to preserve the energy of the flow? For example, small vortices
shall be approximated correctly and not be damped by numerical dissipation.

We investigate stability properties considering an easy scalar test equation (ODE):
u(0)=1, u'(t)=Au(t), t=>0, AeC.
The solution can be described analytically as
u(t)=-e

For A € C with real part Re(A) < 0, the solution decays exponentially:
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3.5 Discretization of the time-dependent Navier-Stokes equations

For values A € C with positive real part, the solution increases exponentially:

For purely imaginary A = i the solution is a wave

Each step of the 0-scheme applied to this model problem is given by:

1 1—-0)k
um™ —okMum =um™ (1 -0 kAu™ ! & um = Jrl(_e]f)\))\ um!

=R(Ak)
With the amplification factor R(Ak) we can shortly write
u™ = R(Ak)u™ 1.

With every consistent method (of order O(k")) this factor is necessarily an approximation
of the exponential function:

U(tm) = RAK)U(tm—k)+0(k") < eMm =R(Ak)eMtm—X410(k") & R(Ak) = e *4+0(k").

In the following, we set z := Ak. In the case Re(A) < 0, the solution grows exponentially.
In the case Re(A) < 0 the solution decays exponentially to zero. In this case, we expect a
corresponding behavior for the discrete solution. For the factor R(Ak), we have:

1+(1—0 1
100z 62 o) = e + (e — 2) 22+ 0(lzP). (3.31)

For 6 = 1, the approximation is quadratic, otherwise it is linear. This is in accordance to our
previous results for the implicit and explicit Euler method and the Crank-Nicolson method.
We distinguish for Re(A) < 0 the following stability terms:
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3 Finite Elements for incompressible flows

A-stability holds, if
RAI<1

for Re(A) < 0. It follows local convergence of the solution for t € [0, T] fora T < oo.

Global stability holds, if
limsup [R(A) < 1—0(k) (Re(A) = —o0)
It follows global convergence for t > 0.
Strong A-stability holds, if
limsup|R(A)|<1—-8<1 (Re(A) = —o0)

with a & > 0. From this, the damping property of numerical methods follow. Numer-
ical errors are damped.

In the following, we discuss the important time stepping scheme with regards to their sta-
bility properties:
The explicit Euler method 6 =0 It holds
R(z) =1+ z.
This method fulfills none of the stability terms since
R(z)| = 00 (Re(z) = —o0).

Further, for Re(z) — 0 it holds:
R()| =141 = V2.

Natural vibrations are even amplified. Due to the missing stability, the explicit Euler method
is not suitable for the discretization of the Navier-Stokes equations.

The implicit Euler method 6 =1 For the implicit Euler method, the amplification
factor is given by

And it holds for Re(z) < 0:

R < —

The implicit Euler method is strong A-stable and global stable. For purely imaginary parts,

it holds:
. 1 1
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3.5 Discretization of the time-dependent Navier-Stokes equations

and natural vibrations are strongly damped. Arbitrary large time steps can be used.

The method is well suited in order to approximate stationary solutions. Often, it is not
possible to obtain these in a stationary solution process. Bad conditioning of the problem or
strong nonlinearity prevent convergence of a solution method. Then, the solution can be ap-
proximated via “pseudo-time stepping schemes”. The additional mass term k™' (v™, $)o
provides denfiniteness and reduces (for small k) the influence of the nonlinearity. The im-
plicit Euler scheme is because of the large dissipation not suitable for the simulation of non-
stationary flows. The transition to the non-stationarity follows often only for unphysically
large Reynolds numbers and using very small time steps.

The Crank-Nicolson method 0 = % In contrast to the Euler method, the Crank-
Nicolson method is a method of second order:

R(z) = e* 4+ O(|z).
The amplification factor is given by

1+5 24z
2—z

For z = z, + iz; with negative real part z, < 0 it holds

z ze\2  Z2 ze\2  Z2 z
gl =y (5 T (=5) 3 =3
‘+2 \/ T3) T \/ 2) T 2

thus the method is A-stable. For Re(z) — —oo the amplification factor fulfills:

)

2+1

z
2

z
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T —1 (Re(z) = —o0).

R(z)| = '

z
2
This method is not globally stable and not strong A-stable. For z = i it holds:
R(YI=1,

thus the Crank-Nicolson method is exact energy preserving. In practice, this method is
used very often because of the second order. Disturbances (e.g. through rounding errors or
in the initial data) are, however, not sufficiently damped. As a solution, the Crank-Nicolson
scheme can be combined with e.g. the implicit Euler scheme. For this, in the first few (e.g.
2-5) steps, the implicit Euler schemes is used before the Crank-Nicolson method is then
applied. By this, the errors in the initial data are damped and eventually the good con-
vergence of the Crank-Nicolson method is exploited. For numerical long-time simulations,
turther implicit Euler steps can be used at fixed time points tg + To, to + 2To, to + 3To, . ..
in order to damp possible rounding effects. This method is also known as Rannacher- time
stepping and often used in finance-mathematical applications.
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3 Finite Elements for incompressible flows

Das implizit-geshiftete Crank-Nicolson-Verfahren 6 = J+k f”urk < 1 Eine
andere M”oglichkeit zum Erlangen von besserer Stabilit”at des Crank-Nicolson-Verfahrens
ist ein impliziter Shift durch Wahl von 6 = 1 + k. Dieses Verfahren ist trotz Shift immer noch
von zweiter Ordnung in k. Es gilt mit (3.31]) und z = Ak

R(AKk) = e + k(kA)% + O(k?).
Halten wir k fest, so gilt f{”ur Re(z) — —oo:

1—2k
1+ 2k

1+ (
1_

—k)z
+k)z

2271 4+ (1 —2k)
2z71 — (1 +2k)

\

Re(z)——o0

R(z)| =

~—
ISR

' =1—4k+ O(k?).

Dieses Verfahren ist also global stabil, allerdings nicht stark A-stabil. In der Praxis erweist
sich das geshiftete-Crank-Nicolson Verfahren als gen”ugend robust um zu verhindern, dass
im Laufe der Zeitschritte angeh”aufte Rundungsfehler dominant werden. Die Stabilit”at
des Crank-Nicolson-Verfahrens mit Shift reicht hingegen nicht aus um etwa fehlende Regu-
larit”at in den Anfangsdaten hinreichend zu gl”atten. F”ur rein imagin”are Anteile gilt:

() oo

+k)°
F”ur kleine k ist das Verfahren somit gut energieerhaltend.

(I N

Das Teilschritt-0-Verfahren Das sogenannte fractional-step-0-scheme kombiniert drei
aufeinander folgende Schritte des Einschritt-6-Verfahrens um m”oglichst optimale Eigen-
schaften eines Gesamtverfahrens zu erreichen:

tmfl G—1> tm71+061 —>92 tmfocg —>63 tm-

x1km X2 Km X3 Km
F”ur jeden der drei Teilschritte kann ein eigener Wert f”ur 6 sowie f”ur die Teilschrittweite
ak gew”ahlt werden. Dabei gilt: 8; € (0, 1] und «; > 0 sowie o; + &2 + a3 = 1. Es stehen
nun 6 verschiedene Parameter zur freien Wahl um ein konkretes Verfahren zu erreichen.
Um diese Anzahl der freien Parameter zu reduzieren betrachten wir zun”achst nur sym-
metrische Verfahren mit oy = a3 =: o« und somit oty = 1 — ¢ty — &3 = 1 — 2. Ebenso
w”ahlen wir 0; = 03 = 0 und 02 = 1 — 0. Der Verst”arkungsfaktor des so gewonnen
Verfahrens berechnet sich als:

R(z) = 1+(1—0)az 2 1+06(1—2x)z
Z‘( 1- 0oz )1—(1—9)(1—2a)z‘

Zur Approximation der Exponentialfunktion hat der Verst”arkungsfaktor die Reihenen-
twicklung:

R(z) —exp(z) = (1 —20) (; — 20+ cx2> 22+ 0(Iz).
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3.5 Discretization of the time-dependent Navier-Stokes equations

Quadratische Konvergenz erhalten wir f”ur den Wert o« = 1 — \/g ~ 0.2929 bei beliebiger

Wahl von 0. Alternativ kann 6 = } und « beliebig gew”ahlt werden. Dieses Verfahren
entspricht jedoch der Hintereinanderreihung von drei Schritten des Crank-Nicolson Ver-
fahrens, ist also nicht weiter Interessant.

Betrachten wir den Grenzwert Re(z) — —oo so gilt f”ur den Verst”arkungsfaktor

1—0
R ——
R(z)| — 5

F”ur beliebige 0 € (0, 1] ist das Teilschritt-0-Verfahren stark A-stabil.

Zur kompakten Schreibweise des Verfahren angewendet auf die Navier-Stokes Gleichungen
f”uhren wir die folgende Operatorschreibweise ein:

A(v):=v-V—vA, B:=V, —B*:=div.
Dann nimmt das Teilschritt-0-Verfahren die folgende Form an:
Vm—l+9 + Ocek,A(Vm_H_e)Vm_H_e + kBpm—1+9 — Vm—l _ 06(1 _ e)kA(Vm_l)Vm_l
v 4 (1—20)(1 —O)KA(V™ O)y™ O L kBp™ O = ym IO _ (] _ o)k A (v IO )ym 1O
v 4 xOkA(VT)IVT 4+ kBp™ = v 0 — (1 — 0)kA(v™O)ym P
Eine Vereinfachung des Verfahrens kann durch die Wahl

1—2«x

ad=(1—-2x)(1—90) & 0=
11—«

~ 0.5858,

erreicht werden. Durch diese Wahl ist der Vorfaktor im impliziten Teil des Operators stets
gleich:
L(v)[v,p] = [id +xOkA(v)]v + kBp.

Angenommen, der Operator A w”are linear, so k”onnte jeder Teilschritt des Verfahrens
mit ein und derselben Systemmatrix berechnet werden. Aufgrund des sehr aufw”andigen
Matrix-Aufbaus bei der Finite Elemente Methode spielt diese “Uberlegung eine Rolle. Da
die Navier-Stokes Gleichungen jedoch nichtlinear sind und die Systemmatrix sowieso von
der aktuellen Approximation abh”angt ist diese “Uberlegung bei den Navier-Stokes Gle-
ichungen nicht wesentlich. Die spezielle Wahl 6 = (1—2«)/(1—«) hat sich dennoch etabliert.
Abschlie”send betrachten wir f”ur diesen speziellen Wert von 0 noch die Erhaltungseigen-
schaft bei rein imagin”aren Anteilen z = i. Es gilt mit

R <110> ~ 0.99999996, R(i) ~ 0.999696, R(10i) ~ 0.828,

eine fast optimale Erhaltung von freien Schwingungen im Fall kleiner und moderater Schrit-
tweiten. Mit quadratischer Konvergenzordnung, starker A-Stabilit”at und sehr geringer Dis-
sipativit”atist das Teilschritt-0-Verfahren ein nahezu optimales Verfahren zur Zeitdiskretisierung
bei den Navier-Stokes Gleichungen.
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3 Finite Elements for incompressible flows

Numerischer Vergleich Wir betrachten das System von Anfangswertaufgaben:

1 0 10y —1 0

, B N o 10 0 o0
u'(t)+Au(t) =0, u(0)= e A= 1 —1 0 o
1 0 O 0 1

Die Matrix hat die Eigenwerte
A =107, Mg =1, A3 = —1, Ay =1,
das System ist also bei y > 1 sehr steif. Die L”osung ist gegeben durch

e 10"t 4 gin(t)
o107t

cos(t)
et

u(t) =

Die L”osung enth”alt sowohl Komponenten, welche sehr schnell abklingen als auch Schwingun-
gen, sowie Kombinationen davon. Anhand dieser Aufgabe lassen sich also s”amtliche Sta-
bilit”atsbegriffe und Eigenschaften “uberpr”ufen. In Abbildung[3.14|zeigen wir die L”osung
der ersten L”osungskomponente bei Diskretisierung mit dem impliziten Euler-Verfahren,
dem Crank-Nicolson als auch dem Fractional-Step-Theta-Verfahren. Das explizite Euler-
Verfahren divergiert aufgrund der Verst”arkung von Schwingungen unmittelbar.

In Abbildung stellen wir die dritte L” osungskomponente u; (t) sowie den Fehler u3(t)—
ui(t) f”ur das explizite, sowie das implizite Euler-Verfahren, f”ur das Crank-Nicolson und
f”ur das Fractional-Step-Theta-Verfahren dar. Die dritte Komponente geh”ort besitzt einen
rein imagin”aren Anteil. Die wesentliche Eigenschaft ist also die Energieerhaltung. Wie er-
wartet d”ampft der implizite Euler zu sehr, der explizite verst”arkt die Schwingung. Sowohl
Crank-Nicolson, als auch Fractional-Step-Theta stellen den L”osungsverlauf sehr gut dar.

3.5.2 Projektionsmethoden

Die sogenannten Projektionsverfahren verfolgen einen Operator-Splitting Ansatz: In jedem
Zeitschritt ty, 1 — tym wird zun”achst ein neues Geschwindigkeitsfeld v™ berechnet, ohne

die Divergenzfreiheit zu beachten. In einem zweiten Schritt wird diese vorl”aufige Geschwindigkeit
auf den Raum der divergenzfreien Funktionen projiziert. Das klassische Chorin-Verfahren
basiert zur Geschwindigkeitsfortpflanzung auf dem impliziten Euler-Schema. Unter Ver-
nachl”assigung der Divergenzfreiheit wird zun”achst per

§mo_ Vm—l

Km

eine Vorhersage f”ur die neue Geschwindigkeit berechnet. F”ur diese Geschwindigkeit gilt
im Allgemeinen V - ¥™ # 0. Zur Korrektur wird ¥™ im L2-Sinne orthogonal auf den Raum
H der schwach-divergenzfreien Funktionen projiziert:

vt e H:={p e L2(Q)Y, (¢,VE) =0VE e CLHQ)}: (vM™—v™,¢)=0Vd € H.

— VAT 4 T VT = T
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3.5 Discretization of the time-dependent Navier-Stokes equations

]
'”

Figure 3.14: Erste L”osungskomponente (schwarz) sowie numerische Fehler (blau) bei
Diskretisierung des Testproblems mit dem (von oben nach unten) impliziten
Euler-Verfahren k = 0.125/3, Crank-Nicolson-Verfahren k = 0.125/3 und dem
Fractional-Step-Theta-Verfahren k = 0.125.

Im schwachen Sinne besitzt der Raum H neben der Divergenzfreiheit auch die Randbedin-
gungn - vlgo =0, denn

(V7V£)Q = <n'V7 E.>aQ — (V -V, E,)_()_ =0.

Diese Projektion soll berechnet werden, ohne erneut ein Sattelpunktproblem1”osen zu m”ussen.
Zur Korrektur der Geschwindigkeit machen wir daher mit einem q™ & H!(Q) den Ansatz:

viti=v" -k, Vg™

Aus der Bedingung V - v™ = 0 folgern wir die Gleichung;:

1
0=V- v =V -vy" —knAq™ <& Aqm:kiv.{rm, Ong™ =0.
m

Die Neumann-Randbedingung wird gefordert, damit Vq™ die Randbedingung des Raum
H erf”ullt. Diese Neumann-Aufgabe hat eine L”osung, da die Kompatiblit”atsbedingung

J V-frmdx:J n-vhtds =0,
20 2Q

erf”ullt ist. Unter der Zusatzbedingung (q™,1)qo = 0 ist die L”"osung eindeutig. F"ur die
korrigierte Geschwindigkeit v™ := ¥™ — k,, Vq™ € H}(Q)4 gilt
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3 Finite Elements for incompressible flows

Figure 3.15: Dritte L”osungskomponente (schwarz) sowie Fehler (blau) bei Diskretisierung
mit dem (von oben nach unten): expliziten Euler-Verfahren k = 0.125/3, im-
pliziten Euler-Verfahren k = 0.125/3, Crank-Nicolson-Verfahren k = 0.125/3
und dem Fractional-Step-Theta-Verfahren k = 0.125.

Sie ist somit die gesuchte L2-Projektion. Weiter gilt:
V=V ¥"—kn,V-Vg" =V -v™ —kn,Aq™ = 0.

Das Chorin-Verfahren hat allerdings den Nachteil, dass Haftrandwerte nicht exakt erf”ullt
werden. Auf dem Rand gilt:

n-v™t,,=n-v",, —kmn-Vqm"|,, =0.
F”ur die Korrektur Vg™ k”onnen jedoch keine Randwerte auf der Tangentialkomponente

vorgeschrieben werden. Im Allgemeinen ist

TVt =1V 5+ kmT-Vq™ | 4 #0.

=0 7&0
Die Hilfs]”osung q™ wird dar”uber hinaus als Druck p™ verwendet. Insbesondere in der

N”ahe des Randes ist dies keine gute Approximation an den Druck. Wir fassen das Chorin-
Verfahren zusammen:
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3.5 Discretization of the time-dependent Navier-Stokes equations

Algorithmus 3.27 (Das Chorin-Verfahren). Es sei v’ der Startwert. Auf einem Zeitgitter
0=ty <t <---<tm =T,iteriere f"urm > 1:

1. Geschwindigkeits-Prediktor-Schritt

1
— (M=) VAT YT VT =™ inQ, VT

km aQZO

2. Druck-Poisson-Gleichung:

1 - .
Aq™ = av-vm inQ, 0nq™|,o =0
3. Korrektur
viti=v"t -k, Vg™, pMi=q™

Dieses Verfahren verf”ugt “uber einige wesentlichen Nachteile:

e Die L”osung des Chorin-Verfahrens erf”ullt nicht die Haft-Randbedingung. Auch der
“Druck” p™ = q™ besitzt einen gro”sen Randfehler. Oft aber ist die L”osung gerade
in der N”ahe des Randes interessant um Kr”afte zu berechnen. Hier ist das Chorin-
Verfahren nicht zu gebrauchen.

e Das Chorin-Verfahren kann nicht verwendet werden um station”are Limiten zu berech-
nen. Selbst wenn eine L”osung v™ die station”are Gleichung erf”ullt, so ist die n”achste
Iteration v ! eine St”orung derselben.

e Das Verfahren ist nur von niedriger Zeit-Ordnung. Obwohl das Verfahren auf dem
impliziten Euler-Verfahren basiert, betr”agt die Ordnung lediglich O(v/k). Abhilfe
schaffen Modifikationen, welche nicht auf dem impliziten Euler, sondern z.B. auf dem
Crank-Nicolson Verfahren aufbauen wie z.B. das Van Kan-Verfahren. Dieses Verfahren
kann auch verwendet werden, um station”are Limiten zu berechnen.

Analysen zur Chorin-Methode sowie Details zu weiteren Projektionsmethoden finden sich
in der Literatur [?].
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4 Adaptive Finite Elemente f”ur die
Navier-Stokes Gleichungen

Insbesondere in drei Raumdimensionen ist die Verwendung von lokal verfeinerten Gittern
zur Diskretisierung der Navier-Stokes Gleichungen unerl”asslich. Ziel einer adaptiven Gitter-
steuerung ist das automatische Verfeinern der Gitter. Zur Verfeinerung werden Fehlerindika-
toren nk hergeleitet, welche f”ur jedes Element K € Qy, des Gitters den lokalen Fehleranteil
beschreiben. Diese Fehlerindikatoren entstehen durch Lokalisierung eines Fehlersch”atzers n:

n~Ju) —Jlun).

Im Gegensatz zu einfachen Residuuen-Fehlersch”atzern, welche den Fehler “uberlicher-
weise in der Energie-Norm, also z.B.

V[|[V(v—=vi)|[ + [[p — Pl

sch”atzen, wollen wir allgemeine Fehlerfunktionale J(-) : V — R betrachten. Im Kontext
der numerischen Str”omungsmechanik kann so ein Funktional z.B. die auf ein Hindernis
wirkende Kraft sein

J(un) —J n-o-eds —J (VOnvp —n - vy ) - eds,

wobei I, der Rand des Hindernis, n der Normalvektor an I, und e die Richtung ist, in der
die Kraft gemessen wird. Ein adaptiver Algorithmus 1”auft wie folgt:

Algorithmus 4.1 (Adaptiver Finite-Elemente Algorithmus).
Sei mit Oy, eine Anfangstriangulierung von Q gegeben. Iteriere:
1. ”ose die Differentialgleichung uy, € Vi, auf Qp
Alunp)(@n) =F(Pn) VOn € Vi
2. Sch”atze den Fehler
n(un) ~ J(u) = J(un)
3. Falls 1 < € Abbruch

4. Erstelle lokale Fehlerindikatoren
n(un) ~ ) nk(un,K)

KGQh

5. Verfeinere das Gitter O, = Qp/ wo nx gro”s, weiter bei 1 mit Qy,
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4 Adaptive Finite Elemente f”ur die Navier-Stokes Gleichungen

4.1 Die DWR-Methode

Wir beschreiben die DWR-Methode (dual weighted residual-method) zur Fehlersch”atzung
zun”achst in einem abstrakten Rahmen. Es sei durch u € V:

Al () =F(d) VdeV, (4.1)

eine partielle Differentialgleichung gegeben. Dabeisei A(-)(-) : V x V — R eine Semilinear-
form, linear im zweiten Argument, sowie F(-) : V — R ein lineares Funktional. Auf einer
Triangulierung Oy, des Gebiets () wird die diskrete L’ osung uy, € Vi gesucht als L’osung
von

A(un)(dn) = F(dn) Vdn € Vh. (4.2)

Wir wollen den Fehler in einem (nicht notwendigerweise linearem) Funktional J(-) : V — R
bestimmen. Wir formulieren das Problem als ein triviales Optimierungsproblem mit Nebenbe-
dingung:

J(u) — min!, wobei A(u)(¢d)=F(p) VP e V.
Wir gehen davon aus, dass die Probleme (4.1) und (4.2)) genau eine L”osung haben. Da-

her wird die Nebenbedingung nur von der L”oung u selbst erf”ullt und die Minimierung
erstreckt sich “uber die triviale Menge {u}.

Das zu diesem Minimierungsproblem geh”orige Lagrange-Funktional ist gegeben durch
L(u,z) = J(u) + F(z) — A(u)(z). (4.3)

Wir nennen z € V die duale L”osung. Entsprechend definieren wir das diskrete Lagrange-
Funktional als

L(un,zn) = J(un) + F(zn) — A(un)(zn). (44)

Die L"osung u € V und z € V des Minimierungsproblems ist durch den station”aren Punkt
des Lagrange-Funktionals gegeben (F(-) ist linear und A(-)(-) ist linear im zweiten Argu-
ment):

L'(w,z)(du,dz) := ]/ (u)(du) + F(6z) — A/ (u)(du,z) — A(u)(8z) =0 Vou,dz €V,

wobei die Richtungsableitung der Form definiert ist wie in ([3.24)), bei der Verwendung f"ur
das Newton-Verfahren. Es ergeben sich f”ur u,z € V und un, zn € Vi die Gleichungen des
primalen und dualen Problems:

Aw)(d) = F(¢) VeV A'(u)(d,z) = J'(u)(P) Vo eV
Alup)(dn) = F(dn) Von € Vi A'(un)(dn,zn) = J'(un)(dn) Vén € Vi.

Das primale Problem stimmt gerade mit der Differentialgleichung (4.1)), bzw. (4.2)) “uberein.
Sind u € Vund up € Vi, L”osungen des primalen Problems, so gilt f”ur beliebige ¢ € V
und ¢y, € Vy, die Darstellung:

u
. (4.5)

J(w) —J(un) = L(u, ) — L(un, dn).
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4.1 Die DWR-Methode

Diese Identit”at soll genutzt werden, um einen Fehlersch”atzer herzuleiten. Zur Verein-
fachung fassen wir zusammen

X = (U,Z)GXZ:VXV, Xh:(uh,lh)EXhZ:VhXVh,
und k”onnen also f”ur den Fehler ausdr”ucken als

J(u) = J(un) = L(x) — L(xn).

Wir erhalten elementar die folgende Fehlerdarstellung:

Satz 4.2 (Fehleridentit”at). F”ur die Galerkin-L"osungenx = (u,z) € Xund xy, = (un,zn) €
X von (4.5) gilt die a posteriori Fehleridentit”at
1 .
J(u) = J(un) = L(x) — L(xn) = §L’(X)(X —inx) +R. (4.6)

Das Restglied R ist von dritter Ordnung im Fehler e := x — xp,

1
R:= ;J L" (xn + se)(e, e, e)s(s — 1)ds, (47)
0

und ist Null R = 0, falls das Lagrange-Funktional L(-) quadratisch ist.

Bewers: Mit dem Hauptsatz der Integralrechnung erhalten wir eine Integraldarstellung des

Fehlers e := x — xp:
1

L(x)—L(xp) = L L'(xn + se)(e)ds

Dieses Integral approximieren wir mit der Trapez-Regel. Mit dem Restglied (dies ist
gerade das Restglied der Trapez-Regel) gilt

1

L(x)—L(xn) = J L'(xn + se)(e)ds = %L'(xh)(e) + %L'(x)(e) +R.

0

Wir nutzen die Ableitung von (4.4]) und erhalten mit (4.5)):

L'(xp)(x —xn) =F(z—zn) — A(up)(z — zn) + ] (un) (u—up) — A/ (up) (u — un, zn)

primal dual
=F(z—1inz) — A(un)(z — inz) + ] (un) (u — inu) — A/ (un) (u — inu, zn)

=L (xn)(x — inx).

Im zweiten Term kann die Orthogonalit”at der kontinuierlichen L"osung u € Vund z € V
genutzt werden. Es gilt wegen x — xy, € X:

L'(x)(x —=xn) =Flz—zn) —Aluw,z —zp) + ] (W)(u —un) — A'(u)(u—up,z) = 0

=0 =0

Damit ist dieser einfache Satz bewiesen. O

153



4 Adaptive Finite Elemente f”ur die Navier-Stokes Gleichungen

Figure 4.1: Interpolation i} : Xy — Xj.

Dieses Ergebnis erlaubt es, den Funktionalfehler J(u) — J(uy,) “uber die Residuuen des pri-
malen und dualen Problems darzustellen (4.6]). Im folgenden Abschnitt konkretisieren wir
die DWR-Methode f”ur die Navier-Stokes Gleichungen.

Um die Fehleridentit”at als Fehlersch”atzer auswerten zu k”onnen
Mh(un, zn) == F(z — ihz) — A(un)(z — inz) + ] (un) (u — thu) — A (up) (u — thu, zn),

ist eine Approximation f”ur die Interpolationsfehler u — iy u und z — iy z notwendig. Denn
die kontinuierlichen L"osungen u € V und z € V sind nicht bekannt. Im folgenden stellen
wir einige Zug”ange zur Approximation vor.

1. Die diskreten L”osungen x, = (un,zn) € Xn k”onnten zus”atzlich mit h”oherer
Genauigkeit xj, € X}, berechnet werden. Dabei kann X}, entweder ein Finite-Elemente
Raum auf feinerem Gitter, etwa h’ = h/2 oder ein Finite-Elemente Raum mit h”oherem
Ansatzgrad sein (z.B. Q2 statt Q!-Elemente).

N (Wh, zn, Ul 23 o= Flzf—inzi) —A(un) (2 —inzh) ] (un) (uf—inug ) —A (un) (uf, —inug, zn),

Beide Vorgehen sind jedoch zu kostspielig und w”urden bedeuten, dass zum Sch”atzen
des Fehler mehr Aufwand betrieben wird, als zum L”osen des eigentlichen Problems.
Dieser Fehlersch”atzer liefert sehr gute Resultate, f”ur den Effektivit”atsindex gilt

I _ Nh(un, zn, w2
T (W) — J ()|

—1 (h—0).

2. Eine weitere Alternative unmittelbar die Fehleridentit”at zu verwenden besteht darin,
den Interpolationsfehler durch Superapproximation zu n”ahern. Statt mit (uy,zy) €
Xj, eine L”osung von h”oherem Polynomgrad zu berechnen, konstruieren wir einen
diskreten Interpolationsoperator i, : X3, — XJ,. Dies geschieht lokal durch "Anderung
der Finite Elemente Basis. Hat uy, € V}, die Darstellung

N
un =) uidy,
i=1

mit der Basis {¢i,1 =1,..., N} des Xy, so ist die Interpolation i}, gegeben durch

N
o *
W Uh = § ui(biv
i=1
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4.1 Die DWR-Methode

wobei {¢p7,1 = 1,...,N} die Basis des Xj, ist. F”ur Xj w”ahlen wir den Raum mit
doppeltem Polynomgrad auf dem Gitter h’ = 2h. F”ur diesen Raum gilt dim(Xy,) =
dim(X},) und die Knotenfunktionale liegen am gleichen Ort. In Abbildung [4.1] ist
die diskrete Interpolation vom Raum Q! auf Qp, in den Raum Q? auf Qyy, an einem
Beispiel dargestellt. Diese Approximation kann ohne erneutes Rechnen erfolgen. F”ur
die Auswertung des Fehlersch”atzers m”ussen die Residuen lediglich mit h”oherer
Quadraturforlem ausgewertet werden:

% (U, zn) == F(ifizn —zn) — A(un) (ifzn —zn) + ]/ (un) (i un —un) — A (un) (Hun — Un, zn).
(4.8)

Dieses Vorgehen f”uhrt in der Regel zu sehr guten Fehlersch”atzern n;,. Bei hinre-
ichender Regularit”at gilt

Nh(Uh, zn)

lett == (50 — ) L (O

Eine theoretische Analyse ist hingegen schwierig, das Vorgehen macht sich Superap-
proximationseffekte der Finite-Elemente L”osung uy, in den Knotenpunkten zu Nutze.

. Die Residuen k”onnen mit partieller Integration und der Cauchy-Schwarz Ungleichung
weiter abgesch”atzt werden. Diese Darstellung h”angt von der Gleichung ab. Der
Fehlersch”atzer hat dann die Form

Nh = Z {pk(un) - wk(zn) + pk (un, zn)wi (un) },
KeOy

mit primalen Residuen px (un) und Gewichten wy (zn) sowie dualen Residuen p¥ (un, zn)
und dualen Gewichten wj (uy, ). Die Gewichte sind Interpolationsfehler auf der Zelle K,
welche dann mittels Interpolationsabsch”atzungen approximiert werden k”onnen:

[u—inufk < eihiclIV2ullk ~ hi [ Viunllk.

Wir werden dieses Vorgehen f”ur die Navier-Stokes Gleichungen konkretisieren. We-
gen der groben Absch”atzung des Fehlers mit der Cauchy-Schwarz Ungleichung liefert
dieser einfache Fehlersch”atzer “ublicherweise eine starke “Ubersch”atzung des Fehlers
und es gilt

Mh(Un, zn)

et = W) — )l

Desweiteren ist die Interpolationskonstante nicht bekannt und es muss c; ~ 1 verwen-

/o

det werden. Die lokalen Gr”o”sen

Nk (Uh, zn) = pk (Un)wk (zh) + Pk (Uh, Zn) Wi (Un)

lassen sich jedoch gut als Verfeinerungsindikatoren zur Gittersteuerung verwenden.
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4 Adaptive Finite Elemente f”ur die Navier-Stokes Gleichungen

4.2 Fehlersch”atzung bei den Navier-Stokes
Gleichungen

Die Navier-Stokes Gleichungen sind mit U = (v,p) € H}(Q)4 x L2(Q) durch die Semilin-
earform

A(W)(D) = V(Vv, VP)+(v-Vv,d)—(p, V-0) +H(V, &) = (f,d), YD :=(d,&) € HH(Q)IxLE(Q)

gegeben. Als Zielfunktional betrachten wir den Widerstands- (Drag) cp sowie die Auftriebs-
(Lift) Koeffizienten c; an einem umstr”omten Hindernis mit Rand I',:

2 2
Jo(u) :=cp = VL L(anv —p-n)-e;ds, Jr(u):=cp:= VAL Jro(anv —p-n)-exds.
Hier ist n der nach au”sen gerichte Normalvektor an T, und e; = (1,0)7, sowie ey =

(0,1)7 sind die Einheitsvektoren in Hauptstr”omungsrichtung bzw. orthogonal zur Haupt-
str”omungsrichtung. Das zugeh”orige Lagrange-Funktional mit Z = (w, q) € H}(Q)% x
L2(Q) gegeben durch

L(U,Z) =]J(U) +F(Z) —A(U)(Z).

Primale und duale L”osung sind durch die Nullstellen der Ableitungen bestimmt. Die Pri-
male L”osung (Ableitung nach Z) ist durch die Navier-Stokes Gleichungen selbst gegeben:

A(U) (@) =F(®) VD € H{(Q)? x L2(Q).
F”ur die duale Gleichung muss die Ableitung der Semilinearform bestimmt werden:
A'(U)(8U, Z) = v(Vov, VW) + (v - Vov,w) + (§v - Vv, w) — (8p, V- w) + (V - du, q).

Das Funktional hat die Ableitung (am Beispiel des Drag)

I{g(u)(CD):J (ancp—n.p).eldszj

M o
=4 () —J5 (&)

Indlds —J ny&ds.
o

Die duale L"osung Z = (w, q) ist bestimmt durch
V(VW, V) + (w,v- V) + (W, b - V) +(q, V- d) = J3(d) Vb € Hy(Q)¢
—(V-w, &) =TJp(8) VEeL§(Q).

Der duale Konvektionsterm kann (bei Dirichlet-Randwerten) durch partielle Integration trans-
formiert werden zu:

(4.9)

Vl Wl *VlWQ, (I)2

(W, v-Vo)+ (w,p-Vv)=—(v-Vw,d) + (
y x

2902 — w2l bl
viw —vyw,d))

Er spaltet sich also in einen Transport-Term (der erste) in Richtung —v, also entgegen der
Str”omungsrichtung und in einen Reaktionsterm nullter Ordnung auf. Auch der Druck er-

scheint mit umgekehrtem Vorzeichen. Vernachl”assigen wir den Konvektionsterm, beschr”anken
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4.2 Fehlersch”atzung bei den Navier-Stokes Gleichungen

uns also auf die Stokes-Gleichungen, so kann die klassische Formulierung der dualen Gle-
ichung angegeben werden:

—VvAw —V(q =j,

—V-w= jpu
wobei jy,jp € H~1(Q) die klassischen Darstellungen der Funktionale sind, gegeben durch

(v, @) =Jo(d) Vb € HG(Q)Y,  (p, &) =T (E) Vo € LF(Q).

Die duale L”osung z = (w, q) kann als Sensitivit“at der L”osung bez”uglich des Funktionals
betrachtet werden. Sie gibt an, welche Bereiche der L”"osung wesentlich f”ur die Funktion-
alauswertung sind.

Der Fehlersch”atzer 1”asst sich nun angeben als

. . 1, . .
*p(Vmph)(W — W, q— 1hq) + P (W]'U Qh)(\’ — 1V, P — lhp)7

J(uw,p) = J(un, pr) = Mh = 5 5

mit den Residuen des primalen und dualen Problems. Wir konkretisieren dies zur Verein-
fachung {”ur die Stokes-Gleichungen

p(vhaph)(éwa 6q) = F(éW) - V(Vuh.a V6W) + (phv V- 6W) + (V *Vh, 6q)7
P* (Un, Pr)(Wh, qn) (8v,8p) == ], (8v) — V(VWh, V&) + (qn, V - dV)
+J5(8p) 4 (V - wy, 6p).

Um den Fehlersch”atzer als a posteriori Fehlersch”atzer auswerten zu k”onnen m”ussen die
Interpolationsfehler 6v := v — i,v, 0p := p — inp, sowie dw :=w — ipwund 8q := q — inq
wie oben beschrieben approximiert werden. F”ur einen effizienten Fehlersch”atzer sollte
die diskrete Interpolation ij, : Xy, — X} verwendet werden. Dies erfordert jedoch eine
gewisse Gitter-Struktur, welche nicht in jeder Finite-Elemente Software bereitgestellt wird.
Wir beschreiben daher die dritte Variante. F”ur die primalen Residuuen gilt bei partieller
Integration:

P, Pr)(8W,8q) = >~ {(F+ vAVR — Tpn, SW)k — (YOnvi, W)sk + (V- Vi, 8q)k |-
KeQy

Wir sch”atzen die Terme mit der Cauchy-Schwarz Ungleichung ab und fassen das Randin-
tegral zu Spr”ungen zusammen:

e=KNK': [Pnvhle = (an"h‘K — OnVh K’)’ :
e

Wir erhalten:
1
lp(vi, Pr) (B, 8q)I < D {Hf+VAVh—VPhHKH5WHK+§HV[ath]HaK H5WHaK+HV‘VhHKH5qHK}-

KeQn
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4 Adaptive Finite Elemente f”ur die Navier-Stokes Gleichungen

Angenommen, wir verwenden das Taylor-Hood Element mit st”uckweise quadratischen
Geschwindigkeiten vy, und st”uckweise linearem Druck py, so gilt weiter mit dw := w—ipw
und 8q := q — inq

l . - .
lw — thw| +hg [w —inwllok < cihilIVPwll,  [lq —ingll < cihi[[Vq]x.

Damit k”onnen die primalen Residuuen abgesch”atzt werden zu

3 1 -1 3
lp(Vi, Pr) (0w, 89)| < ¢4 E {hK |f +vAvL — Vpnllx + §h1< [vionvulllok ) [V7w(x
KeQn

+ hE [V - vallk [IV2qllk }-

F”ur die dualen Residuuen gilt entsprechend:

« - 1.1
1" (Wj, dn, Vi, Pr) (8v, 0p)| < ¢4 Z {hiol (Hlv + vAwy + Vanllx + §h1<2 \V[anwh]!ak) V3Vl
KeQy

+hkllp + w1Vl }.

Die h”oheren Ableitungen der L”osungen m”ussen durch geeignete lokale Differenzenquo-
tienten abgesch”atzt werden. Diese Darstellung des Fehlersch”atzers eignet sich gut um
lokal verfeinerte Gitter zu erstellen, es liegt im Allgemeinen jedoch eine Starke “Ubersch”atzung
des Fehlers vor.

4.3 Strategien zur Gitterverfeinerung

Basis einer adaptiven Gitteradaption sind lokale Fehlerindikatoren. Wir ben”otigen eine lokale
Darstellung des Fehlers der Art
|T]h| ~ Z nK,

KeQn

mit Indikatorennk auf jedem Element der Triangulierung. Bei der Lokalisierung des Fehler-
sch”atzers ist darauf zu achten, dass die Fehlerindikatoren die richtige Ordnung wiedergeben.
Werden die Integrale bei der Berechnung des Fehlsch”atzers zur Lokalisierung einfach
auf die einzelnen Zellen der Diskretisierung eingeschr”ankt, so liegt lokal eine zu geringe
Approximationsordnung vor und es wird zuviel verfeinert.

Alle Verfeinerungsstrategien suchen Elemente mit gro”sem Indikatorwertnx zur Verfeinerung
aus. Wir beschreiben hier einige einfache Methoden

1. Fixed Number oder Fixed Fraction Stratiegie. Die Indikatorwerete werden absteigend
sortiert

MK, Z MKy 2 -+ -NKy -
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4.4 Numerisches Beispiel: Widerstandsberechnung an einem Hindernis

Bei der Fixed Number Strategie werden die ersten ro := «N Elemente mit x € (0, 1)
verfeinert:
{Ki, i= 1,... ,T“x}.

N

Bei der Fixed Fraction Stratiegie werden die Elemente mit gr”o”sten Fehlerindikator-
werten verfeinert, welche insgesamt einen bestimmten Anteil des Gesamtfehlers aus-
machen:

To N
{Ki7i:17"'7ra7ZnKi gT]Z(XKl}
i=1 i=1

Beide Strategien haben den Nachteil, dass der Parameter « willk”urlich gew”ahlt wer-
den muss.

2. Fehler”aquilibrierungs-Strategie. Wir nehmen an, dass bei einem optimal gesteuertem
Gitter die Fehler “aquilibriert sind, dass also

Nk =~ Mk’

giltf”ur alle Elemente K, K’ € Qy. Um dieses Ziel zu erreichen verfeinern wir s”amtliche
Elemente mit einem Fehlerindikatorwert gr”o”ser dem Durschschnitt:

-1
K=l a=g )
KeQ
Diese einfache Strategie kommt ohne weitere Parameter aus und liefert im Allgemeinen
optimale Resultate.

4.4 Numerisches Beispiel: Widerstandsberechnung
an einem Hindernis

Wir betrachten die Str”omung um ein Hindernis mit Rand I, und wollen die auftretenden
Kr”afte bestimmen. Dabei betrachten wir die Widerstandskraft F4,; sowie die Auftrieb-
skraft Fyis, gegeben durch

Fdrag —J n-of-e;ds, Fug —J n- oy - exds,
o To
mit den Einheitsvektoren e; = (1,0)T sowie es = (0,1)2. Als Kenngr”o”sen werden in der
Str”omungsmechanik die dimensionslosen Gr”o0”sen Drag- sowie Lift-Koeffizient ¢y und cp

verwendet:
. 2Fdrag o 2Fhft

Ch = pVQL, L = pV2L7
wobei V die durchschnittliche Geschwindigkeit und L die Gr”0”se des Hindernis ist. Als
Fehlerfunktionale verwenden wir also

2 2
Idrag = m Jr (Van"i _phnx) ds, Jug = m Jr (Van"i _phny) ds.
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4 Adaptive Finite Elemente f”ur die Navier-Stokes Gleichungen

Wir betrachten die Str”omung um das Forschungs-Uboot wie in Kapitel ?? und w”ahlen
V=05 v=002,D=5 = Re=100.

Zur Diskretisierung verwenden wir Q! — Q! Finite Elemente, stabilisiert mit lokalen Pro-
jektionen. F”ur Drag- und Lift-Koeffizienten ermitteln wir durch Rechnung auf sehr feinen
Gittern die Referenzwerte

cp =1.24603 £ 107°, ¢ = —0.2472 + 10~ %.

In Tabelle fassen wir zun”achst die Werte zusammen, welche bei globaler Gitterver-
feinerung ermittelt werden k”onnen.

N Idrag(uh) Idrag(u — Up) Ilift(uh) ]lift(u — Un)

842 1.5835 0.33746 | -1.1435 -0.89635
3228 1.2850 0.03900 | -0.3118 -0.06457
12632 1.2426 -0.00341 | -0.2122 0.03498
49968 1.2440 -0.00206 | -0.2398 0.00731
198 752 1.2455 -0.00056 | -0.2457 0.00151
792768 1.2459 -0.00014 | -0.2468 0.00034

Table 4.1: Drag- und Lift-Koeffizient bei globaler Gitterverfeinerung.

In Tabelle 4.2| verwenden wir einen Energiefehlersch”atzer in der Norm

1
V2 [[V(v=vi)[l+ [P —pnl

zur Fehlersch”atzung und Gitterverfeinerung. Dieser Fehlersch”atzer liefert nat”urlich die
gleichen Gitter f{”ur Drag und Lift, da das Funktional nicht eingeht.

N | Jarag(un)  Jdrag(u—un) | Jus(un)  Jur(uw —un)

842 1.5835 0.33746 | -1.1435 -0.89635
1560 1.2869 0.04086 | -0.3117 -0.06450
3208 1.2436 -0.00246 | -0.2123 0.03489
7250 1.2440 -0.00200 | -0.2407 0.00648
16426 1.2453 -0.00073 | -0.2454 0.00176
39 848 1.2459 -0.00012 | -0.2466 0.00054

Table 4.2: Drag- und Lift-Koeffizient bei Verwendung des Energiefehlersch”atzers.

Schlie”slich wenden wir die DWR-Methode auf dieses Problem an. Um den Fehlersch”atzer

T]*h(uha Zh)a
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4.4 Numerisches Beispiel: Widerstandsberechnung an einem Hindernis

Figure 4.2: Duale L”osungen zur Widerstandsberechnung. Obere Zeile: dualer Druck
(links) und duale Geschwindigkeit zum Drag, untere Zeile: dualer Druck zum
Lift und duale Geschwindigkeit zum Lift.

auswerten zu k”onnen muss neben dem primalen Problem auch das duale Problem gel”ost
werden. In Tabelle [4.3] fassen wir die ermittelten Werte zusammen und in Abbildung [4.2]
zeigen wir duale L”osungen zu beiden Funktionalen.

N drag ] drag (uh) J drag (u - uh) Niift ] lift (uh) ] lift (LL — uh)
842 1.5835 0.337459 842 | -1.1435 -0.89635
1698 1.2865 0.040455 1672 | -0.3114 -0.06419
3222 1.2434 -0.002637 || 2884 | -0.2113 0.03584
6606 1.2443 -0.001748 || 5540 | -0.2405 0.00663
14808 1.2456 -0.000437 || 13622 | -0.2462 0.00102
36132 1.2460 -0.000022 || 38136 | -0.2470 0.00014

Table 4.3: Drag- und Lift-Koeffizient bei Verwendung des DWR-Sch”atzers.

Abschlie”send fassen wir alle Ergebnisse in Abbildung 4.3| zusammen. In der folgenden
Tabelle vergleichen wir die ben”otigte Diskretisierungsgenauigkeit um einen Fehler von
0.1% im Drag und 0.1% im Lift zu erreichen :

161



4 Adaptive Finite Elemente f”ur die Navier-Stokes Gleichungen

Global Energie DWR
Drag 192752 16426 6 606
Lift 792 768 39848 13622

Table 4.4: Ben”otigte Gittergr’o”se um einen Fehler kleiner als 0.1% im Drag,
beziehungsweise 0.1% im Lift zu erreichen.

Global —— Global ——

Energie Energie
DWR ---%:-- '

0.1
01 [

o

o

=y
T

J(u)-J(uh)
J(u)-J(uh)
o
o
=

0.001

0.001

0.0001 | 4

1le-05 L L L 0.0001 L L L
100 1000 10000 100000 le+06 100 1000 10000 100000 1le+06

N N

Figure 4.3: Konvergenzvergleich f”ur den Drag (links) und den Lift (rechts) bei Verwen-
dung von globaler Gitterverfeinerung, Verfeinerung mit dem Energie-Sch”atzer
und bei der DWR-Methods.
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5 Solution methods

We consider inf-sub stable finite element discretizations of the Stokes and the Navier-Stokes
equations. For this, let us recall the notation in Chapter |3 Let the discrete finite element
spaces Vi x Ly be given as:

Vi = span{d)}l, i=1,.. .,N‘{l}, Ly, == span{i%l, i=1,..., NE}' (5.1)

Then, every function vy, € Vi and py, € Ly, is uniquely given as:

NY NP
: 3 v P
Vi = Zvidﬁu Ph = Zpiﬂﬁ, ve RN p e RN, (5.2)
i1 im1

Let us recall that d)}L are vector valued basis functions, i.e. for e.g. d = 3 itis

V] 0 0 v
{of, i=1,....,N},} = oh vl o , j:l,...,ﬁ
0 0 W), 3

5.1 Solution methods for the stationary Stokes
problem

We want to find the solution {vi, pn} € Vi x Ly, € H{(Q)4 x L3(Q) to:
(Vvi, Vor) — (pn, V- on) + (V- v, &n) = (£, dn)  V{dn, Ent € Vi X Lh.

With (5.1)) and (5.2)) this is equivalent to the following problem: find v € RNt and p € RNR
which solve
Ny Np
D (VoL VoR)vi =Y (EL. V- dipi= (£, d}) i=1,...,Nf,
j=1 =1
N}
D (V- bl ER)vi =0 1=1,...,NP.
j=1

(5.3)

This constitutes a system of N}, + N, linear equations and unknowns. We define recall the
notation:

NY, X NY, NP XNy,

A= (VL VLT, Bi= — (V- gl )0, b= (F, o) (5.4)
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5 Solution methods

leading to the following formulation of the discrete Stokes problem:

(3 0)G) =) -

We recall Lemma the matrix A is symmetric positive definite and the system matrix is
positive semidefinite and anti-symmetric in the off-diagonal blocks. We further know that
(using an inf-sup stable finite element pair and prescribing a pressure normalization) the
discrete Stokes problem is uniquely solvable. The system matrix is regular.

The specific structure of the matrix A depends on the numbering of the velocity degrees of
freedom. Let us assume that d = 3 and in the vector vV we first have all degrees of freedom
of the first velocity component, then all degrees of freedom of the second component and
so on. Then, the matrix A is given as a block diagonal form and the matrix B can be split
component wise as follows:

Ay 0 0 Bi] /v by
0 A, 0 Bo vo | | b2
0 0 A3 B3 V3 - b3 ’ (56)
-B] -BJ -BJ 0] \p 0

N}, /3,NY,/3

where Ay = (Vlj)j , VLHL)i =1 are the scalar matrices of the velocity components k =
NY./3,NP

1,2, 3. The matrices By are given by By = —(akxp}i, E,{L)m.:l’ ". The system matrices
bzw. are sparse: the matrices Ay and By are sparse finite element matrices and there are
no coupling terms between the velocity components in the main part for the Stokes equation.
However, for the Navier-Stokes equations there is a convection term v - Vv which will lead
to a coupling between the three velocity components.

For d = 2, there exist direct highly effective solvers which can optimally exploit the structure
of the system matrix. On a modern computer, the Stokes problem with up to 1 000 000 mesh
elements can be solved in less than 10min. The storage use of a direct solver, however, grows
fast and takes for 1000 000 mesh elements over 10 GB. For d = 3, the solution of the Stokes
problem on a mesh with less than 500 000 elements takes a few days. The storage use is very
large, it takes around 100 GB. Further, in three dimensions more mesh elements are needed
than in two dimensions in order to achieve a prescribed accuracy.

For the Navier-Stokes equations, systems of the type (5.6) have to be solved again and again
which increases the computational effort.

5.1.1 Schur Complement method

The matrix A € RNw*Nh is symmetric and positiv definite, thus regular. The system (5.5
can symbolically be solved for the pressure. For this, let us multiply the first line with BT A~!
from left and add it to the second line leading to

B'A"'Bp=B"A 'b. (5.7)
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5.1 Solution methods for the stationary Stokes problem

Thus, we can determine the pressure without knowing the velocity v. If we have determined
the pressure, then we can compute the velocity by solving

Av =b — Bp. (5.8)

Definition 5.1 (Schur Complement). The matrix
¥ :=B'A'B,
is called Schur Complement

It holds

Satz 5.2 (Properties of the Schur Complement). The Schur Complement X is symmetric and
in case of an inf-sup stable discretization positive definite.

Proof. (i) Symmetry follows directly from the structure.

(ii) Positive definite: Let p € RNk be an arbitrary vector. It holds
(Ep,p) = (A~'Bp, Bp) > c|Bp|”,

due to definiteness of A if Bp # 0. It remains to show that from Bp = 0 it follows p = 0. It
holds
Bp=0 = <Bp,W> :—(ph,V-wh) =0 Vwp € Vh.

According to the inf-sup condition it is

ey P Ve on) > vilpall

thus py, = 0 and therefore p = 0. [JBased on
(5.7) and we can construct two-step strategies in order to compute the solution {v, p}:
tirst we compute the pressure, then we compute the velocity. However, the matrix ¥ cannot
be assembled directly since the inverse A1 is usually dense and therefore to expensive to
compute. Since both matrices A and ¥ are symmetric and positive definite, efficient iterative
solvers can be utilized, e.g. the CG method, which fully rely on matrix-vector products.

With the analogy A ~ A"l B~ grad und BT ~ div we obtain for the Schur Complement the
heuristic approximation by counting the derivative orders:

E~divoAflograd~id.

The Schur Complement matrix therefore roughly behaves as an operator of zero order, in
the finite element context as the mass matrix M, in the pressure space:

NELNY
ij=1

The condition of the matrix behaves on regular grids as condz(M,,) = O(1).
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Satz 5.3 (Condition of the mass matrix). Let M denote the mass matrix associated with a
regular finite element mesh. Then it is

conds (M) = O(1).

Proof. Let us denote the nodal basis functions as &}1 withi=1,..., NE and the finite element
space as Ly. Due to the regularity of the grid and the norm equivalence, it holds with a
constant ¢ > 0 uniformly in h:

h h . .
= *HE loo < &R < ch[| &[0 = ch.

From this, it follows for py, € Ly, with coefficient vector p € RNR:

(Mp,p) = [[pr[* < ZthHK lezpl nll* < CKZPJ!EhII2 cckh?(p, p),

xi€K

where the constant cx > 0 depends on how the finite element basis overlap. With the
Rayleigh quotient it follows for the largest eigenvalue

Amax(M) = max ———+ (Mp, p> < cek h2.

» (p,p)

Accordingly, we have for the smallest eigenvalue:

Amin (M) = minM > C—KchQ,

» (p,p) ¢
and it follows conds(M) = O(1). OAs crucial argument in the proof, we
used the regularity of the mesh. On locally refined or e.g. strongly anisotropic meshes this
derivation for the condition number of the mass matrix does not hold anymore.

Due to the heuristic estimation ¥ ~ M, we will derive a similar result for the Schur Comple-
ment. We will not analyze the eigenvalues of the Schur Complement, but the eigenvalues of
the Schur Complement preconditioned with the mass matrix: M, 3. By this we can reduce
the dependency on the regularity of the mesh.

Theorem 5.4 (Condition of the Schur Complement matrix). For the Schur Complement
¥ := BTA7!B and the mass matrix M,, in the pressure space Ly, it holds:

condy (M%) < coy 2, HM;lﬁH < co,

where v is the inf-sup constant for the finite element pair Vi, x Ly and ¢y < 4 is a constant.

Proof. (i) Let us analyze the eigenvalues of M,'X. Let q be an eigenvector and A an eigen-
value with:

(%q,q) _ (A"'Bq,Bq) _ (Bq,Bq)i
Mpg,q)  (Mpg,q) (Mpq,q)

M;lﬁq =N & A= (5.9)
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5.1 Solution methods for the stationary Stokes problem

Since A is symmetric and positiv definite, A~! defines an inner product (-, -)4—1 with norm
1

|- [a-1 = (-,-) ;1. We can also write this norm as

—1
|X|p-1 := max X¥)a max M (5.10)

Yy - v 1
yeRMh lyla—1 yeRM (A~ ly y)2

(ii) Using (5.9)) and (5.10]) we obtain with z := A~ 1y:

(A" 'Bq,y)’ (Bq,z)’

X ~ = max

yerNv (Mpq,q)(A~ly,y)  zerNv (Mpq,q)(Az,z)

Let z,, € Vj, a finite element function with coefficient vector z € RNn and let qn € L}, be a
finite element function with coefficient vector q € RNE. Tt follows:

A = max (qh,V-zh)2
€V (qh, qn)(Vzh, Vzn)

(iii) For the smallest eigenvalue we get with the inf-sup condition:

_ . (qh V'ZH)Q 2
Amin(MZ1E) = ’ >
min(My %) = min A ) (Van, Van)

(iv) For the largest eigenvalue we obtain

N (qn, V - z)? lanl* IV - zn?
A M_-'¥) = max max ’ < max max )
max (M ") an€Lln zm€Vh (G, qn)(VEn, Vzn) — anelnmeVn [|qnl? [[Van|?

For H! conformal finite element spaces V}, C H}(Q)% it holds ||V - zn || < ||Vzn|| (compare
Lemma). If d = 3itholds ||V - zn||* < 4[| Vzn | leading to Amax (M, ') < 4.

O]

The Schur Comlement matrix preconditioned with the mass matrix is therefore well condi-
tioned. In particular, the condition is independent of the mesh size h. For this reason, we
consider the following solution method for preconditioned systems:

M, 'Sp=M_'B'A"'b. (5.11)

The Uzawa algorithm A classical method for the solution of the Stokes system is the
Uzawa algorithm. The basic idea is to approximate the preconditioned Schur Complement
problem (5.11)) with a damped Richardson iteration. Let pl¥ € RN% be an initial value. We
consider the iteration:

p ) =p 4 w(M;'BTA b — M, =p(V))
=p® + wM;'(BTA"'b —BTA 'Bp(V)) (5.12)
— p(t) + wM;lBTA—l(b _ Bp(t)),

where w > 0 is a suitable damping relaxation parameter. The method is formulated as a
two-step iteration and delivers an approximation for the velocity v € RN+ at the same time.

167



5 Solution methods

Algorithmus 5.5 (The Uzawa algorithm).

Initial value : p'® € RN»
fort >0: AvY) =p—Bp
Mpp(t+1) — Mpp(t) + wB vV,

with w > 0 relaxation parameter.

In order to analyze the convergence of the Uzawa algorithm, we need the following auxiliary
result.

Lemma 5.6. Let A be a symmetric and positive definite matrix and let q € (0, 1) be given.
Let for the eigenvalues of A hold true:

A(A) € [q,2—ql.

Then, it follows that
T—-All2<1—gq.

Proof. Since A is symmetric, it holds for the spectral norm

(x — Ax, x)

(%, %)

(Ax, x) .

' ww)

= max
x€R™

I— Al =
I l2 = max

All eigenvalues of A are positive and real, thus 0 < Apin(A) < Amax(A):
IT—All2 = max{|l — Amax(A), |1 = Amin(A)]}.
This means that for {Apax(A), Amin(A)} € [q,2 — q] the claim holds. O

The following result describes the convergence behavior of the Uzawa iteration:

Theorem 5.7 (Convergence of the Uzawa algorithm). For every w < % the Uzawa iteration
converges to the solution {v, p} of the saddle point problem (5.5)) with the estimation:

ip —p| < ptip® —p|

and the convergence rate p < 1 — wy?, where y? is the inf-sup constant of the ansatz space.

Proof. With the help of the iteration, we derive a connection between the old and the new

pressure error. With (5.12)) and (5.11)) it holds

(t+1) _ p— p(t) o U)M_F_)l(BTA_lp o Ep(t))
=p—p'Y —wM,'S(p-p)
= [1— wM,'=](p—p")),
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5.1 Solution methods for the stationary Stokes problem

thus
p—p" " < IT— M, "2 lp—p™)I.
We now would like to apply Lemma to the matrix wM; 1y}, However, this matrix is not

11
symmetric but has the same eigenvalues as the symmetric matrix M, * ¥M,, *, where we can

apply the Lemma For the eigenvalues of the matrix M, '3 we obtain by Theorem
Amin(M,'2) =%, Amax(M,'%) < co,

with the inf-sup constant y > 0 and wiht ¢y < 4. For w’ = % it holds:

v2

4

Amin(WM,'E) >, Amax(w’M, ') < 1,

and Lemma 5.6 delivers the convergence rate

p<1— %
The estimation follows by applying the iteration formula again and again. O

The convergence rate of the Uzawa iteration depends on the inf-sup constant. For this rea-
son, we can use iteration methods for the inversion of the Schur Complement in order to
experimentally determine the inf-sup constant. It can be shown that the Uzawa algorithm is
equivalent to the application of a gradient method to the Schur Complement system. Since
the Schur Complement is symmetric, we can use the CG method for an approximation.
We use the mass matrix M, as preconditioner and can expect optimal convergence order
condg(Mr_, '$) = 0(1) according to Theorem

Das PCG-Verfahren Wir betrachten nun das mit der Massematrix M, vorkondition-
ierte PCG-Verfahren (preconditioned conjugate gradients), angewendet auf das Schur-Komplement

System (5.11)):

Algorithmus 5.8 (PCG-Iteration f”ur das Schur-Komplement).

Startwert : p(o) e RNr, r®.=BTA p— Ep(o), 2 = M;lr(o), q(o) =z

(x(t) z(t)
ffurt>0: o= ———+5,
(Bq(t), qV))
ptH 1) = p()  xqV) p(tH) = 10 g 3g (0

1) . Mr—)lr(t—o—l),
B i <r(t+1),z(t+1)>
CT a0y 500y

g = gD 4 g,
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Der PCG-Algorithmus erfordert in jedem Schritt eine Matrix-Vektor Multiplikation mit dem
Schur-Komplement ¥. Da X nicht explizit berechnet werden kann muss hierf”ur jeweils die
Matrix A invertiert werden. Diese Matrix hat allerdings die sehr einfache Gestalt einer Block-
Laplace-Matrix und die Invertierung kann z.B. effizient mit Mehrgitterverfahren erfolgen.
Desweiteren ist in jedem Schritt die Invertierung der Massematrix M, notwendig. Aufgrund
der guten Konditionszahl kann dies z.B. wieder mit dem CG-Verfahren geschehen. Das
vorkonditionierte CG-Verfahren angewendet auf konvergiert mit der Absch”atzung;:

Nt
1—k"2 —
|p(t) —pl<k < 1) ‘p(o) —pl, k:= condg(Mplﬁ).
2

Injedem Schritt wird also eine feste Konvergenzrate erzielt, welche im Wesentlichen von der
Konstante y der diskreten inf-sup Bedingung abh”angt. Der Aufwand wird durch die Multi-
plikation mit X bestimmt. Gelingt es, die Matrix A mit optimalem Aufwand zu invertieren
(O(N)), also z.B. mit einem Mehrgitterverfahren, so besitzt auch das vorkonditionierte CG-
Verfahren die optimale Komplexit”at O(N) zur Reduktion des Fehlers um einen konstanten
Faktor.

5.1.2 L”osung der Laplace-Matrix

Sowohl beim CG-Verfahren als bei der Uzawa-Iteration muss in jedem Schritt die Geschwindigkeits-
matrix A zu gegebener rechter Seite Ax = b invertiert werden. Aufgrund der speziellen
Matrix-Struktur (5.6) kann dies f”ur jede Komponente getrennt geschehen:

AdXd = bd.

Dabei unterscheiden sich die Matrizen A 4 nur, wenn verschiedene Randwerte vorgegeben
sind, z.B. bei der Verwendung der slip-Bedingung v - n = 0 (dann gelten Dirichlet-Werte
nur {”ur die Normalkomponente von v). Im Wesentlichen ist also die Laplace-Matrix im
Geschwindigkeitsraum zu invertieren. Dies kann mit Mehrgitterverfahren in optimaler Kom-
plexit”at O(N,,) erreicht werden.

5.1.3 L"osung von stabilisierten Systemen

Bei Finite-Elemente-Paaren Qp x V}, welche nicht inf-sup stabil sind, werden der Bilinearform
zus”atzliche Stabilisierungsterme hinzugef”ugt, siche Kapitel 3.3} z.B.:

(Vvh, Vén) = (pr, V- dn) + (V- v, &n) + Y hi(Vpn, VEn)k = (£, dn).
KeQn

Das Stokes-System in Sattelpunktform ist dann anstelle von (/5.5

sl ) 529
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5.2 L"osung des station”aren Navier-Stokes-Problem

mit der Stabilisierungsmatrix S und das modifizierte Schurkomplement X5 hat die Form
Bs:=S+B'A'B.

Auch diese Matrix ist symmetrisch positiv definit, so dass Uzawa, bzw. CG-Verfahren entsprechend
angewendet werden k”onnen.

5.2 ”osung des station”aren Navier-Stokes-Problem

Die Navier-Stokes-Gleichungen unterscheiden sich von den Stokes-Gleichungen durch den
zus”atzlichen Konvektionsterm (v - Vv, ¢). Wir gehen davon aus, dass entsprechend Kapi-
tel die L”osung mit einem Iterationsverfahren, z.B. dem Newton-Verfahren gewonnen
wird. Sei v die letzte Approximation. Dann ist die diskrete L”osung (p,v) durch ein Sat-

telpunktproblem gegeben:
A(v) B||v| (b
St o)) =l 29

Die genaue Form der Matrix A(v) h”angt vom gew”ahlten Linearisierungsverfahren ab:
. . ANy
Oseen: A(¥) = ((de)l ,Vor) + (v - Vd))h,cbﬁ)). .1
1,)=

. . C : . \N

Newton: A(¥) = (v, Vi) + (¥n - VoL, o}) + (9] - Ton,oh))
i,j=

Die Matrix A (V) ist in beiden F”allen nicht symmetrisch. Im Fall der Newton-Linearisierung
weist die Matrix A(¥) auch keine Diagonal-Blockstruktur auf. Anstelle des vereinfachten
Vorgehens in Abschnitt muss also stets das gekoppelte Geschwindigkeitssystem A (v)v =
b — Bp gel”ost werden. F”ur kleine Reynoldszahlen ist dies mit Mehrgitterverfahren in op-
timaler Komplexit”at m”oglich. F”ur gro”se Reynoldszahlen ist die Konstruktion von ro-
busten Gl”attungsverfahren schwierig.

5.2.1 Schur-Komplement Methoden

Wie das Stokes-System kann das diskrete Navier-Stokes Problem mit Schur-Komplement-
Verfahren gel”ost werden:
BTA(v)"'Bp=B"A(¥)"'b. (5.15)

Anstelle der einfachen Laplace-Matrix muss nun in jedem Schritt die Matrix A(v) invertiert
werden. Diese Matrix ist nicht symmetrisch (aufgrund der Nichtlinearit”at), daher kann
das Schur-Komplement nicht mit dem CG-Verfahren invertiert werden. Als Alternative
k”onnen jedoch andere Krylow-Raum-Verfahren, wie GMRES oder BiCGStab verwendet
werden, welche auch auf nicht-symmetrische Probleme angewendet werden k”onnen. Die
Invertierung dieser Matrix ist bei weitem aufw”andiger als die Invertierung der Laplace-
Matrix beim Stokes-System. F”ur die station”aren Navier-Stokes-Gleichungen werden da-
her oft L”osungsmethoden verwendet, welche unmittelbar das gekoppelte Sattelpunktsys-
tem zu 1”osen versuchen.
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5.2.2 Mehrgitterverfahren

Das System ist regul”ar (denn es existiert eine eindeutige L”osung), jedoch nicht
symmetrisch oder positiv definit. Das System kann z.B. mit einem (vorkonditionierten)
Krylowraum-Verfahren (GMRES) gel”ost werden. Zur Vereinfachung f”uhren wir die fol-
gende Bezeichnung ein:

Xu=f, u=(p,v)', f=(b,0)".

Die Matrix X (1) ist schlecht konditioniert, es giltim Allgemeinen conds(X) = O(v 1h=2y~2),
mit der Konstante der inf-sup Bedingung y und der Viskosit”at v. Zum L’osen des Sys-
tems, oder aber als Vorkonditionierer im GMRES-Verfahren bietet sich somit ein Mehrgitter-
Verfahren an. Wir rekapitulieren hier kurz die Idee: Einfache Iterationsverfahren wie das
Jacobi- oder Gau”s-Seidel-Verfahren d”ampfen sehr schnell hochfrequente Fehleranteile. Im
Mehrgitterkontext wird diese Iteration deshalb GI”attungsoperator genannt und hier mit 8
bezeichnet. Bei der Finite-Elemente Approximation sind dies Fehleranteile v — vy,, welche
Oszillationen auf der feinsten Gitterebene h darstellen. Schwingungen mit niedriger Fre-
quenz hingegen werden nur sehr langsam reduziert. Die Idee ist jetzt, auf einer Gitterebene
nur die hochfrequenten Anteile zu gl”atten, und die niederfrequenten Fehleranteile auf einem
gr”oberen Gitter mit Gitterweite 2h zu behandeln. Dieses Verfahren kann iterativ angewen-
det werden:

Algorithmus 5.9 (Mehrgitter-Algorithmus Xyuy, = f}, auf Gitter Qp). Ist O, = Qg das
Grobgitter, so 1”ose Xouy = fp mit einem direkten L”oser.

1) Vorgl”atten: u%l = 8(up, fh, Xn),
2) Defekt: dy, =f — Xhu}ll,
3) Restriktion: dy = Rpdp,

4) Grobgritterl”osung: Xyyn =dn,

5) Prolongation: yh = PryH,

6) Update: u} :=uj + Oyn,

7) Nachgl”atten: ul = 8(ul, fn, Xn).

Die Grobgitterl”osung in Schritt 4) erfolgt rekursiv durch das Mehrgitterverfahren selbst.
Lediglich auf dem gr”obsten Gitter Qy wird das Problem exakt gel”ost (oder hinreichend
genau mit einem iterativen Verfahren). Das Mehrgitter-Verfahren beruht auf einer Hierar-
chie von Gittern Qp = Qg, Qq,...,Qr = OQn. Auf jedem dieser Gitter Q; wird der Finite
Elemente Raum Q x Vi und somit das Problem X u; = f; definiert. Um die optimale Kom-
plexit”at O(N) zu erreichen, m”ussen die Gl”attungsoperationen 8 in Schritt 1) und 7) alle
hochfrequenten Anteile des Fehlers mit einer festen (von der Gitterweite h unabh”angigen)
Rate gl”atten. Dann ist zur Reduktion des Fehlers um einen festen Faktor auf jeder Git-
terebene eine feste Anzahl von Schritten durchzuf”uhren. Der L”osungsschritt auf dem
Grobgitter verschlechtert die Komplexit”at nicht, da #0, = O(1) angenommen werden
kann. Solche geometrische Mehrgitterverfahren k”onnen optimal implementiert werden
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und erreichen die theoretische Komplexit”at O(N), allerdings mit einer sehr gro”sen Kon-
stante. Bis zu einigen Tausend Elementen sind direkte Verfahren zur L”osung der Navier-
Stokes Gleichungen effizienter.

Das Mehrgitter-Verfahren kann entweder als L”oser innerhalb einer Schur-Komplement-
Iteration f”ur die Probleme (5.11)) oder (5.15]) verwendet werden oder unmittelbar auf das
Sattelpunktproblem ([5.14]) angewendet werden.

Mehrgitter-Gl”atter in der Schur-Komplement-Iteration Wird z.B. das CG-
Verfahren verwendet um das Schur-Komplement-System der Stokes-Gleichungen zu1”osen,
so muss zur Matrix-Vektor-Multiplikation mit dem Schur-Komplement ¥ := BTA~!B die
Matrix A invertiert werden:

Ax =b,

wobei A eine Block-Laplace-Matrix ist, also von sehr einfache Typ. Die rechte Seite b ist das
Residuum in der Schur-Komplement Iteration. Die Kondition von A h”angt von der Gitter-
weite per conds(A) = O (h=2) ab. F”ur die Laplace-Gleichung existieren sehr einfache Mehr-
gitterverfahren. Schon einige Schritte des ged”ampften Jacobi-Verfahrens als Gl”atter liefern
optimale Komplexit”at und Konvergenz:

1
8(xn,bn, An) = xn + 0diag(An) (bn — Apxp), 0< 3

Bei der Schur-Komplement-Iteration f”ur die Navier-Stokes Gleichungen muss in jedem
Schritt die nicht symmetrische Matrix

A(V)x =b,

invertiert werden. F”ur gr”o”sere Reynoldszahlen, wenn das Problem also stark konvek-
tionsdominant ist, so ist die Konstruktion von robusten Gl”attern schwierig. F”ur einen

gro”sen Bereich ist eine unvollst”andige LU-Zerlegung erfolgreich:
8(%n; b, An) = xn + BILU(AR (V) (b — Anxn).

Die ILU (incomplete lower upper) Zerlegung ist dabei eine Zerlegung von Ay (V) in eine
linke untere und rechte obere Dreiecksmatrix. “Ublicherweise ist die LU-Zerlegung einer
d”unn besetzten Matrix voll besetzt. Bei der ILU-Zerlegung wird die Besetzungsstruktur
beibehalten. Der Erfolg der ILU-Zerlegung als Gl”atter h”angt stark von der Sortierung der
Freiheitsgrade in der Matrix ab.

Mehrgitter-Gl”atter f”ur das Sattelpunktproblem Soll unmittelbar das Sat-
telpunktproblem
[A(v) B}
x = b,

—BT 0
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Figure 5.1: Die 9 Freiheitsgrade (4 - 2 Geschwindigkeiten, 1 Druck) des rotierten Q' — P°
Elements in zwei Dimensionen.

mit dem Mehrgitter-Verfahren gel”ost werden, so ist die Wahl des Gl”atters schwierig. Die
einfachen Iterationsverfahren versagen. Erfolg verspricht eine Blockung von benachbarten
Freiheitsgraden. Im Folgenden stellen wir zwei Methoden vor.

Ein klassischer Gl”atter f”ur Sattelpunktprobleme ist der Vanka-GIl”atter. Wir entwickeln
das Verfahren f”ur das rotierte Q' — P® Element (Abbildung5.1)). F’ur eine Zelle K € Qy,
der Triangulierung sei durch

e~ [40)l Bl

_BT‘K 0 } , XK= X}K, bk = b!K,

die Einschr”ankung der Matrix, der L”osung und der rechten Seite auf die Freiheitsgrade
der Zelle K gegeben. Die Matrix Xx € R?*? ist klein und kann exakt invertiert werden. Der
Vanka-Gl”atter wird als eine Block-Gau”s-Seidel Iteration aufgebaut. Der Gl”atter 1”auft in
einer Iteration “uber alle Zellen K; € Q;:

i:1,2,"-2 XKiiKi:bKi(Kh-n,Kifl)-

Bereits berechnete Gr”o0”sen Xk, werden in der rechten Seite ber”ucksichtigt (ansonsten
w”are das Verfahren eine Block-Jacobi-Iteration). Zur Erh”ohung der Robustheit wird ein
D”ampfungsparameter 0 € (0, 1) eingef”uhrt:

x'Th=xt+o(xt —xY).

Bei der Verwendung von h”oheren Ansatzr”aumen wird der Vanka-Gl”atter, insbesondere
bei dreidimensionalen Problemen, schnell teuer.

Werden Finite Elemente gleicher Ordnung f”ur Druck und Geschwindigkeit verwendet (z.B.
das Q! — Q! Element) ist eine alternative Blockung durch Umsortierung der Freiheitsgrade
m”oglich. Wir schreiben den L”osungsvektor als

X :
1
x2 . Vx
xpi=| . |, mitx':= vy |, i=1...,N,
: 1
p
<N
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fassen also stets alle Freiheitsgrade in einem Knoten zusammen. Die Matrix wird entsprechend
eingeschr”ankt:
AL AY B
. . X X X
Xn = (X)), Xy = Al_f?(' A{‘J]y. B/
-BY —-By 0

Auf die Matrix Xy, kann nun zum Beispiel eine ged”ampfte Gau”s-Seidel oder eine ILU-
Iteration

xUH = x4 0ILU(Xp) by — Xpxl D)

angewendet werden, wobei JLU (X}, ) eine unvollst”andige LU-Zerlegung der Matrix Xj, ist.
Dabei behandeln wir die einzelnen Bl”ocke XE exakt. Durch diese Blockung wird lokal
dem Charakter des Sattelpunktproblems Rechnung getragen. Der Gl”atter ist sehr effizient,
kann insbesondere einfach auf Probleme erweitert werden, die neben den Navier-Stokes
Gleichungen noch weitere Gleichungen beinhalten. Diese Art der Blockung setzt allerdings
einen equal-order Ansatz £”ur Druck und Geschwindigkeit voraus.

Mehrgitter als Vorkonditionierer Das Design eines robusten Mehrgitter-Verfahrens

1 17

t”ur die Navier-Stokes Gleichungen ist schwierig, insbesondere wenn die Reynoldszahl gr”o”ser
wird, oder wenn anisotrop gestreckte Elemente (d.h. Elemente, bei denen das Verh”altnis
zwischen Umkreis- und Innkreisradius asymptotisch nicht beschr”ankt ist) verwendet wer-
den, was zum Aufl”osung von Grenzschichten zwingend erforderlich ist. Daher wird das
Mehrgitterverfahren meist nicht direkt als L”oser, sondern als Vorkonditionierer in einem
Krylow-Raum-Verfahren, z.B. GMRES verwendet. Bezeichnen wir mit M die Mehrgitter-
Iteration, also mit

x" = xt + M(b — Xx')

einen Mehrgitterschritt, so muss f”ur das Spektrum
o(l—MX) < 1,

gelten, damit das Mehrgitterverfahren als L”oser robust konvergiert. Bei der Verwendung
als Vorkonditionierer ist lediglich eine obere Schranke f”ur die Kondition:

condy(MX) < C
erforderlich. Das vorkonditionierte System
MXx = Mb

kann dann z.B. mit dem GMRES-Verfahren gel”ost werden. Jede Matrix-Vektor-Multiplikation
mit MX erfordert dann die Anwendung des Mehrgitteralgorithmus.
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5.3 L”osung der instation”aren Navier-Stokes
Gleichungen

Wir betrachten die algebraischen Probleme, welche durch Zeitdiskretisierung der Navier-
Stokes Gleichungen mit einem Zeitschrittverfahren (z.B. Crank-Nicolson oder Teilschritt-
Theta-Verfahren) entstehen. Analog zu (5.14)) schreiben wir:

[fl(;) 13] Lﬂ B @ ’ (5.16)

wobei b und g s”amtliche expliziten Anteile der Zeitdiskretisierung enthalten. F”ur die
Matrix A(v) gilt nun bei Newton-Linearisierung;

AW) = (6,07 + KOVIVH), V) + k0T - Vol b}) + K0(9), - Von, b})) .

oder in kompakter Schreibweise:
A(V) =M + kOvL 4+ k6C(v),

wobei M die Geschwindigkeits-Massematrix, L die Laplace- und C die Konvektionsmatrix
ist. F”ur sehr kleine Zeitschritte k — 0 entspricht jeder Zeitschritt von (5.16|) einer L2-
Projektion in den Raum der schwach divergenzfreien Funktionen:

RINE

Von einem effizienten L”osungsverfahren wird erwartet, dass dieses f”ur kleine Zeitschritte
die spezielle Struktur optimal ausnutzt. Wir betrachten wieder das Schur-Komplement
von ((5.16))

B'A(¥) 'Bp=g+BTA(¥) 'b.

Zur L”osung wollen wir eine vorkonditionierte Richardson-Iteration verwenden:
p"=p" '+ wP (g+BTAF) 'b—BTA®%) 'Bp™ )
=p" '+ wP g+ B'AF) (b—Bp™ ).

mit einem D”ampfungsfaktor w und einem Vorkonditionierer P welchen wir sp”ater disku-
tieren. Wir schreiben die Iteration in einem zweistufigen Verfahren:

Algorithmus 5.10 (Richardson-Iteration zur L”osung der instation”aren Navier-Stokes Gle-
ichungen). Sei p® = 0, w > 0 und P gegeben. Iteriere f"urn > 1:
1. Geschwindigkeits-Schritt
AV YY)yt =b—Bp™!

2. Druck-Schritt
Pp™—p" ) =w(g+B'v")
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Die Effizienz des Verfahrens h”angt von der ad”aquaten L”osung beider Teilschritte ab. Der
Charakter der Gleichungen “andert sich stark mit der gew”ahlten Zeitschrittweite. Dies
muss auch bei der L”osung ber”ucksichtigt werden.

5.3.1 Der Geschwindigkeits-Schritt

F”ur gro”se Zeitschrittweiten und moderate Reynoldszahlen ist die Gleichung
AT Hvr =b,

eine Diffusions-Transportgleichung mit zwei oder drei (je nach Raumdimension) L”osungskomponenten.
Diese Gleichung kann mit Mehrgitter-Verfahren effizient gel”ost werden. Insbesondere bei
dominanter Konvektion ist die Wahl eines robusten Mehrgittergl”atters wesentlich. F”ur
kleine Zeitschrittweiten “andert sich der Charakter der Matrix A(v™~!) und die Masse-
Matrix wird dominant. Lediglich die Konvektionsmatrix C(v) ist nicht-diagonal in dem
Sinne, dass hier die verschiedenen Geschwindigkeits-Komponenten miteinander koppeln.
F”ur kleine Zeitschritte kann diese Matrix vereinfacht werden. Wir schreiben:
C(¥) = C1(¥) + C2(9) = (- Vol 0h))  + (9] - Vo, b))

i,j

L
Der erste Anteil ist eine Block-Diagonal Matrix, zwischen den verschiedenen Geschwindigkeit-
skomponenten bestehen keine Kopplungen. Hier sind also nur die Diagonalbl”ocke besetzt.
Die Matrix Cs ist voll besetzt, die drei Geschwindigkeitskomponenten koppeln miteinander.
Wenn wir den Anteil C; explizit behandeln, so vereinfacht sich das System und kann entkop-
pelt in drei Teilschritten gel”ost werden:

A(f’nil)l 0 0 V{L b
0 A1), 0 v = |ba| — Co(¥)v™ T,
0 0 A1) v b3

A(¥) = M + kOVL + k0C; (¥).

Die drei Matrizen unterscheiden sich dabei nur in gegebenenfalls unterschiedlichen Dirichlet-
Vorgaben. F”ur sehr kleine Zeitschrittweiten k”onnen die einzelnen Gleichungen mit dem
CG-Verfahren gel”ost werden, da die Masse-Matrix gut konditioniert ist.

5.3.2 Der Druck-Schritt

Der Druck-Schritt wird von der richtigen Wahl des Vorkonditionierers P bestimmt. Diese
Wahl ist auch entscheidend f”ur die Konvergenz des Gesamtverfahrens. Wir bilden P mit
einem additiven Ansatz

P = am Py + o Prt + P,
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der den einzelnen Anteilen Rechnung tr”agt. Dabei nennen wir Ppq den reaktiven, P
den diffusiven und P¢ den konvektiven Vorkonditionierer. Weiter sind an, o, xc = 0
D”ampfungsparameter. Die Druck-Korrektur wird dann in drei Schritten durchgef”uhrt:

Pmpi =g+ B!

’PLpf —g+BTv"

Pepe =g+ BV
p" =p™ ' + w(pl +pf + D).

Der diffusive Vorkonditionierer P : F’ur gro”se Zeitschrittweiten und moderate
Reynoldszahlen ist die Laplace-Matrix dominant:

1
B'A%) 'B~ —B'L !B.
(¥) KOv

Diese Matrix ist gerade das klassische Schur-Komplement X, der Stokes-Gleichungen. Es
gilt conda (M, I$h) ~ 1 mit der Massematrix M,, des Druckraums. Diese Matrix ist also ein
optimaler Vorkonditionierer {”ur den diffusiven Anteil:

1

=—M,.
Pr= gy Me

Die Invertierung der Massematrix kann mit einem CG- oder Mehrgitterverfahren in opti-
maler Komplexit”at erfolgen.

Der reaktive Vorkonditionierer Py : F”ursehrkleine Zeitschrittweiten ist die (Geschwindigkeits)
Masse-Matrix im Schurkomplement dominant:

B'A(¥V)"'B~B"M,'B.
Eine heuristische Analyse zeigt wegen
B'M; !B~ divoid ' ograd ~ A

eine N”ahe zum Laplace-Operator. Verwendet man f”ur den reaktiven Vorkonditionierer
Pwm allerdings die Laplace-Matrix im Druck-Ansatzraum Qy, so werden fehlerhafte Druck-
Randwerte (von Dirichlet- oder Neumann-Art) eingef”uhrt. Stattdessen wird der Vorkon-
ditionierer explizit aufgebaut als

Pm =B M, !B,

wobei M,, die gelumpte Masse-Matrix im Geschwindigkeitsraum V4, ist. Diese Matrix wird
mit der Trapez-Regel als Quadraturformel aufgestellt und ist eine Diagonalmatrix. Die
Invertierung ist demnach trivial. Im Allgemeinen ist die Besetzungsstruktur von P ist
gr”o”ser als die “ubliche Laplace-Matrix. Das Problem kann jedoch optimal mit einem
Mehrgitter-Verfahren gel”ost werden. F”ur das rotierte Q' — Q° Element ist die Matrix P

gerade der “ubliche 5-Punkte Stern, jedoch mit speziellen Randwerten.
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5.3 L"osung der instation”aren Navier-Stokes Gleichungen

Der konvektive Vorkonditionierer P-: F”urkonvektionsdominante Probleme ex-
istiert kein einfacher optimaler Vorkonditionierer:

1
BTA(¥)"'B~ —B'C(v)"'B.
(%)'B~ 5B'C)
Eine M”oglichkeit besteht darin, die Inverse der Konvektionsmatrix durch eine unvollst”andige

LU-Zerlegung zu ersetzen:
1

Pc = @BTJLU(C(G))’lB
Das Problem k”onnte dann mit einem Mehrgitter oder GMRES-Verfahren gel”ost werden.
Bei der L”osung des Geschwindigkeitsschritts kann die ILU der Matrix A(v) als robuster
Gl”atter eingesetzt werden. Diese, bereits erstellte Zerlegung kann hier auch alternativ als
Konvektions-Vorkonditionierer eingesetzt werden. Im Allgemeinen versucht man jedoch
ohne Vorkonditionierung des Konvektionsterms auszukommen, also mit der “au”serst ein-
fachen Wahl

P. =1
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6 Kompressible Str’omungen

Wir haben bisher die inkompressiblen Navier-Stokes bzw. Stokes-Gleichungen behandelt.
Die Grundannahme der Inkompressiblit”at bedeutet, dass sich die Dichte auch bei gr”o”seren
Kr”aften nicht “andert. Inkompressiblit”at ist eine gute Approximation f”ur Wasser, aber

zum Beispiel auch f”ur Luftstr”omungen bei kleinen Geschwindigkeiten.

Dichte”anderungen k”onnen verschiedene Ursachen haben, welche unterschieden werden
m”ussen. Bei einer echt kompressiblen Str”omung geht man davon aus, dass das Volumen

durch Kr”afte komprimiert oder expandiert wird. Dies ist z.B. der Fall bei Luftstr”omungen

bei gro”sen Geschwindigkeiten, etwa bei der Umstr”omung von schnell fliegenden Flugzeu-

gen. Dichte”anderungen k”onnen jedoch auch durch externe Faktoren wie Temperaturschwankun-
gen, oder unterschiedliche Zusammensetzung des Mediums stattfinden: die Dichte von
Meerwasser h”angt einerseits von der Temperatur, jedoch auch vom Salzgehalt ab. Diese
Dichte”anderungen m”ussen von echt kompressiblen Verhalten unterschieden werden.

Oftmals sind beide Effekte jedoch eng miteinander verbunden, denn ein schnelles expandieren

oder komprimieren von Gasen f”uhrt zu einer Energie”anderung, welche sich in Temperatur-

Effekten widerspiegelt. Wir werden daher zun”achst die kompressiblen Gleichungen aus

Kapitel ?? wieder aufgreifen und zus”atzlich termische Aspekte in der Modellierung ber”ucksichtigen.
Ab jetzt werden wir nicht mehr von Isothermie des Mediums ausgehen.

6.1 Modelle kompressibler Str’omungen

6.1.1 Energieerhaltung

Wir gehen hier noch einmal im Detail auf die Gleichung der Energieerhaltung ein. Zun”achst
zitieren wir aus der Einleitung die Erhaltungsgleichungen f”ur Masse und Impuls:

0tp +div(pv) =0, pdtv+ pv- Vv =pf+divo. (6.1)

Physikalische Grundannahme ist die Erhaltung von kinetischer Energie
1 2
Eun(V) = 5 | plvPdx,
\%
und innerer Energie

Em(V) =j pedx,
Vv
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6 Kompressible Str”omungen

in einem materiellen Volumen V C R3. Die “Anderung der Energie entspricht der Summe
aus wirkender mechanischer Leistung

P(V) :J pf-vdx—i—J n-ovdo,
\% A%

im Volumen V und auf dem Rand 0V sowie der Energiezufuhr durch W”armequellen h
sowie dem Energiefluss auf dem Rand q:

Z(V):J phdx—J n-qdo.
Vv oV

Dabei gilt f"ur die Oberfl”achenterme bei Verwendung von o = o'

J n~(rvdo:J div (ov) dx, J n-qdo:J div q dx.
oV Vv oV Vv

Es gilt dann
de{Ein(V) + Exn(V) } = P(V) + Z(V).

Das Reynoldsche Transport, Theorem ?? liefert bei hinreichender Regularit”at

{at(pe) +div (pev) } + {at (;plvl2> +div <;p|v|2v> } = {ph—div q} + {pf—v+div(0‘v)}.

(6.2)
Diese Gleichung 1”asst sich mit Hilfe der Gleichungen {f”ur Impulserhaltung und Masseer-
haltung wesentlich vereinfachen. Es gilt:

1 1
Ot <29|V|2> = §atp|"‘2 + potv- Vv

1 1
div <2p|v|2v> = §\v|2div(pv) +pv-Vv-v.

Zusammen folgt mit (6.1]) und div(ov) = o : Vv+div (o) v

1 1 1
0t <2p|v|2> + div <2p|v|2v) = §\v|2 (atp ~|—div(pv)> + | pOtv+pv-Vv | v
| | S S
=pf+divo

Hiermit reduziert sich die Gleichung der Energieerhaltung zu

0t(pe) +div(pev) = ph—divq+ o : Vv.

Wir fassen zun”achst die Erhaltungsgleichungen f”ur Masse (??), Impuls (??) und Energie

Zusammen:
0¢p+ V- (pv) =0,

0t(pv)+ V- (pv®vVv)—V -0 =pf (6.3)
Ot(pe) +V - (pev) —0:Vv+V.-q=ph,
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6.1 Modelle kompressibler Str”omungen

mit der Dichte p : O — R, dem Geschwindigkeitsfeld v : O — R4, einer wirkenden Volu-
menkraft f : Q — RY, der Energiedichte e : QO — R und einer W”armequelle (bzw. Senke)
h: Q — R sowie dem Energiefluss q : Q — R<. Dies ist die konservative Formulierung
der kompressiblen Navier-Stokes Gleichungen in den konservativen Variablen Massedichte
p, Impuls pv und Energiedichte pe. Wir werden sp”ater eine nicht-konservative Form der
Gleichungen in den primitiven Variablen Dichte p, Geschwindigkeit v und Temperatur &
herleiten.

Zun”achst muss dieses System von Gleichungen jedoch mit Hilfe geeigneter Materialgesetze
geschlossen werden. Im Fall Newtonscher Str”omungen gilt f”ur den Spannungstensor der
lineare Zusammenhang

o= —pI+pv(Vv+VvT) —%pv(V-v)I. (6.4)
Dabei ist p : O — R der Druck, welcher nun - je nach Modell - eine unterschiedliche
physikalische Rolle einnehmen wird. Die kompressiblen Navier-Stokes Gleichungen sind
kein Sattelpunktproblem, der Druck ist somit kein mathematisches Konstrukt zur Real-
isierung der Inkompressiblit”at. Stattdessen kommen im physikalische Eigenschaften zu.
Wir werden auf den Zusammenhang zwischen diesem hydrostatischem und den anderen

Erhaltungsgr”o”sen sp”ater eingehen. Ebenso werden wir Modelle f"ur den inneren W”armefluss
q: Q — R% angeben m”ussen.

6.1.2 Thermodynamische Modellierung

Das System der kompressiblen Navier-Stokes Gleichungen (|6.3)) zusammen mit dem Ten-
sor beinhalten in drei Dimensionen die 9 Unbekannten p, v, p, e und q. Demge-
gen”uber stehen 5 Gleichungen. Diese L"ucke wird durch weitere Materialgesetze geschlossen.
Zun”achst fassen wir einige Modellannahmen zusammen:

e 1. Hauptsatz der Thermodynamik: Innere Energie geht nicht verloren. Der Zuwachs an
Energie in einem System entspricht der Summe aus eingebrachter W”arme $Q und
Arbeit SW

de =5Q + dW.

Eingebrachte Arbeit kann z.B. die Kompression eines Volumens sein 8W = —p - dV,
jedoch auch dissipative Arbeit wie innere Reibung.

e 2. Hauptsatz der Thermodynamik: W”arme kann nicht ohne weitere Zustands”anderungen
von einem K”orper niederer Temperatur auf einen K”orper h”oherer Temperatur “uber-
tragen werden. Dieser Hauptsatz ist zun”achst einleuchtend, da er der allgemeinen
Anschauung entspricht. Seine Auswirkung ist jedoch weniger einfach zu erkl”aren.
Der 2. Hauptsatz der Thermodynamik kann nun so verstanden werden, dass diese
Beziehung eine neue Gr”o”se, die Entropie s : (O — R beschreibt. Diese Entropie
ist in jedem irreversiblen Prozess ansteigend. Hieraus kann gefolgert werden, dass ein

Perpetuum Mobile nicht m”oglich ist.
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6 Kompressible Str”omungen

Remark 6.1 (Entropie). Die Entropie hat als physikalische Gr”0”se die Einheit J/K = kg m?/(Ks?).
Hieraus folgt sofort, dass die Entropie eine expansive Gr”o0”se ist. Werden zwei Volumina

mit fester Entropie zusammengef”ugt, so addiert sich auch die Entropie. Die Entropie kann
bestimmt werden, so hat 1 kg Wasser bei 10°C die Entropie 151]/K bei 20°C die Entropie
297]/K und schlie”slich bei 30°C die Entropie 437]/K. Werden je 1kg kaltes Wasser und
warmes Wasser vermischt, so k”onnte sich spontan (ohne Verrichtung weiterer Arbeit) ein
Gemisch mit 20°C bilden, da die Summe der Entropien 151 + 437 = 588 kleiner ist als die
resultierende Entropie 297 + 297 = 594. Ein Umkehrung dieses Prozesses, also eine spon-

tane Trennung von 30°C warmen Wasser ist nicht m”oglich, dass die Entropie nur steigen
kann.

Eine einfache Form der einwirkenden Arbeit ist die Kompression des Volumens V, gegeben
durch 8W = —p - dV. Bei fester Masse m(V) = pV = const gilt {”"ur die Volumen”anderung
dV =d(p!) und also §W = —pd(p~!). Es folgt f"ur die Energie

de =586Q —pd(ph). (6.5)

Wir betrachten nun den Fall, dass keine Arbeit einwirkt, und das Volumen konstant bleibt,
also dV = 0. Dem System wird W”arme hinzugef”ugt wird. Beobachtung zeigt, dass dies
proportional zum Anstieg der Temperatur 9 : O — R ist

3Q =c,d?,
mit der spezifischen W”arme bei konstantem Volumen c,, > 0. Dann gilt f”ur die Energie
de=%5Q=c,dd® = e=c,d+ “const”. (6.6)

Die innere Energie ist in diesem Fall proportional zur Temperatur und einer Konstante.
Diese neue Zustandsgr”o”se muss ebenso mit den bereits vorhandenen Gr”o0”sen in Verbindung
gesetzt werden. F”ur ein sogenannte ideales Gas (ein Gas, das homogen ist, also “uberall die

gleiche Dichte hat) gilt

n
= V{)Rma

mit der universellen Gaskonstante Ry, ~ 8.314]/(mol K). Dabei ist n die Stoffmenge (in mol)
und V das Volumen. Mit p = m(V)/V

- m(V) nM
p - v - V bl
und der Molaren Masse M folgt
R
p= Vmpﬂ =: R p?, (6.7)

mit der spezifischen Gaskonstante R. Hier gilt z.B. Ry ~ 450 f”ur Wasserdampf und R ~ 2000
f”ur Helium oder Rg ~ 190 f"ur COs.

Wir gehen nun davon aus, dass bei festem Druck W”arme hinzugef”ugt wird. Dann folgt

aus
pd(p_l) = Rqd?.
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6.1 Modelle kompressibler Str”omungen

Fur die geleistete W”arme 6Q = cpdd, mit der spezifischen W”arme bei konstantem Druck

cp > 0 folgt dann mit ((6.5)) und
de = c,dd = cpdd — Red?. (6.8)
Somit gilt
Rs=cp—cy=1cy(y—1)>0 = v=cp/cy. (6.9)

F”ur zweiatomige Gase (z.B. O) gilt vy = 1.4. Die spezifische W”arme c,, hat die Einheit
J/(kg K) und kann f”ur verschiedene Stoffe bestimmt werden. Es gilt etwa ¢, ~ 1 f"ur Luft
oder ¢, ~ 15 f"ur Wasserstoff.

Wir betrachten jetzt eine Expansion des Volumens ohne “au”sere W”armeeinfl”usse, also
8Q = 0. Dann gilt mit (6.5), (6.7), und (6.9)
5Q=0=de+pd(p~") =cydd+ Rspdd(p ') = cydd + ¢y (y — 1)pdd(p ),

und schlie”slich bei Division durch p¥~! und Zusammenfassen der Ableitungen

dd dd(p™1) 0
0= v +(y—1)p v =d 1)
Also ist bei Verwendung des Gasgesetzes
8 4 r’ p 7 7
= "const’, — = "const".
p‘Y*l pY

Hieraus folgern wir das Materialgesetz
p=ap’,
mit eine Temperatur-abh”angigen Konstante o« > 0 und y = ¢, /¢, = 1.4.

Es bleibt, denn inneren W”armefluss q zu beschreiben. Ein einfaches Modell schreibt einen
W”armestrom vor, welcher proportional zum Gradienten der Temperatur ist.

q = —«kV31,

mit dem W”armeleitkoeffizienten « > 0. Der W”armeleitkoeffizient hat die Einheit /(s m K)
und es gilt z.B. f”ur Wasserdampf oder Luft k ~ 0.025 f”ur Wasserstoff k ~ 0.5, {”"ur Wasser
k =2, f”ur Eisen k =~ 80 und {”ur Silber k = 400.

Schlie”slich folgt aus mit (6.7]) bei Vernachl”assigung des konstanten Anteils der En-
ergie
pe = pcyd = cppd — pRsD = cppd —p. (6.10)

Weiter gilt
T 2. .
o:Vv=pv|(Vv+ Vv )—ngVVI : Vv —p(divv)

1 2
= ipv(VV +Vvh)2— gp\/(divv)2 — pdivv.
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6 Kompressible Str”omungen

Hieraus folgt die Energieerhaltungsgleichung in konservativer Form
0¢(cppd —p) +div ((cppd —p)v) — div (kVD) + pdivv
2 2
— gpv(Vv + Vv 4 gpv(div v)2 =ph (6.11)

6.1.3 Primitive Formulierung der kompressiblen Navier-Stokes
Gleichungen und Vereinfachungen

Zur Herleitung der Energieerhaltungsgleichung in den primitiven Variablen Dichte p, Druck
p, Geschwindigkeit v und Temperatur 9 k”onnen wir wiefolgt umformen. Es gilt:
Ot(cppd —p) = cpP0tp + Cppdtd — OtP,

sowie
div ((cppd —p)v) = cppv - VO + cpddiv (pv) —v- Vp —pdivv.

Also bei Verwenden der Masseerhaltung
0t(cppd —p) +div ((cppd —p)v) = cpp(0td +v- VD) —v-Vp —p(divv).

Mit diesen weiteren Beziehungen k”onnen wir die kompressiblen Navier-Stokes Gleichun-
gen in den primitiven Variablen Dichte p, Geschwindigkeit v, Temperatur ¥ und Druck p
formulieren. Es gilt

0¢p + div (pv) =0,
p(atv +v- Vv) — pevediv (Vv + Vv') — %pfvfdiv vl+ Vp = pf
cpp (3D + v VO) —div (kVO) — v Vp —dp (6.12)
—%pv(Vv + Vv 4+ %pv(div v)? = ph.
Dieses System wird geschlossen durch eine Gasgesetz, also z.B. dem allgemeinen Gasgesetz
P = pOR;.
Unter gewissen Umst”anden kann das System der kompressiblen Navier-Stokes Gleichun-
gen stark vereinfacht werden. Zun”achst gibt es F”alle, in denen Temperatur”’anderung
durch mechanische Kr”afte vernachl”assigt werden kann. Dies ist zum Beispiel bei langsameren

Luftstr”omungen der Fall. Dann ist der einzig wirkende innere W”armestrom durch diffu-
sive Effekte gegeben und die Gleichung der Energieerhaltung vereinfacht sich zu

Cpp(0td + v - V) —div (kVD) = ph,

einer Diffusions-Transport Gleichung. F”ur ein ruhendes Volumen folgt bei v = 0 mit der
“ublichen W”armeleitungsgleichung

Cpp0td — div (kVD) = ph,

das typische Modellproblem einer parabolischen partiellen Differentialgleichung.
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6.1 Modelle kompressibler Str”omungen

6.1.4 Die Machzahl und ”"Ahnlichkeits|”osungen

Zur Beurteilung von inkompressiblen Str”omungen haben wir zun”achst mit Hilfe einer
Referenzgeschwindigkeit v* und einer Referenzl”ange L die Reynoldszahl
Lv*  p*Lv*

Re = =
v 28

eingef”uhrt, welche das Verh”altnis zwischen Reibungs- zu Tr”agheitskr”aften beschreibt.
Weiter bezeichnet die Froudezahl

(v)?
Fr=
T
das Verh”altnis zwischen Schwerkraft (da “ublicherweise f = —ges die Schwerkraft ist) und

Tr”agheitskr”aften. Bei inkompressiblen Str”omungen mit homogener Dichte p = p* spielt
die Schwerkraft keine Rolle, da sie nur auf Dichteunterschiede wirkt. Im Fall kompressibler
Str”omungen mit wechselnder Dichte “andert sich dies wesentlich.

In inkompressiblen Str”omungen wirken sich lokale "Anderungen unmittelbar global auf
das ganze Str”omungsgebiet aus. Dies ist notwendig, da keine lokalen Dichte”anderungen
m”oglich sind. Im Fall kompressibler Str”omungen werden wir sehen, dass auch Dichte-
und Druck”anderungen einer endlichen Geschwindigkeit unterworfen sind. Hierzu betra-
chten wir eine starke Vereinfachung der Erhaltungsgleichungen:

e Wir betrachten eine isotherme Str”omung, so dass Temperatureffekte keine Rolle spie-
len.

e Wir betrachten nur kleine “Anderungen von Referenzdruck |p — p*| < [p*| und Ref-
erenzdichte |p — p*| < |p*|.

e Wir betrachten ein im wesentlichen ruhendes Medium mit v ~ 0 und Vv =~ 0.

Unter diesen Vereinfachungen k”onnen die Erhaltungsgleichungen approximiert werden
als
0tp + p*divv =0,

6.13
poatv + Vp = 0. ( )

Wir gehen davon aus, dass Druck und Dichte einem differenzierbaren Zusammenhang p =
p(p) gen”ugen. Im Fall isothermer Str”omungen wird z.B. das barotrope Gasgesetz p = op¥
mit o« > 0 und y = 1.4 im Fall zweiatomiger Gase verwendet. Dann gilt:

d
0tp = di;atp

mit einem c? > 0. Wir gehen nun davon aus, dass [p — p*| und |p — p*| so klein sind, dass

= d—g > 0 als konstant angesehen werden kann. Wir erhalten aus (/6.13])

dup = 20y p = c2div (9v) = c2p*div (Vp) = c2Ap,
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6 Kompressible Str”omungen

also eine Differenzialgleichung f”ur den Druck
attp — C2Ap = 0,

und bei Annahme sehr kleiner St”orungen f”ur p &~ p* = c?p* ~ p auch eine Differenzial-
gleichung f”ur die Dichte

attp — C2Ap =0.

Druck und Dichte gen”ugen demnach in N”aherung einer Wellengleichung. St”orungen
werden mit der sogenannten Schallgeschwindigkeit ¢ > 0 verbreitet.

Die Schallgeschwindigkeit kann aus dem Gasgesetz p = p(p) bestimmt werden, h”angt
also wesentlich vom Material ab. F”ur Luft gilt - stark abh”angig von der Temperatur - etwa
Cruft = 340m/s, f”ur Wasser etwa Cyagser =~ 1 500m/s.

Aus (6.13]) erhalten wir durch einfaches Umformen
d¢p + cZp*divv = 0.

Die Schallgeschwindigkeit spiegelt also auch den Grad an Inkompressibilit”at wieder. Die
oben angegebenen Zahlenwerte zeigen, dass in Flu”ssigkeiten bei “ublicherweise sehr gro”ser

Schallgeschwindigkeit ein inkompressibles Verhalten physikalisch sinnvoll ist. Bei Gasstr”omungen

hingegen kann die Str”omungsgeschwindigkeit des Materials leicht die Gr”0”senordnung
der Schallgeschwindigkeit ¢ ~ |v| erreichen.

Zum FEinfluss der Schallgeschwindigkeit betrachten wir weiter eine starke Vereinfachung
der Gleichungen.

e Zun”achst folgern wir aus (6.13)), dass 0, v ~ Vp die Zeitableitung der Geschwindigkeit
dem Gradienten einer skalaren Funktion entspricht. Sie ist somit rotationsfrei 0V x
v = 0 und wir folgern weiter V - v = 0. Dann gilt ("Ubung)

1 1
v-Vv= §V|V|2 —vx (V-v)= §V|vl2.

e Weiter vernachl”assigen wir viskose Effekte, also v = 0.
e Wir einen station”aren Zustand mit 0¢v =0, 0;p = 0 und 0¢p = 0.

e Die Str”omung sei durch ein Volumenpotential getrieben, also durch f = —VV, mit
einer skalaren Funktion V.

Unter diesen Annahmen erhalten wir die vereinfachte Zustandsgleichungen

pdivv+v-Vp =0,

1
5V|v|2 +c2p'Vp+VV =0,
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6.1 Modelle kompressibler Str”omungen

wobei wir wieder dp/dp = ¢? mit der (lokalen) Schallgeschwindigkeit ¢ = c(p). Durch
Multiplikation der zweiten Gleichung mit v- und Ausnutzen der ersten kann die Dichte aus
der Gleichung eliminiert werden:

1
3V Vv = c?(divv) +v-VV =0.

Es gilt
%V VIV2=v-(v-Vv),
also transformiert sich die obige Gasdynamische Gleichung zu

v (v-Vv)—c2divv+v-VV =0.

Das rotationsfreie Geschwindigkeitsfeld erlaubt die Einf”uhrung eines Geschwindigkeitspo-
tentials ® : Q — R, so dass
v=Vo.

F”ur dieses Potential gilt die skalare Gleichung

d
D 2000050 — *AD + VD - VV =0. (6.14)
i,j=1

Im Fall ¢ >> |v| = [V | folgt die reine Potentialgleichung f”ur die Geschwindigkeit
—AD = 0.

Der Fall [v| < c bedeutet, dass die Ausbreitungsgeschwindigkeit von Schallwellen nahezu
unendlich gro”sist. Diese Annahme entspricht gerade der Inkompressibilit”at der F1”ussigkeit.

Wir betrachten nun den allgemeinen Fall der Gleichung f”ur das Potential ((.14]), schr”anken
und aber auf den Fall von zwei r”aumlichen Dimensionen ein, so dass gilt

VO =y = (;;)

(U2 — ) Dyy + (W? — CQ)GJW + 2uw®yy +uVy +wVy = 0.

Dann schreibt sich (/6.14]) als

Frieren wir uund v r”aumlich ein, so schreibt sich diese Gleichung als Differentialgleichung
zweiter Ordnung mit Hauptteil L(®) = V - (AVO) mit

u? — 2 uw
A= 9 9 -
uw  w?—¢

Zur Analyse des Typs dieser Gleichung betrachten wir die Eigenwerte des Hauptteils. Es
gilt:
AM(A)=c2, M(A)=c2—u?—w?

Wir unterscheiden folgende F”alle:
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6 Kompressible Str”omungen

1. Beide Eigenwerte sind positiv, dann ist die Gleichung elliptisch:

2 >u2+wnw?

also
Vu? +w? vl <1
c c '

Die Str”omungsgeschwindigkeit ist kleiner als die Schallgeschwindigkeit. Diesen Quo-
tienten nennen wir die Machzahl

v
Ma = U
c
Str”omungen mit Machzahl kleiner 1 nennt man subsonische Str”omungen, oder Unter-

schallstr”omungen.

2. Ein Eigenwert ist positiv, einer ist negativ. Dann ist die Gleichung hyperbolisch, also
vom Typ einer Transportgleichung

uw? +w? > cz,

also
Ma = M > 1,
C

und die Str”omung wird supersonisch oder “Uberschallstr”omung genannt.

3. Schlie”slich bleibt der Fall eines positiven Eigenwerts und ein Eigenwert Null, also
wvHnw?i=c? = Ma=xl.

Diese Str”omung im “Ubergangsbereich wird transsonische Str”omung genannt und die
Differentialgleichung ist vom parabolischen Typ.

Bei dieser Analyse ist zu ber”ucksichtigen, dass die Schallgeschwindigkeit und somit auch
die Machzahl von den lokalen Werten von Druck, Dichte und Geschwindigkeit abh”angt.
Ein Str” omungsproblem kann also in unterschiedlichen Bereichen der Str” omung ein unter-
schiedliches Verhalten annehmen. Das unterschiedliche Verhalten der Gleichung hat Ein-
fluss auf die anzunehmenden Randwerte einer numerischen Simulation. Je ob superson-
isch oder subsonisch m”ussen unterschiedliche S”atze von Randvorgaben f”ur Dichte und
Druck vorgegeben werden.

6.1.5 Die Euler-Gleichungen

Bei schnellen Gasstr”omungen, z.B. bei der schnellen Umstr”omung eines Flugzeugs in
gro”sen H”ohen k”onnen sehr gro”se Dichte”anderungen auftreten. Diese k”onnen fast zu
Unstetigkeiten, sogenannten Schocks f”uhren. Entspricht die Fluggeschwindigkeit v etwa
der Schallgeschwindigkeit ¢, d.h. im Fall Ma ~ 1 bauen sich Schockwellen auf. Diese
Wellen sind als das “Durchbrechen der Schallmauer” bekannt. In diesen Str”omungsbereichen
spielen Temperatureffekte oft eine geringere Bedeutung. Ebenso kann die innere Reibung
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6.1 Modelle kompressibler Str”omungen

gegen”uber Tr”agheitseffekten oft vernachl”assigt werden. Wir werden daher zur N”aherung
v = 0 ansetzen.

/N

Beides “andert sich wieder bei noch gr”o”seren Geschwindigkeiten. Wird etwa der Wiedere-
intritt von Raumfahrzeugen in die Erdatmosph”are untersucht, so treten enorme Temper-
aturen auf, die sogar zu Bildung von Plasma (etwa bei den hohen Geschwindigkeiten die
bei der R”uckkehr von einer Marsmission auftreten) f”uhren k”onnen. Da hier die Atmo-
sph”are zum Bremsen genutzt wird ist die innere Reibung nat”urlich wesentlich.

7oz

Bei Str”omungen im Bereich hoher Machzahlen spielen die Erhaltungsgr”o”sen Dichte p,
Impuls pv und Energie pe die entscheidende Rolle, daher bietet sich eine Modellierung in
konservativer Form an. Bei Vernachl”assigung von Reibung ergibt sich aus f"ur die
Masse- und Impulserhaltung Approximation

dtp+ V- (pv) =0,
0¢(pv) + V- (pv@v) + V- (pI) = pf.
Wir nehmen nun eine Energiegleichung hinzu und betrachten jetzt die totale Energie, gegeben

durch
L
pE = pe + §p|v| )

Es gilt in Erhaltungsform bei Vernachl”assigung der Reibung v = 0 und innerem W”armefluss
q=0
0¢(pE) + div (pEV + pv) = pf - v + ph.

Zum Schlie”sen dieses Systems m”ussen wir weiter auf den Druck p eingehen. Wir gehen
von einem idealen Gas aus, so dass gilt

p = pﬁRSa

mit Ry = ¢, — ¢, > 0sowiey = ¢, /¢y, > 1. F”ur die innere Energie e gilt e = ¢, 9. Auf diese
Weise kann der Druck p durch die anderen, konservativen Variablen ersetzt werden

*

p*Lv (V*)2 cpu v
Re = , Fr= , Pr=—, Ma= .
88 L K v KRO*

Das System der Euler-Gleichungen ist von erster Ordnung in den konservativen Variablen p,
pv sowie pE. Es 1”asst sich bei Fehlen externer Einfl”usse, also h = 0 sowie f = 0 in einer
reinen Erhaltungsform schreiben als

P pv
Ot | pv | +V-[pvev+pl| =0,
pE pEv + pv

kurz f"ur U = (p, pv, pE)
o:U+V-FU) =0,
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mit der Flussfunktion F(-). Diese spezielle Form wird wesentlich f”ur das Design numerischer
Verfahren sein, welche Erhaltungseigenschaften auch in diskretisierter Form wiedergeben
sollen.

Die Euler-Gleichungen sind das wesentliche System partieller Differentialgleichungen in
der Aerodynamik. Als System von Differentialgleichungen erster Ordnung verhalten sich
die L”osungen der Euler-Gleichung anders als L”osungen zu viskosen Str” omungsproblemen.
Insbesondere die Frage der Regularit”at ist anders zu beantworten. Bei hohen Mach-Zahlen
kann die L”osungen Unstetigkeiten in der Dichte, sogenannte Schocks aufweisen. In Abbil-
dung6.1|werden Euler-Str”omungen um eine Tragfl”ache bei verschiedenen Konfiguratio-
nen gezeigt. Wesentlicher Parameter ist immer die freestream Machnumber, also die Machzahl
der umgebenen Str”omungen. Diese wirkt als Einflussbedingung an “au”seren R”andern
im Einstr”ombereich. Da die Str”omung zum “Ausweichen” der Tragfl”ache beschleunigen
muss, kann es auch bei Ma < 1 lokale im Str”omungsgebiet zu Machzahlen gr”o”ser eins
kommen. Die beiden Abbildungen auf der linken Seite korrespondieren zu einer subsonis-
chen Str”omung. Hier gilt Ma < 1im gesamten Str”omungsgebiet. Aufgrund der Form der
Tragfl”ache (diese ist nicht symmetrisch) stellt sich auf der Oberseite ein geringerer Druck
ein. Dieser f”uhrt zu einer Auftriebskraft und erm”oglicht somit ein Fliegen. Die Abbil-
dungen auf der rechten Seite werden auch durch eine subsonische Einstr”omung getrieben.
Hier ist der Anstellwinkel « = 5, die Tragfl”ache wird also von links unten angestr”omt.
Hier erreicht die Str”omungsgeschwindigkeit lokal Machzahlen gr”o”ser eins Ma > 1. Die
nicht-viskose Eulerstr”omung bildet hier einen Schock, also eine Unstetigkeit in Machzahl,
Druck und Dichte aus.

192



6.1 Modelle kompressibler Str” omungen

Figure 6.1: Eulerumstr”omung einer Tragfl”ache bei verschiedenen Anstr”omwinkeln o
und verschiedenen Machzahlen im Fernfeld. Links: o = 0 und Ma = 0.6.
Rechts: @ = 5 und Ma = 0.7. Oben ist die lokale Machzahl dargestellt (dabei
steht rot f”ur Ma = 0.8 auf der linken und Ma = 1.6 auf der rechten Seite, blau
steht jeweils f”ur Ma = 0). Unten ist das Druckprofil angegeben (hier steht rot
f”ur p = 1.2 links und 1.4 rechts sowie blau f"ur p = 0.8 links und p = 0.2
rechts).
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6.1.6 Temperaturgetriebene Str’omungen

Neben den Euler-Gleichungen, denen die Annahme der Reibungsfreiheit zugrundeliegt, be-
trachten wir nun als weiteren Spezialfall thermisch getrieben Str”omungen: Dichte”anderungen
werden im Wesentlichen durch Temperatur”anderungen, jedoch nicht durch kompressibles
Verhalten der Str”omung selbst hervorgerufen. Dies bedeutet, dass die Str” omungsgeschwindigkeit
gegen”uber der Schallgeschwindigkeit sehr klein ist, dass also Ma « 1 gilt. Hier k”onnen
Temperatureffekte durch mechanische Wirkung vernachl”assigt werden. Wir gehen wieder
von einem idealen Gasgesetz aus

P = pOR;.
Weiter nehmen wir nun an, dass die Dichte im Wesentlichen von der Temperatur abh”angt

und setzen die Relation p = p(p,d) = 5%5 in die Gleichung der Masseerhaltung ein. Es gilt

dp+V-(pv) =0 = V-v+p '(dp+v -Vp)+d (0D +v-Vd)=0. (6.15)

Im Fall gro”ser Dr”ucke [p| > 1 und gro”ser Temperaturen [8] > 1 liegt nur eine kleine
St”orung der Inkompressibilit”at vor.

Diesen Fall werden wir nun im Grenzwert n”aher betrachten. Hierzu vereinfachen wir das
System der kompressiblen Gleichungen unter den folgenden Annahmen:

e Reibung spielt keine Rolle.
e Die Str”omung ist isotherm § = H*
e Es liegt ein barotropes Gas vor p = ap”.

Dann vereinfacht sich das System zu

POtv+pv-Vv+Vp =0
p=ap’,
mit Anfangsdaten v = vY und p = p zum Zeitpunkt t = 0. Mit der Schallgeschwindigkeit
c gilt

d _ _
c? = d—z =oypY L a ay(p?)Y L (6.16)
Wir gehen nun davon aus, dass die Machzahl klein ist
_ v

Ma 0 v—1
c oy (pY)Y—

<1

Betrachtet man etwa die Luftstr”omung in einem Zimmer (z.B. durch eine hei”se Heizung
hervorgerufen) so gilt v ~ 1m/s und c ~ 300m/s, also Ma =~ 0.003.

Mit diesen Materialannahmen werden wir nun die Gleichung der Masseerhaltung gem”a”s (6.15])
modifizieren. Es gilt

1

dp=oypY op = dp=p" Yy latAep,
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sowie
v-Vp=apY }yw-Vp = v -Vp=o ly 1 Vv.Vp.

Also folgt f”ur die Gleichung der Masseerhaltung mit ([6.16))
Vovtp Yo ly T @ +v-Vp)=c 2p L (dp+v-Vp) + V-v=0.

F”ur gro”se Schallgeschwindigkeiten (also kleine Machzahlen) liegt wieder nur eine kleine
St”orung der Inkompressibilit”at vor.

Wir betrachten nun den Fall der Euler-Gleichungen f”ur gro”se Schallgeschwindigkeiten.
Es gilt f”ur Druck, Dichte und Geschwindigkeit

0tp+v-Vp+pV-v=0,
dv+v-Vv+p 'Vp =0, (6.17)
0p+c?pV-v+v-Vp=0.

Wir definieren (in einer Raumdimension) die Matrix
v
A(LL) :A(pavap) =10 v p_l )
0

und schreiben das System kurz als
otu+ A(u)oxu = 0.
Diese Matrix hat die Eigenwerte
AM=v, ANyp=vtec.

Im Fall gro”ser Schallgeschwindigkeiten c >> 1 ist diese Matrix sehr schlecht konditioniert.
Im Fall einer langsamen Luftstr”omung mit p = 1, v = 1 und ¢ = 300 gilt cond(A) =
10°. Das System kann nicht mehr stabil gel”ost werden. Wir werden nun im Folgenden die
Auswirkung von dieser schlechten Konditionierung n”aher untersuchen.

Dazu sei v* eine Referenzgeschwindigkeit und L* eine Referenzl”ange sowie p* der Referen-
zdruck. Dann folgt mit x* = x/L* und t* = v*t/L aus (§6.17))

dp=p+ V" - (pv) =0,
POV + pv- Vv + (p*)Y L1 (v*)2Vp =0. (6.18)
_

F”ur den Vorfaktor des Drucks gilt
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1/

F”ur kleine Machzahlen wird der Vorfaktor immer gr”o”ser und die Bestimmung des Drucks
aus dem Gasgesetz p = opY ist nicht stabil, da hier unmittelbar eine Kopplung an die Dichte
erfolgt.

F”ur kleine A gehen wir nun von einer formalen Entwicklung des Drucks in Potenzen von
A aus
P =Po+Ap1+A’p2 + O(A).

Einsetzen in (/6.18)) und Sortieren nach A ergibt
POV 4 pv - Vv + Vpa + A 1Vp + A 2Vpy = O(A).

Wir postulieren nun, dass diese Entwicklung im Grenz”ubergang A — 0 konvergiert. Dann
erhalten wir zun”achst
Vpo = Vp1 =0,

sowie
POtV + pv - Vv + Vpe = 0.

Der Druck besteht aus zwei Anteilen py und p; welche “ortlich konstant sind, jedoch von
der Zeit abh”angen k”onnen. Wir nennen diese Teile den thermodynamischen Druck

P (t) =polt) + A pi(t).

Zur stabilen Approximation der Gleichungen bei kleinen Machzahlen wird nun die Low-
Mach-Number Approximation verwendet. Der Druck wird aufgespalten in einen thermody-
namischen Anteil py,, welcher einzig in das Gasgesetz zur Bestimmung der Dichte eingeht,
sowie einen ”ortlich verteilten Anteil hydrodynamischen Anteil ppyq(x).

Die Low-Mach-Number Approximation Wir verwenden diese Approximationen
nun im Fall kleiner Machzahlen zur Vereinfachung der kompressiblen Gleichungen. Der

/N

Druck sei aufgespalten in thermodynamische und hydrodynamische Anteile gem”a”s

P(X,t) = Ptn(t) + Pryd(x, t).
Dabei gehen wir davon aus, dass [png| < [phdl- Es gelte das Gasgesetz in der Form
_ Pan
T

Neben der Aufteilung des Drucks gehen wir weiter davon aus, dass es nicht zu W”armeerzeugung
durch mechanische Kr”afte kommt. Dann hat die Low-Mach-Number Approximation der
“kompressiblen” Navier-Stokes die Form

1 1 1
Vove -0 — v -VO=——20
v d t ‘SV Pih tPth,
2
p(atv +v- VV) —div <p‘v(vV + VVT) . 3pV(d1VV)I> + Vphyd = pg, (619)

PCp (0¢D + v - VI) — KAD = 0¢py, + ph.

196



6.2 Unstetige Galerkin-Verfahren

Hier steht der thermodynamische Anteil des Drucks absichtlich auf der rechten Seite der
Gleichungen. Diese skalarwertige Funktion kann mit Hilfe einer Anfangswertaufgabe gewon-
nen werden. Siehe z.B. [130]].

6.2 Unstetige Galerkin-Verfahren

Wir betrachten die Euler-Gleichungen in Erhaltungsform

0tp+ V- (pv) =0,
Ot(pv) + V- (pv ®@ v + pl) = pf,
0¢(pE) + V- (pEv + pv) = ph.

Es handelt sich um eine nichtlineare Differentialgleichung erster Ordnung. Wir haben bere-
its gesehen, dass die Euler-Gleichungen auch bei glatten Daten unstetige L”osungen besitzen
kann. Die "ubliche Finite Elemente Methode kann hier keine zufriedenstellende Ergebnisse
liefern. Vereinfacht handelt es sich um den Extremfall eines reinen Transportproblems, siehe
hierzu Abschnitt ??. Der wesentliche Unterschied zur Stabilisierung von transportdominan-
ten Str”omungen ist jedoch, dass dort nach wie vor Glattheit vorlag, jedoch mit gro”sen
Gradienten. Hier ist auch die kontinuierliche L”osung nicht glatt.

6.2.1 Unstetige Galerkin-Verfahren f”ur die Laplace-Gleichung

Die Idee der unstetigen Galerkin-Verfahren ist die Konstruktion von Finite Elemente R”aumen,
die keine globale Stetigkeit aufweisen. Stetigkeit der L”osung ist nicht stark in den Ansatzraum
eingebaut sondern muss variationell erzwungen werden. Wir stellen diese Methode zun"”achst
zur Diskretisierung der Laplace-Gleichung vor. Auf einer Triangulierung Oy vom Gebiet
Q definieren wir den Raum

Vi = V7% (€ 12(Q), ¢], € PT(K)),

wobei P(") der Raum der Polynome von Grad r > 0 ist (entsprechend der Raum Q(™)). Wir

lassen hier explizit den Fall r = 0 zu. Die Basis von V}(Lr)’Olg ist nicht zwangsl”aufig eine
Knotenbasis. Da keine globale Stetigkeit erforderlich ist, kann auf jedem Element auch z.B.
die Monombasis gew”ahlt werden

PU) = span {x'y), 0 <i+j <1, 0<i,j <)
K Yy ) )

Aus Gr”unden der numerischen Stabilit”at (Konditionierung der Gram’schen Matrix) wird
jedoch im Fall hoher Ansatzgrade eine andere, z.B. orthogonale Basis verwendet.

Eine einfache Galerkin-Diskretisierung der variationellen Formulierung

ueHI(Q) (Vu, Vo) =(f,d) Vb e H)(Q),

197



6 Kompressible Str”omungen

im Raum V}(:)’dg schl”agt fehl. Da V}(:)’dg ¢ H{(Q) "ubertragen sich die Eigenschaften
der Bilinearform - insbesondere die Elliptizit”at - nicht unmittelbar auf die Diskretisierung.
Denn es gilt z.B. f”ur die Funktion

K 1 xeKk,
uh:
0 x¢K

(Vul, vuf) = (Vuk, vl =o.

Ebenso ist eine m”ogliche diskrete L’ osung up € Vi von (Vun, Vonr) wegen

(Vun, Vonla = ) —(Aun, dnk +J n - Vunpndo = (f, dn),
KeQn oK

nicht unmittelbar eine gute Approximation der Laplace-Gleichung, da zus”atzliche Spr”unge
"uber die Normale entstehen. Da sowohl n-u, als auch ¢y, an den Zellkanten unstetig sind,
wird im Limes n - Vuy, = 0 nicht erzwungen.

Wir starten daher mit einer neuen Herleitung einer variationellen Formulierung aufbauend
auf der klassischen Form —Au = f. Es gilt bei Multiplikation mit (unstetigen) Testfunktio-
nen und Integration “uber das Gebiet

Y (Audr)k =) (Vu,Von)k — (- Vi, dn)ok = (f,dn)  Von € Vi (6.20)
K K

Neben den zellweisen Beitr”agen (Vu, Véy )k kommt ein “Fluss” der L”osung “uber die
Kanten hinzu. Wollen wir die (als glatt angenommene) L”osung u durch eine diskrete und
m”oglicherweise unstetige L"osung u, € V}, ersetzen, so m”ussen wir uns auf jeder Kante
0K entscheiden, ob u nun von links oder rechts betrachtet werden soll. Hierzu f"ugen wir
die folgenden Notationen ein.

Definition 6.2 (Skelett eines Gitters). Es sei Q, ein Finite Elemente Gitter. Unter dem Skelett
des Gitters verstehen wir die Menge I}, aller Kanten e

M :={e =0K; NoKsy, Ki,Ky € Qp, Ky =+ Kol
Dabei unterscheiden wir zwischen innerem Skelett
lin:={e €T, eg 00},

und “au”serem Skelett
lL:={eely, ec o}

Jede Kante e € T}, hat einen Normalvektor n dessen Orientierung vom Betrachter abh”angt.
Wird eine Kante e einer Zelle K € Oy, zugeordnet, also e € 0K, so ist mit n stets der
nach au”sen gerichtete Normalvektor gemeint. F”ur eine (unstetige) Funktionu: QO — R
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f"uhren wir - von K aus betrachtet - auf der Kante e € 0K die Bezeichnungen u™ sowie u™

ein

+ . — .
x):=limu(x +sn), u” (x):=limu(x — sn),
o) = limu(x + sm), w”(x) = limu(x — sn)

u

d.h., u™ ist der Wert von u auf e € 9K von au”sen gesehen und u~ der Wert von innen. Es
ist also u™ die Spur von u auf 0K von K aus gesehen. Weiter ist auf e € 0K der Sprung einer
Funktion gegeben durch

und der Mittelwert durch )
() = 5w +u),

Das Vorzeichen des Sprungs h”angt von der Orientierung der Normale ab. Zur Diskretisierung
der variationellen Formulierung (6.20)) ersetzen wir den Fluss n - Vu durch eine numerische
Flussfunktion, in welche beide Seiten von uj, eingehen k”onnen:

anfun, n)i= 3 (Vun, Vénd+ | Rl u)dn, do.
KeOn oK

F”ur einen numerischen Fluss h definieren wir

Definition 6.3. Ein numerischer Fluss hei”st konsistent, falls f"ur die (glatte) L"osung u =
ut =u" gilt
h(u,n)¢p =h(u",u " ,n)p =n- Vud.

Hieraus folgern wir unmittelbar

Satz 6.4. Eine dG-Formulierung an (un, ¢n) ist konsistent, falls die numerische Flussfunk-
tion h konsistent ist.

Ein nahe liegender Ansatz zur Definition des numerischen Flusses ist die Wahl des Mittel-
werts, also
h(uﬁv u}:) Il) =n- {{vuh}}

Dieser Fluss ist nat”urlich konsistent. F”ur diese Flussfunktion konkretisieren wir die varia-
tionelle Formulierung. Dajede Kante doppelt auftaucht gilt mit dem st”uckweise definierten
Gradienten
an(un, Pn) = (Viun, Vadn) + Y J {fn - Vun}}- [pnldo.
ecly €
Zur k”urzeren Notation verwenden wir im Folgenden die Notation [/ ;1 m ap, I ur die Summe
aller Integrale “uber die Kanten:

an (W, o) = (Vittn, Vadr) + J {n- V) - [bn] do.

Y
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Diese Formulierung ist scheinbar nicht symmetrisch! D.h., obwohl die variationelle For-
mulierung der Laplace-Gleichung ein Skalarprodukt definiert, gehen diese Eigenschaften in
der diskreten Formulierung verloren. Symmetrie kann jedoch einfach durch Hinzunahme
eines weiteren Flusses erzwungen werden. Wir definieren:

an(uns dn) = (Trian, Vo) + | {n Vun)- ] + funl - Vo) pdo. (621

M
F”ur die glatte L”osung u gilt [u] = 0, so dass auch diese Formulierung konsistent ist.
Eine entsprechend aufgestellte Systemmatrix A, ist somit symmetrisch. Zur weiteren Anal-

yse untersuchen wir die Regularit”at von Ay, also die Definitheit von an (un, uy ). Es gilt

an(un, un) = [[Vhun|?® + 2L {{n - Vup Jlun] do.

Ui

Wir w”ahlen nun eine Funktion L2(Q) > u}f # 0 gem”a”s

1 xeK,
uE(X) o {0 x ¢ K

F”ur diese Funktion gilt th{f = 0 und somit n - Vu,, = 0, also schlie”slich ap (up, un) =
0. Die Elliptizit”at vererbt sich bei unstetigen Galerkin-Verfahren nicht unmittelbar auf die
Diskretisierung.

Zum Erreichen einer stabilen Diskretisierung reichern wir - “ahnlich den stabilisierten Finite
Elemente Verfahren - die Flussfunktion weiter an. Wir definieren

an(un, dn) = (thh,vh(bh)JrL

{Bhunl@n]+{n- VurHonl+{n-Vonliunl | do, (6.22)

mit einem noch n”aher zu bestimmenden Parameter 5 > 0. Da f”ur die glatte L”osung
[u] = 0 gilt ist auch diese Formulierung konsistent.

Satz 6.5. Die diskrete Bilinearform (6.22)) ist stetig:
an(u,v) < cllullglvlls  vu,v e H*(Qn) :=={$ € L*(Q), ¢‘K € H*(K)},

mit einer Konstante 0 < ¢ < 2 und der dG-Norm

Ml = \/ IVv)2 + Jr (5kv12 + 5= {fn - VV)?) do.

Bewers: Es ist

an(w,v) = (Vhu, Viv) +J (6[u] V] +{n- - Vullv] +{n - Vv}}[u}) do.

I

Im Folgenden analysieren wir die einzelnen Anteile dieser Bilinearform.
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(i) Zun”achst gilt

o

2

1
2
(Vi Vi) < Y ||Vu|rK||VvHK<(ann%) (ann%) = [V nu] [Vl
K K

KEQh

(ii) F’ur die gemischten Terme gilt

S
Nl

J {n - Vu}}lvldo < (J § Ymn - vup? do) <J 5[v)? do> ,

€

also 1 1
§ Ymn  vup? do> i (J 5[v]? d0> 2 ;
Y

und entsprechend f”ur den zweiten Term

> ]

eel"h

Lh{{n Vu)ildo < ( |

Y

(] )

(iii) Schlie”slich folgt f”ur den verbleibenden Stabilisierungsterm

J sulv)?do < <J ZS[LL]2d0>2 (J 6[v]2do)2.
™ I Th

(iv) Alle drei Bestandteile lassen sich durch das Produkt [[ul|;[[vlls beschr”anken, somit gilt
mit einer Konstante ¢ < 2

Nl

{fn - Vv}}uldo < (J § Yn - Vv do>

e T

an(u,v) < cflullslivils-

O

F”ur das weitere stellen wir zun”achst als Hilfsatz eine versch”arfte Spurabsch”atzung vo-
raus:

Hilfsatz 6.6 (Spurabsch”atzung). F’ur u € H!(Q) gilt die Absch”atzung
_1 1 1
luflax < e (el + el £Vl

Bewers: “Ubung. O

Neben der Stetigkeit der Bilinearform zeigen wir nun noch die Elliptizit”at bzgl. der dG-
Norm ||-|ls. Hier werden wir auch Bedingungen an den Stabilisierungsparameter 5 > 0
formulieren. Zur Herleitung der Elliptizit”at ben”otigen wir zun”achst einen Hilfsatz:
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Hilfsatz 6.7. Es seie € 0K und h := diam(K). F’ur vy, € V}(:)’dg gilt

T2

2
e AA2

J § Y Vvp}Pdo < ¢

wobei in ¢ > 0 die Konstante der Spurabsch”atzung sowie die Konstante der inversen Ab-
sch”atzung eingeht.

Beweis: Es gilt mit Hilfe der modifizierten Spurabsch”atzung, Hilfsatz

_ _ c(1
[ 57 v do < 5 wwal < § (L I9vali + 19l 1920 )
e

F’ur die diskrete Funktion vy, € V}(:)’dg verwenden wir die inverse Absch”atzung, Satz ??
und erhalten

_ c/ 1  cr?
[ wmrdo < & (4 50 ) 1omli
[

0
F’ur die Wahl 2
5= -
folgt
| 570 v do < S jvwn i (6.23)
e

Hiermit k”onnen wir die Elliptizit”at der Bilinearform nachweisen:

Satz 6.8. F”ur 8y > 0 gro”s genug existiert eine Konstante « > 0 so dass gilt

2
an(un, un) = offunlls.
Bewers: Wir betrachten f”ur o« > 0

an(tn, un) — adlunll; = (1 — o) | Viun|? + (1 — «) L §[un)?do
h

+ ZJ {n - VupHunl do — ocJ 5 Yn- Vuh}}2 do. (6.24)
Y

T

F”ur den gemischten Term gilt mit Cauchy Schwarz und Young’scher Ungleichung
2| (- Vununldo < e |
BN

1
§ Y- Vup}*do + — J §[unl? do.
M €
Zusammen mit ((6.23)) und (6.24]) folgt

Y

c* 1 Sor2
an (tn, un) — adlunll} = <1 — 0 — %(OH- €)> [Viun|)® + <1 —x— €> J 2 unl®do
Yh
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6.2 Unstetige Galerkin-Verfahren

Zum Nachweis der Elliptizit”at m”ussen wir nun ein € > 0 sowie ein o« > 0 bestimmen, so
dass gilt

*

1
1—oc—c—(oc—|—e)>0, l—ax——>0.
50 €

Die zweite Ungleichung fordert

1
O<a<l—-—,
€

also notwendigerweise € > 1 und o« < 1. Aus der ersten Ungleichung erhalten wir (mit
e>1)
1—-Se 1-5  §5,_c*
0<a< 20 < % -2 .
1+ % 1+ % dp +c*
0 0

D.h., f"ur z.B. 69 = 3c* gilt f"ur jedes € > 1 Elliptizit”at mit jedem

<1
o< —.
2

O

Diese Methode wird die Symmetric Interiour Penalty Galerkin Formulierung, kurz SIPG genannt.
In der Literatur findet sich eine Vielzahl von Modifikationen mit jeweils unterschiedlichen
Eigenschaften. Wir beschr”anken uns hier jedoch exemplarisch auf das SIPG Verfahren.

Aus der Elliptizit”’at und Symmetrie der Formulierung folgt unmittelbar, dass die System-
matrix

Ay = (aij)il\,ljzly aij = an(d), dh),
symmetrisch und positiv definit ist. D.h., die Matrix A}, ist insbesondere regul”ar und es
existiert eine eindeutig bestimmte diskrete L’ osung u, = Y _; ui¢’ . Im nun Folgenden wer-

den wir die Konvergenz dieser L’osung gegen die exakte L”osung u € H}(Q) der Laplace-
Gleichung untersuchen. Wir zeigen:

Satz 6.9 (SIPG). Es sei u € H}(Q) N H™"(Q) die L”osung der Laplace-Gleichung zu f €
H™ Q). Dann gilt f"ur up, € Vy, == Vﬁr)’dg als L”osung von

ah(un, on) = (f,dn) Vdbn € Vi,
wobei ay, (-, -) durch (6.22)) definiert ist die a priori Fehlerabsch”atzung
e —unlls < ch™™ 0™ U] yme ).

Bewers: (i) Zun”achst sei p := min{r, m}. Da die Elliptizit“at von an(-,-) in Satz [6.8 f"ur
diskrete Funktionen ¢y, € Vi, bewiesen ist, {”ugen wir zun”achst einen Interpolationsfehler
ein

U—Uup =u—ipu+ipu—up.

—_——— ——

=m =:&n
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6 Kompressible Str”omungen

(ii) F”ur den Interpolationsfehler gilt bei 5 = 59/h

I3 :ZHVh(u—ihu)HzK—F&oJ hl[u—ihu]2d0—|—601J hn - V(u — ipu)})? do.
K Fh rh

Es ist bei Interpolation mit Finiten Elementen von Grad r > 0 unter Beachtung der jeweiligen
Regularit”at
Vi (u—inw)| < ch*[|[V* .

F”ur den Sprungterm gilt
Bt = 2 < T TRAFL VR

wobei P(e) die beiden an e angrenzenden Elemente sind. So folgt
5OJ Rl — )2 do < ch2H]|[WH Ly 2.
M
Entsprechend gilt f”ur den Mittelwert

60_1 J hin - V(u—inw) ) do < ch?H||VH iy 2,
M

(iii) Wir sch”atzen nun den rein diskreten Anteil &}, ab. Mit Satz|6.8|gilt

AlEnlP < an(&n, &n) = an(t—un, &n) — an(u —in, &n).

Aufgrund der Konsistenz der numerischen Flusses folgt an(u — un,&r) = 0. Mit der
Stetigkeit, Satz[6.5folgt dann

lEnll < el — tnull.

Kombination von dieser Absch”atzung mit den Interpolationsabsch”atzungen liefert das
Ergebnis. O

Dieser Beweis zur a priori Absch”atzung kann mit den “ublichen Argumenten durchget”uhrt
werden, da trotz Nichtkonformit”at V}(:]’dg 4 H(l)(Q) eine konsistente Formulierung vor-
liegt.

Die dG-Norm ||-[|5 entspricht im Wesentlichen der “ublichen Energienorm. Einzig der Term
J 5§ {n - vu}}® do,
T

passt hinsichtlich der Regularit”at nicht in das “ubliche Konzept, da f"ur u € HL(Q), die
Spur der Normalableitung auf inneren Kanten nicht notwendigerweise existiert. Im Fol-
genden werden wir nun noch eine Fehlerabsch”atzung in der L2-Norm herleiten.

204



6.2 Unstetige Galerkin-Verfahren

Satz 6.10. Esseiu € H}(Q)NH™1(Q) die L”osung der Laplace-Gleichung zu f € H™1(Q).
Dann gilt f"ur uy, € Vi := V}(:)’dg als L”osung von

ah(un, on) = (f,dn) Vdbn € Vi,
wobei ay, (-, ) durch (6.22)) definiert ist die a priori Fehlerabsch”atzung

Ju—un| < ch™™ W™y ).

Bewers: (i) Wir definieren zun”achst f”ur ey, := u — uy, das duale Problem

”z—:u, (V),Vz) = (en, d)en] " Vb € HAY(Q).

Da e, € L?(Q) gilt bei entsprechender Regularit”at des Gebietes z € H?(Q) N H}(Q). Die
SIPG-Formulierung ist dual konsistent, denn es gilt f"ur z € H}(Q) mit [z] =0

—Az =

an(Pn,z) = (Vhon, Vz) + J S[n] \[z/]/ do + Jr {{n- Vfbh}}\[z’]J do + Jr [pn] {{n - Vz}} do
=0 " =0 " =n-Vz

¢onn - Vzdo — J bnn - Vzdo)
K

I

= 3 (-~ tonanc+|

KeQn 0 oK

= (en, dn)llen| .

F’ur ¢ € H}(Q) gilt ebenso an (b, z) = (V, Vz). Wir definieren entsprechend die diskrete

7

duale L”osung zy, € Vi, gem”a”s

an(Pn,zn) = (en, dn)llen]| " Vdn € Vi

(if) Dann gilt bei Ausnutzung der dualen Konsistenz sowie Orthogonalit”at und Stetigkeit
von an (-, -)

llen|| = (Ven, Vz) = anlen,z) = anlen,z —inz) < cllu —unllslliz — inzlls,

und das gew”unschte Ergebnis folgt mit einer Interpolationsabsch”atzung "ur z — i,z bei
Beachtung von z € H2(Q). O

F”ur das SIPG-Verfahren erhalten wir also “ahnliche Resultate zu dem “ublichen stetigen Fi-
nite Elemente Verfahren. Die Verwendung von dG-Verfahren {f”ur elliptische Gleichungen
ist nur in Spezialf”allen sinnvoll. Denn im Ergebnis erhalten wir die gleiche numerische Ap-
proximationseigenschaft wie bei Verwendung stetiger Ans”atze. Der Aufwand ist jedoch
wesentlich h”oher, da entlang von Gitterkanten und in Gitterknoten die Anzahl der Frei-
heitsgrade vervielfachtist. Dies spiegelt sich gegebenenfalls in einer g”unstigeren Fehlerkon-
stante wieder. Bei Ans”atzen erster Ordnung, also im Fall dG(1) hat das dG-Verfahren auf
einem regul”aren Vierecksgitter die vierfache Anzahl von Freiheitsgraden. Dieser Unter-
schied wird bei h”oheren Ansatzgraden mit vielen inneren Freiheitsgraden geringer. dG-
Verfahren zeichnen sich weiter durch eine hohe Flexibilit”at aus. So k”onnen in verschiede-
nen Gitterzellen verschiedene Polynomgrade gew”ahlt werden. Diese h/p-Methode der
Finiten Elemente kann bei optimal entworfenen Gittern und lokalen Polynomgraden zu sehr
guter Konvergenz f”uhren.
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6 Kompressible Str”omungen

6.2.2 Unstetige Galerkin-Verfahren f”ur
Transport-Reaktions-Gleichungen

Wir n”ahern uns nun den Euler-Gleichungen und betrachten nun ein reines Konvektion-
sproblem der Art
au+ V- (fu) =, (6.25)

wobei B : Q — R? ein hinreichend glattes Transportfeld ist und a > 0 ein gegebener Param-
eter. Wir k”onnen dieses Problem alternativ schreiben als

B-Vu+yu=1F v:=a+divfp.

Ausgehend von einem Punkt x € Q) betrachten wir nun die L"osung x(s) C Q der An-
fangswertaufgabe

Angenommen, {3 sei ein Lipschitz-stetiges Feld, so existiert eine eindeutig bestimmte L osung.
Wir nennen diese L”osungen Charakteristiken der Transportgleichung (6.25]). Es gilt:

d
Sulxs) = ; duudsxi(s) = B - Vu,

und also

diu(x(s)) +yu(x(s)) =0.
s

Entlang einer Charakteristik ist die L"osung der partiellen Differentialgleichung (|6.25)) durch
die L”osung einer Anfangswertaufgabe bestimmt. Ist 1(x(0)) auf einem Punkt der Charak-
teristik bestimmt, so ist unmittelbar die gesamte L”osung auf der Charakteristik vorgegeben

S

u(x(s)) = u(x(0)) +J yu(x(t)) dt.
0
Hieraus k”onnen wir R”uckschl”usse “uber die vorzuschreibenden Randwerte ziehen: auf
einem Punkt x € 0Q mit 3 - n < 0, d.h. auf Randpunkten f”ur die 3(x) in das Gebiet zeigt,
muss ein Dirichlet-Wert f”ur die L”osung vorgegeben werden. Dieser Wert gibt dann die
L’osung entlang der gesamten Charakteristik vor. Wir definieren

[ :={xe€9Q, f-n<0}

als den Randanteil, auf dem Dirichlet-Werte vorzugeben sind. Entsprechend sei I';. als der
Rand gegebenen, wo die Charakteristiken das Gebiet verlassen. Hier d”urfen keine Randw-
erte vorgegeben werden. Es ist m”oglich, dass sich Charakteristiken im Gebiet schneiden.
In diesem Fall kann die L”osung u Unstetigkeiten aufweisen. Ebenso werden unstetige
Randdaten auf I'_ unstetig im Gebiet fortgesetzt. Das reine Transportproblem hat keine
Gl”attungseigenschaft.

Es gilt:
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6.2 Unstetige Galerkin-Verfahren

Satz 6.11. Essei f € [2(Q) und a € L®(Q) sowie p € [WH>(Q)]? mit
a(x) + 5V B = 3x) > vo > 0.
Dann gilt f”ur eine L”osung von
Yollull < [If]l
Bewers: Es gilt bei Multiplikation von mit u und Integration "uber Q

(au,u) + (V- (Bu),u) = (f,u).

F”ur den Transportterm gilt

(V- (Ppu),u) =—(B - Vu,u) + LQn- Blul? do.

Auf I'_ sind Dirichlet-Randwerte vorgeschrieben und auf Iy giltn - 3 > 0, also folgt mit
V-Bu)=p-Vu+ (V- plu

(B Vuw) + (V- Bluu) > 0.
So gilt

(au+ V- (Bu),u) = ((a—i— %V . B)u,u) + (B - Vu,u) + % (V- Blu,u) = vol[u/?

>0
Somit folgt auch yolju| < ||f||. O

Diese Aussage beschr”ankt die L”osung lediglich in der L?-Norm. Da wir bereits argumen-
tiert haben, dass eine L”osung der Transportgleichung Unstetigkeiten aufweisen kann, ist
diese Aussage zun”achst optimal. Im Fall exakt divergenzfreier Transportfelder V- 3 = 0
vereinfacht sich das System zu

au+ B -Vu=".

In diesem Fall gilt f”ur den Transportterm

(ﬁvu7u):_(ﬁvu7u)+Jr EVE|u|2dO = (Bvu7u)>07
+ >0

so dass « > 0 beliebig gew”ahlt werden kann.

Zur Herleitung einer dG-Formulierung im Raum V;, = V}(lr)’Olg starten wir wieder mit der
klassischen Formulierung. Es gilt f"ur ¢ € Vy,

(f,bn) = D (au, o)k +(V-(Bw), dn)x = ) (awd)h)K—(Bu,VdDh)KJrLK(H'Bu, Pnok.

KeQy KeQp
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6 Kompressible Str”omungen

Zur Definition einer diskreten Formulierung f”uhren wir erneut eine numerische Flussfunk-
tion h(-) ein:

an(un, dn) = (aun, dn) — (Bun, Vidn) — Z J h(uf, uy,n, B)dn do.
Keq Y oK

Definition [6.3|und Satz[6.4] gelten sinngem”a”s.

Wir kommen nun wieder zu einer Beschreibung der Flussfunktion. Zun”achst w”ahlen wir
den naheliegenden Ansatz

h(u;} u}_la n, B) = {{b : Buh}}

F”ur glatte L”osungen u ist dieser Fluss und somit auch die variationelle Formulierung kon-
sistent. Wir gehen nun auch auf die Randwerte an I'_ sowie I, ein. Hier definieren wir

h(u}t)uganvﬁ) r ::n'ﬁuga h(uiauavrhﬁ) r ::n'Bga
N _
wobei g die auf I'_ vorgegebenen Randwerte beschreibt.
Bei Transportgleichungen spielen Erhaltungseigenschaften eine wichtige Rolle: bei Abwe-
senheit externe Einfl”usse wird erwartet, dass der Fluss in ein Volumen dem Fluss aus dem
Volumen entspricht. Wir betrachten wieder die exakte L”osung. Zu einer Zelle K € Qp

definieren wir
1 xekK

K —
d)h(x)-—{o ngK'

Dann gilt f"ur a = 0

J fdx:—J n-Budo:J —n'ﬁudo—J n- B udo.
K oK OK_~—~— oK~

= =

Die Differenz zwischen Einfluss und Ausfluss entspricht stets der Produktion f. Wir definieren

Definition 6.12. Eine Flussfunktion hei”st konservativ, falls gilt

h(uifuﬁv n, B) = _h(uﬁvu;7 —n, B)
Es gilt:

Satz 6.13. Es sei h(-) eine konsistente Flussfunktion. Dann ist eine Diskretisierung im Fall
a = 0 erhaltend genau dann, wenn der Fluss konservativ ist.
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6.2 Unstetige Galerkin-Verfahren

Bewers: Es sei wieder ¢ wie oben. Dann gilt
J fdx:—J h(u{,ug,n,[?’)do:—J’ h(u{,u;,n,ﬁ)do—J' h(u,uy,,n,B)do.
K oK oK- oK
Angenommen, der Fluss ist konservativ. Dann gilt:
dex:—J h(u:,u}:,n,ﬁ)do+J h(u;,,ul,—n, B)do,
OK- oK

wobei

J h(uh,uﬁ,—mﬁ)do,:—J' h(uz,u}:,n,ﬁ)do,
oK oK~

mit der Nachbarzelle K’ ist. D.h., der Fluss durch eine Zelle entspricht gerade der Produk-
tion f. 0

Der Mittelwert-Fluss Wie im Fall der Laplace-Gleichung definieren wir zun”achst
den Fluss als Mittelwert

Rl i m, B) = (- Bush = 5 (n- Bl + )

Es ist einfach nachzuweisen, dass dieser Fluss sowohl konsistent als auch konservativ ist.
Zur weiteren Analyse werden wir zun”achst Koerzivit”at und Stabilit”at in einer geeigneten
Norm herleiten. Es gilt:

Satz 6.14. Der dG-Diskretisierung der Konvektionsgleichung mit Mittelwert-Fluss ist ko-
erziv
an(un, wn) = v[unl?

und jede L”osung h”angt stetig von den Daten ab

Funl < v~ (6.26)
Bewers: (i) Wir zeigen zun”achst die Koerzivit”at: Elementweise gilt:
10
—(Bun, Vun)k = 5| B Vui dx
Jx

:—1 V~(Bui)dx+1J’ (V- B)u? dx
2 Jx 2

Weiter gilt auf einer Kante

—J {n- Bupflunldo = —J %n_ Bt ) (wh — ) do

e

_ —J %n* B((uh)? = (uy)?) do = J n~ - Bluy)do—
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6 Kompressible Str”omungen

Da jede Kante doppelt vorkommt folgt

1
- | - pundiunido=| 5[ n- ) do.
T 9K < Jak
Hiermit gilt
1
an(un, un) = ((a+ (V- B))un,un) = vlun|
—_—
—c?
(i) Jetzt sei up € Vy, eine variationelle L”osung von ap(un, dn) = (f, dn). Dann folgt
unmittelbar

Yllun? = an(wn, wn) = (f,un) <[]l [[un]-
g
Die Stabilit”atsaussage ([6.27]) beinhaltet keine Aussagen “uber die globale Regularit”at, die
st”uckweise definierte L”osung kann von Zelle zu Zelle beliebig schwanken. Dieses Verhal-

ten zeigt sich auch numerisch und gerade bei L”osungen mit geringer Regularit”at ist der
Mittelwert als Fluss nicht brauchbar.

Upwind-Fluss Zum Erreichen einer stabilen Diskretisierung schreiben wir f”ur den nu-
merischen Fluss eine ausgezeichnete Richtung vor. Der Upwind-Fluss ist gegeben durch

B-nu; B-n<0,
p-nu, p-n=>0,

h(u]_r';au}_wna B) = {

und schaut zur”uck gegen die Str”omung. Der Upwind und der Mittelwertfluss lassen sich
generisch zu einem Fluss vereinigen:

h(uﬁa U;, n, B) = {{Il : Buh}} - bo[uh]-
F’ur by = 0 liegt der Mittelwertfluss vor, f"ur by = %HS -n| gilt:

B-nu B-n<0,

_ 1 —_ 1. _un) =
h(u{,uh,n,ﬁ).—2n B(u:{—i-uh) 2|[3 n|(uﬁ uh)_{ﬁ-nu; B-n>0,

Es gilt entsprechend:

Satz 6.15. Der dG-Diskretisierung der Konvektionsgleichung mit generischem Fluss ist ko-
erziv
an(un, un) > funll?,
und jede L”osung h”angt stetig von den Daten ab
n | < lnll. (6.27)

Dabei ist die generische Norm gegeben durch:

Il = v +j bolunl? do.

I
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6.2 Unstetige Galerkin-Verfahren

F’ur by = %IB - 1| beinhaltet die Norm Kontrolle “uber die Kantenspr”unge. Eine diskrete
L’osung kann also nicht mehr beliebig von Zelle zu Zelle springen. Dieser st”arkere Sta-
bilit”atsbegriff zeigt sich auch in numerischen Rechnungen. Bei Wahl von by = %|[5 - 1|
beinhaltet die Norm keine Kontrolle “uber Kanten, deren Normalvektor n orthogonal auf
der Flussrichtung {3 stehen. Dies ist auch erw”unscht, da Unstetigkeiten im Gebiet trans-
portiert werden sollen.

F”ur das weitere Vorgehen ben”otigen wir den folgenden Hilfsatz:

Hilfsatz 6.16 (L?-Projektion). Es sei V}, := Vﬁr)’dg. Die L2-Projektion Py, : L2(K) — Vj, von
u ist eindeutig definiert
(Phu—u,dn) =0 Vén € Vi,

und f”ur u € H™1(K) mit m > r gelten die Fehlerabsch”atzungen
k T+1-k m—+1
[VS(u—Pru)|k <h VT ullk, 0<k<m,

sowie
1
lu—Prullok < h™2|[V™ |,

und im Fall u € WM+12(K)

IVE (= Prw)|| e k) < ch™ 5[ V™ ] oo k.

Bewers: (i) Die eindeutige Existenz der L?-Projektion kann auf das L”osen eines linearen
Gleichungssystems zur”uckgef”uhrt werden.

(ii) F”ur die L?-Projektion gilt die Orthogonalit”atsbeziehung
|u—Pruf® = (u—Pru,u—Pru) = (u—Pru,u— o) < |Ju—Prul [ — dnll,

t”ur beliebige ¢ € V1. Die Fehlerabsch”atzungen k”onnen somit auf bekannte Interpola-
tionsabsch”atzungen zur”uckgef”uhrt werden. O

Hiermit k”onnen wir den folgenden zentralen Satz “uber die Approximation der dG-Verfahren
beweisen:

Satz 6.17 (Fehlerabsch”atzung f”ur dG-Formulierungen der Konvektionsgleichung). Es sei
ue H™ Q) und uy, € V}Ej)’dg mit r < m die diskrete dG-L"osung zu

an(un, dn) = (f,dn) Vén € Vi
Weiter sei B € W1(Q)?2. Dann gilt im Fall by = 0 (Mittelwert-Fluss)
[ —unl| < Ch'fluf[ymer(q),
und im Fall by = %IB -n| (Upwind-Fluss)

1
lhe — unll < Ch™ 2 [uflymer (o).
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Bewes: (i) Wir f"ugen gem”a”s Hilfsatz[6.16|die L2-Projektion ein
u—up =u—Ppu—un — Pru.
—_——— — —
=m =:&h

Der Projektionsfehler kann entsprechend Hilfsatz abgesch”atzt werden. Es gilt (bei
Beachtung von r < m):

Ini? = llu — Prull? < ch?™ 2V 1|2 + cboh? | vy 2.
Dabei entf”allt der zweite Anteil im Fall by = 0.
(ii) F'ur & € V}(:)’dg gilt:

IERI® = an(init — tn, &n) = an(it— un, &n) +an (inw — 1, &n)
H—/

=0

F”ur den verbleibenden Term gilt

an(M, &n) = M, c&n — B - VER) — Jr {In- Pn}En]do +J bomll&n] do

I

Wir untersuchen die einzelnen Terme. Zun”achst gilt

(M, c&n) +Jr omllEnl do < 2ImilHIERI.

F”ur den verbleibenden Term —(n, -V &}, ) beobachten wir zun”achst, dass V&, € Vi, (r=1).dg

und also
B-Ven eV

wobei  := P [3 die [2-Projektion von B in den Raum der st”uckweise Konstanten ist. Mit
der Orthogonaht”at der L2-Projektion folgt

—(M,B-VE&r) =—M,(B—B) - V&) < ZHHHK”B Bl (k) [ VERIIk-

Mit der L*°-Absch”atzung aus Hilfsatz sowie der inversen Ungleichung folgt

—M, B - VER)K < ¢ Bllwrinty (i) Ml Enllk

und somit

(n, B - VEn)k < cl[BllwreelmilIEn-

(iii) Schlie”slich bleibt die Betrachtung des Mittelwerts. Wir unterscheiden die F”alle by =
%IB -n| > 0 und bg = 0. Im Fall by > 0 gilt

J o BrEn] do < <J bal{{n-ﬁn}}2d0> (J bo[Eh]2d0)2
Th BN I

<IERI

NS
=
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6.2 Unstetige Galerkin-Verfahren

Nun ist mit Hilfsatz [6.16

{ny? do < ch*™ - Bloe 1 [V -

a2
[ oot prpao =2 [ 2B

Wir betrachten nun den Fall by = 0:

J fin- B)En] do < <J |[3-n|2{{n}}2do>2 <J [&h]2d0)2.
T Th Th

Der Interpolationsfehler kann wie oben abgesch”atzt werden. Der Sprung [¢,] hingegen
kann nicht in der Norm ||-|| absorbiert werden. Stattdessen folgern wir mit der Spurab-
sch”atzung aus Hilfsatz[6.6|und der inversen Ungleichung

D ERIZ <c D> hMERIR F Il IVERIk < e ) Ryt lanlk.

eel}, KeQyn KeOn

Zusammen gilt

jr {0 Br}iER] do < ch™[ln - B[V uflEnll
h
An dieser Stelle verlieren wir eine halbe h-Potenz. O

Ein Vergleich der beiden Fehlerabsch”atzungen zeigt sofort eine verbesserte (optimale) Kon-
vergenzordnung im Fall des Upwind-Flusses. Insbesondere f”ur r = 0 liefert das Upwind-
Verfahren eine konvergente L”osung, w”ahrend der Mittelwert-Fluss keine Konvergenz garantiert.

Randwerte Schlie”slich betrachten wir noch die Realisierung von Randwerten u = g
auf dem Einstr”omrand I'_. Im dG-Sinne werden diese nicht im starken Sinne gefordert,
sondern variationell mit Hilfe eines geeigneten Flusses realisiert. Auf Kanten e € ', N1 0Q
des Randes modifizieren wir die Flussfunktion zu

B -ng aufI'_,

h(u;,u;, an79) = {[3 - aufr
. h +

wobei g die vorgeschriebenen Randwerte sind. Schlie”slich k”onnen wir die variationelle
Formulierung mit generischem Fluss konkretisieren zu

an(un, dn) = (aun, dn) — (Bun, Vidn) — J {{n - BunBldnl + bolunlldnl} do

r\oQ

—I—J n-Bgd)hdo—l—J n- Bgu, do.
TN TNy
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6 Kompressible Str”omungen

Ein Modellproblem Wir konkretisieren beide dG-Verfahren zur Diskretisierung des
eindimensionalen Modellproblems auf I = [0, 1]. Es sei

1
N’

und die diskrete L”osung im Raum der st”uckweise Konstanten gegeben als

1i=0,...,N: xy=1ih, I,:=(xn_1,%Xn), h=

(0)7518 . n
up €V, %8, uh|In::(Xn717Xn} =u" €R.

Wir konkretisieren nun beide Varianten des numerischen Flusses f”ur das einfache Test-
problem

cu+ 0yu =f.
Zun”achst betrachten wir den Mittelwertfluss. Es ist (bei Beachtung aller inneren Kanten
X1y XN=1):

N N—-1
1
an(un, bn) = Z chupdp — 5 > (up Fupth(ont! — op)
= n=1
1 N 1 N—1
= Z chufidf — 5 3 (it +ul)dR + 5 ) (uh +uthon
n:2 n=1
N 1 N—-1 1 1
Z chufi ol +5 > (™ =t R — S T uoN + S (uh +uh )b
= n=2

Somit ergibt sich im Innern des Gebietes ein lineares Gleichungssystem

n+1 n—1

2h
Dies entspricht gerade einer Diskretisierung mit zentralen Finiten Differenzen. Der Zentrale
Differenzenquotient ist - wie schon in Kapitel ?? gesehen - nicht stabil zur Diskretisierung
von transportdominanten Prozessen.

cup + =fr, n=2,...,N—1.

Im Anschluss betrachten wir nun alternativ den Upwind-Fluss. Hier gilt bei 3 = 1 und
B-n=1

an(un, dn) = Z chup o — Z uf (e — of)

N—-1
chuhcbh Z upt o+ ) undn

n=1

N-1
= Z chup oy + Z —upy R —ul T ON + uh b

n=1

z |\I\/]Z

Hier ist die L”osung uy, gegeben als L”osung eines linearen Gleichungssystems

n—1
Up — Uy

=fI
h )

cupn +
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6.2 Unstetige Galerkin-Verfahren

welches einer stabilen Finite Differenzen Approximation mit r”uckw”artigem Differenzen-
quotienten entspricht.

Der wesentliche Vorteil von dG-Verfahren - auch zur stabilen Diskretisierung von transport-
dominanten elliptischen Problemen - ist das klare Konstruktionsprinzip, welches sich sofort
auf beliebige Ordnungen und auch auf lokal verfeinerte Gitter “ubertragen 1”asst.

6.2.3 Unstetige Galerkin Verfahren f”ur die Euler-Gleichungen

Schlie”slich wird die Idee der dG-Verfahren auf die station”aren Euler-Gleichungen

pv
V-lpvev+pl| =0,
pEV + pv

angewendet. Geschlossen wird das System durch ein Gasgesetz, etwa
p = (v —1)pe,

mit y = cp/c, und der inneren Energie e, welche zur totalen Energie in Beziehung steht
durch

1
E=e+ —|v[
+2|v|

Wir f”uhren zur k”urzeren Schreibweise die Bezeichnungen

p pv
u=|(pv|, Flu):=[|pvav+pl]|,
pE pEvV 4 pv

ein. Gesucht wird also - formal sehr “ahnlich zur Transportgleichung - die L”osung u von
V - F(u) =0,

mit einem F(u) € RZT4)*3 Zum Herleiten einer diskreten Formulierung definieren wir
zun”achst den diskreten L”osungsraum

\/h — [V]ELT) :dg] 2+ d’

t”ur die Dichte p, die d Komponenten des Impulses pv sowie die Energiedichte pE. Wir
w”ahlen hier equal-order Finite Elemente f”ur alle L”osungskomponenten. Andere Ans”atze
sind denkbar, da wir jedoch keine inf-sup Bedingung zu erf”ullen haben ist dieser einfache
Ansatz naheliegend. Nun gilt

(V-Fugn) = Y - |

KeQn K

——(F), V) -+ Y|

Keo, JoK\2Q

F(u) : Vopr dx + LK F(u)n - ¢y, do

F(u)nd, do + LQ F(u)nd;, do.
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6 Kompressible Str”omungen

Zur Diskretisierung mit unstetigen Funktionen uy, f”uhren wir wieder numerische Flussfunk-
tionen h(-) sowie auf dem Rand hr(-) ein. So ist:

an(un, dn) = —(F(un), Vrdn)+ Z J

h(u;:,u}_l,n)d)}_1 do+J hr(u, ,n)¢, do.
KEB, 126100

TN Q
Eine Flussfunktion hei”st wieder konsistent, falls f"ur glatte L”osungen gilt
h’(uv u, n) = _F(u)n7

und aus der Konsistenz des Flusses folgt sofort die Konsistenz der diskreten variationellen
Formulierung an (-, -). Ebenso nennen wir die Flussfunktion konservativ, falls gilt

h(u]_']_._7 ll],_L, Il) = —h(ll],_l, u;l'_a —Il),

denn aus dieser Definition folgt f”ur ¢s = 1 auf einer Vereinigung von Elementen S =
KiU--- UKy und ¢s = 0 sonst da jede Kante doppelt vorkommt:

0= anfunds) = Y | hlugouw)es do

Kes JOK\OO

:ZJ

ecS\9S "€

(h(u:,ug,n) —I—h(u}:,u}f,—n))do +J h(u;:,u{,n) do.
oS
=0

Der Fluss "uber eine Vereinigung von beliebigen Elementen § ist somit Null.

F”ur konservative F1”usse k”onnen wir die variationelle Formulierung wieder schreiben als

an(un, dn) = —(Flun), Vidn) — J h(u;,u; ,n)[pnldo + J hr(u, ,n)¢, do.

M\oQ TNoQ

Die Wahl eines numerischen Flusses ist bei den Euler-Gleichungen nicht so einfach zu beant-
worten. Je nach Str”omungssituation - insbesondere in Abh”angigkeit von der lokalen Machzahl
- ”andert sich der Typ der Gleichungen. Wir wissen, dass L”osungen der Euler-Gleichungen
Unstetigkeiten im Gebiet aufweisen k”onnen. An diesen Schocks darf nat”urlich auch nu-
merisch keine Glattheit erzwungen werden. Ist die Str” omungskonfiguration jedoch "uber-

all subsonisch (Ma < 1), so kann auch eine glatte L”osung erwartet werden.

Eine oft verwendete Flussfunktion ist der Lax-Friedrichs Fluss
1
h(u}f,ug,n) =3 (F(u}t)n + Fluy )n + oc[u]) )

Dabei ist der Parameter & nun nicht mehr ad hoc zu w”ahlen, sondern h”angt von der
lokalen Str”omungssituation ab. Es gilt

a = max {A(B(v,n))|},

ve{uf{,u}:}
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6.2 Unstetige Galerkin-Verfahren

also der maximale Eigenwert der Matrix
B(v,n) := V,F(v)n.

Da F(-) matrixwertig ist, ist V,,F € R(2T4)x(2+d) ein Tensor dritter Stufe, B := V, F(v)n €
R(2+d)x(2+4) jgt wieder ein Tensor zweiter Stufe, kann also als Matrix dargestellt werden.
F”ur die Eigenwerte der Matrix B(v,n) gilt

)\1/2:V'HZ|ZC, 7\3/4:v-n, (628)

mit der (lokalen) Schallgeschwindigkeit c. Im Fall Ma = 1 kann ein Eigenwert verschwinden,
so dass die Matrix B ihre Regularit”at verliert. F”ur Ma = 1 ist die Konditionierung der Ma-
trix sehr schlecht. Angewendet auf die lineare Transportgleichung V - (Bu) = 0 entspricht
diese Flussfunktion gerade dem Upwind-Fluss.

Randwerte Schlie”slich gehen wir noch kurz auf die Randwerte der Euler-Gleichung
ein. Die Annahme der Haftrandbedingung beruht bei den Navier-Stokes Gleichungen auf
der Viskosit”at des Fluids, welche daf”ur sorgt, dass sich die Str”omung durch innere Rei-
bung zum Rand hin verlangsamt. Die Euler-Gleichungen beschreiben reibungsfreie Fluide.
Hier kann keine Haftrandbedingung erzwungen werden. Stattdessen wird eine - physikalisch
sinnvolle - Wandbedingung in Normalrichtung

v-n=0 auf Nyid,

gefordert. L”osungen der Euler-Gleichungen erzeugen keine Grenzschicht und es treten
auch keine Turbulenzen auf. Dies unterscheidet die Euler-Gleichung wesentlich von den
Navier-Stokes Gleichungen.

Die Vorgabe von Randbedingungen an Einstr”om- oder Ausstr”omr”andern istaufw”andiger
und h”angt wieder von der konkreten Str”omungssituation ab (Ma < 1 oder Ma > 1). Im
Fall einer echt supersonischen Ma > 1 Str”omung im Fernfeld ist die Lage klar. Hier hat
die Gleichung den Typ eines Transportproblems. Auf dem Einstr”omrand

I :={x€0Q, v(x) -n(x) <0},
werden Dirichletwerte f”ur alle L”osungskomponenten vorgeschrieben
u=uP aufl'_,

auf dem Ausstr”omrand m”ussen keine Randwerte vorgegeben werden. In diesem Fall gilt
t”ur die Eigenwerte Ai < 0 auf allen Einstr”omr”andern. Im subsonischen Bereich
gilt auf dem Einstr”omrand

AL,A3, A4 <0, A >0.

Hier werden f”ur den Impuls pv sowie die Energie pE Dirichletwerte auf I'_. Der Druck
wird “ublicherweise auf dem Ausstr”omrand I'y spezifiziert.

217



	Symbols
	Models
	Continuum mechanics
	Coordinate systems
	Deformation gradient
	Strain
	Rate of deformation and strain rate
	Stress
	Conservation principles
	Conservation principles in different coordinate systems

	Material laws
	Hyperelastic materials
	Linearizations
	Incompressible materials

	The solid problem
	The Navier-Lamé equations
	Theory of nonlinear hyper-elastic material

	The fluid problem
	Boundary and initial conditions
	The ``do-nothing'' outflow condition
	The Reynolds number
	Model configurations
	The stationary Navier-Stokes Equations
	The linear Stokes Equations


	Theory of incompressible Flows
	Existence and uniqueness of solutions to the stationary Stokes equations
	Existence and uniqueness of the velocity
	Spectral theory for the Stokes operator
	Existence and uniqueness of the pressure
	The inf-sup condition
	Stokes as a coercive system

	Existence and uniqueness for the Navier-Stokes Equations
	The stationary Navier-Stokes equations
	The non-stationary Navier-Stokes equations


	Finite Elements for incompressible flows
	Divergence free finite elements
	Stokes elements
	Conformal spaces with discontinuous pressure
	Conformal spaces with continuous pressure
	Non-conformal elements
	Praktische Aspekte verschiedener Stokes-Elemente

	Stabilized finite elements for the Stokes equations
	The consistent PSPG-form
	Stabilisierung mit lokalen Projektionen

	Discretization of the Navier-Stokes equations
	Linearization of the Navier-Stokes equations

	Discretization of the time-dependent Navier-Stokes equations
	The Rothe-methode for the discretization of the Navier-Stokes equations
	Projektionsmethoden


	Adaptive Finite Elemente f"ur die Navier-Stokes Gleichungen
	Die DWR-Methode
	Fehlersch"atzung bei den Navier-Stokes Gleichungen
	Strategien zur Gitterverfeinerung
	Numerisches Beispiel: Widerstandsberechnung an einem Hindernis

	Solution methods
	Solution methods for the stationary Stokes problem
	Schur Complement method
	L"osung der Laplace-Matrix
	L"osung von stabilisierten Systemen

	L"osung des station"aren Navier-Stokes-Problem
	Schur-Komplement Methoden
	Mehrgitterverfahren

	L"osung der instation"aren Navier-Stokes Gleichungen
	Der Geschwindigkeits-Schritt
	Der Druck-Schritt


	Kompressible Str"omungen
	Modelle kompressibler Str"omungen
	Energieerhaltung
	Thermodynamische Modellierung
	Primitive Formulierung der kompressiblen Navier-Stokes Gleichungen und Vereinfachungen
	Die Machzahl und "Ahnlichkeitsl"osungen
	Die Euler-Gleichungen
	Temperaturgetriebene Str"omungen

	Unstetige Galerkin-Verfahren
	Unstetige Galerkin-Verfahren f"ur die Laplace-Gleichung
	Unstetige Galerkin-Verfahren f"ur Transport-Reaktions-Gleichungen
	Unstetige Galerkin Verfahren f"ur die Euler-Gleichungen



